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Open-Loop Vibration Control of an Underwater
System: Application to Refueling Machine
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Abstract—This paper addresses a residual vibration con-
trol problem of the refueling machine (RM) that transports
fuel rods in water to their desired locations in the nuclear
reactor. A hybrid lumped-mass and distributed-parameter
model of the RM is considered for investigation of the trans-
verse vibrations (caused by trolley movement) of a fuel rod
in water. Simulations and experiments reveal that the hy-
drodynamic force causes a large deflection of the rod in wa-
ter as compared with in air, which must be suppressed to
avoid damage to the rod’s fissile material. A new command-
shaping method for suppression of the flexible rod’s resid-
ual vibrations in water is developed, which considers both a
similitude law relating the maximum endpoint deflection of
the rod in water to the maximum trolley velocity and a con-
straint on the rod’s maximum endpoint deflection during its
transport. The simulation and experimental results show
that the proposed underwater-command-shaping method
can effectively suppress the vibrations of the flexible rod
operating in water.

Index Terms—Flexible system, fluid–structure interac-
tion, input shaping, nuclear power plant, refueling machine
(RM), underwater (UW) system, vibration control.

I. INTRODUCTION

THIS PAPER discusses the vibration control problem of the
refueling machine (RM) in a nuclear power plant [1]. The

RM, a type of overhead crane, transports nuclear fuel rods to
their desired reactor locations in water (to minimize radiation
leaks to the environment). During a maintenance period, quick
transference of fuel rods is essential to the economical operation
of the power plant. However, quick maneuvering of a fuel rod
in water can generate a hydrodynamic force, causing a large de-
flection that can damage the fissile material within [2]. Certainly,
insertion of a damaged fuel rod into the reactor core incurs a
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very serious safety hazard [3]. Therefore, the objective of this
paper is to develop an appropriate control strategy for moving
fuel rods in water, which limits the maximum rod deflection
during transference, resulting in minimal residual vibration of
the rod at the target position within the nuclear reactor.

Fuel-rod vibration problems under the influence of hydrody-
namic forces have been discussed in the literature; most works
though have dealt with only the responses to the coolant flow
(axial flow) after core insertion [4]–[6]. This study investigates
the vibrational response of the fuel rod to the cross flows in
the course of trolley movement. Recently, Shah and Hong have
developed an input-shaping control method [7] under the pin-
joint assumption between the trolley and the rod (i.e., the master
fuel assembly). However, such assumption has turned out to be
naive, because it does not account for the deflection of the rod
itself. Therefore, in this paper, the fuel rod is regarded fixed to
the trolley platform of the crane. Accordingly, the RM is con-
sidered as a hybrid system consisting of a lumped-mass trolley
system and a flexible master fuel assembly system that exhibits
transverse displacements in water.

The dynamics and control problems of flexible systems (in
air) have been extensively studied over the past decades [8]–[14].
Particularly, the dynamics and control problems of a flexible
inverted pendulum on a moving cart in air [13], [14] are closely
related to the control problem of overhead cranes. However,
control problems of moving objects in water are rare. Three
essential differences between moving objects in air and those in
water have been noted.

1) The natural frequency in water becomes different from
that in air (i.e., in water, the effects of added mass and
viscous damping must be considered).

2) From the command-shaping control viewpoint, the max-
imum speed of the trolley in air is restricted only by the
length of the rod, whereas in water, it is restricted not
only by the length but also by the deflection of the rod.

3) In water, the restriction on the maximum deflection of the
rod becomes more important, whereas in air, the suppres-
sion of the rod’s residual vibration is the top priority.

Several researchers have investigated the dynamics of flexible
beams and cylinders in fluids (specifically in water) [15]–[22].
Han and Xu [16], Jones [17], and Xing et al. [18] individually
reported vibration analyses of Euler–Bernoulli beams immersed
in water, highlighting the effect of the surrounding fluid on the
natural frequencies of the beams. In [19]–[22], the dynamics
of deep-sea oil exploration systems were discussed in relation
to the hydrodynamic force acting along the length of cantilever
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beam, one end of which was fixed to the seabed, the other was
free having a tip mass (i.e., a ship/vessel to which a riser was
attached). In most of these works, only the dynamics of the beam
itself were considered. In this paper, the dynamics of the flexible
rod (in water) as well as the trolley (in air) are considered in
analyzing the underwater (UW) vibrational response of the rod.

For underactuated systems, various control techniques have
been developed [23]–[50]. The crane is a typical underactuated
system, and the sway suppression of the load can be achieved by
implementing either open-loop control [34], [38]–[47] or feed-
back control, for instance, feedback linearization [30], sliding
mode [31], [32], model predictive control [35], and Lyapunov
function-based feedback control [36], [37].

Implementation of feedback control for a flexible rod in wa-
ter is highly problematic owing to the difficulty of acquiring a
proper sensor that functions well in water, besides the issue of
distributed measurement. Also, attaching a sensor to the mas-
ter fuel assembly requires an approval from the Nuclear Safety
and Security Commission. Therefore, as an alternative method
to feedback control, a command-shaping control [38], which is
recognized as the most practical open-loop control technique
for crane systems [42], [43], is considered in this paper for the
suppression of the rod’s residual vibrations in water. Our pre-
liminary investigations, however, revealed that due to the pres-
ence of the hydrodynamic force, the existing command-shaping
methods need to be modified for the systems in water. There-
fore, a new shaping method satisfying the maximum deflection
constraint during the trolley transference and the suppression of
residual vibrations in water is developed. Earlier, Vossler and
Singh [46] proposed a time-optimal control strategy for gen-
erating a shaped command that limits the maximum transient
deflection of a flexible structure moving in air. In this paper, a
similitude analysis is also performed in investigating the rod’s
deflection in water caused by the trolley input. Similitude analy-
sis has been utilized in many engineering problems [51], [52] in
predicting the behavior of the real system based on the behavior
of a scaled model. A number of similitude methods are avail-
able for investigation of the structural vibrations of a nuclear
power plant’s components [53], [54]. The application of simil-
itude analysis to the development of a control law for residual
vibration suppression of a flexible rod in water, though, has not
yet been reported.

In this paper, a distributed-parameter model of the RM is
considered in investigating the UW transverse vibrations of the
rod caused by trolley movement. The flexible rod exhibits a
larger deflection in water than in air, whose deflection must be
suppressed to ensure reactor safety. Using the results obtained
thereby, an appropriate control law is formulated. A similitude
analysis of the RM will reveal that, in water, the deflection vari-
ation of the rod is equal to the square of the velocity variation
of the trolley, whereas, in air, a direct relationship exists be-
tween the rod’s displacement and the trolley input. Therefore,
the obtained similitude law relating the trolley velocity with
the rod deflection together with the constraint on the maximum
endpoint deflection of the rod is considered in developing a new
command-shaping method for suppression of residual rod vibra-
tions in water. The shaped command obtained through the newly
proposed shaping technique consists, unlike the existing sym-

Fig. 1. RM: (a) three-dimensional schematic (see [7]); (b) 2-D
schematic in air; and (c) 2-D schematic in water.

metric zero-vibration (ZV) and zero-vibration derivative (ZVD)
shaped commands, of asymmetric acceleration and decelera-
tion commands. Simulation and experimental results establish
the newly proposed command’s better residual vibration sup-
pression performance for UW operations as compared with the
existing methods.

The main contributions of this paper include the investiga-
tion of the transverse displacement of a flexible rod in water in
consideration of the dynamics of both the trolley and the rod,
the development of a new command-shaping method in consid-
eration of the maximum allowable rod deflection during trolley
transference and the minimal residual vibrations, and the appli-
cation of similitude analysis to the relation between the rod’s
deflection and the trolley velocity as it affects rod transportation
in air and in water.

The rest of this paper is structured as follows. Section II dis-
cusses the dynamics of the hybrid system including the dynam-
ics of a trolley and a flexible rod in water. Section III presents
the system’s response without any control, as obtained through
simulations and experiments. Section IV explains the devel-
opment of the proposed control technique. Finally, Section V
analyzes the results obtained using the proposed control, and
makes conclusions.

II. PROBLEM FORMULATION

A. Equations of Motion

In Fig. 1, the master fuel assembly is assumed to be an Euler–
Bernoulli beam with a circular cross section moving in water.
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The trolley moves along the j-axis. The friction between the
trolley and the rails (in air) is assumed to be negligible. Let y(t)
be the trolley displacement along the j-axis, w(x, t) denote the
transverse displacement of the rod at x and t, and mt and mr be
the trolley mass and the rod mass, respectively. Let l, d, I, and
E denote the length, the diameter, the area moment of inertia,
and the Young’s modulus of the rod, respectively, and u(t) be
the control input to the trolley.

For a rod moving in water, in Fig. 1(c), let f(x, t) denote
the nonconservative hydrodynamic force exerted on it by the
surrounding water, which is given by the Morison equation [15]
as follows:

f(x, t) = (π/4)ρw Ca(x)d2 v̇r (x, t)

+ (1/2)ρw Cd(x)dvr (x, t) |vr (x, t)| (1)

where Ca is the added-mass coefficient, Cd is the drag coeffi-
cient, and vr (x, t) = ẏ(t) + ẇ(x, t) is the velocity of the rod.
By splitting f(x, t) into two parts (inertial and drag components),
(1) can be rewritten as

f(x, t) = fm (x, t) + fd(x, t) (2)

where

fm (x, t) = (π/4)ρw Ca(x)d2(ÿ(t) + ẅ(x, t))

fd(x, t) = (1/2)ρw Cd(x)d(ẏ(t) + ẇ(x, t)) |ẏ(t) + ẇ(x, t)| .

Let c be the viscous damping coefficient in water. Then, the
damping force in opposition to the motion of the rod is given by
−cẇ(x, t) [20].

Using the Hamilton principle [55], the following equations
of motion are now obtained:

(mt + mr )ÿ(t) + m

∫ l

0
ẅ(x, t)dx = u(t) (3)

EIw′′′′(x, t) + cẇ(x, t) + mẅ(x, t) = −mÿ(t) − fd(x, t)
(4)

where m = (mr/l) + (π/4)ρw Ca(x)d2 is the (combined) mass
per unit length of the rod and the fluid displaced by the rod.
The derivatives with respect to t and x are denoted by ˙ and ′,
respectively. The boundary conditions are given as follows:

w(0, t) = 0, w′(0, t) = 0, w′′(l, t) = 0, and w′′′(l, t) = 0.
(5)

It is noted that, in comparison with the rod mounted on a
moving cart in air [13], two new terms cẇ(x, t) and fd(x, t)
appear in the model of a moving rod in water. Also, m in water
includes the added fluid mass.

B. UW Response

The effect of trolley movement on the rod’s response in water
is to be analyzed. Substituting ÿ(t) from (3) into (4), the follow-
ing equation representing the coupled dynamics of the trolley

and the rod is obtained:

EIw′′′′(x, t) + cẇ(x, t) + mẅ(x, t)

= − m

mt + mr

(
u(t) − m

∫ l

0
ẅ(x, t)dx

)
− fd(x, t) . (6)

The preliminary investigation [7] revealed that the deflection
of the rod is constant when the trolley moves at its constant
maximum velocity vmax . Also, a large trolley velocity causes a
large rod deflection, which can damage the structure of the rod.
Therefore, the relationship between the maximum rod deflection
and the maximum trolley velocity has to be found. To get an
analytic solution, the drag force term in (6) is approximated to
fd(x, t) = (1/2)ρw Cd(x)dvmax |vmax |, see [21] (or [22]).

1) Natural Frequencies and Normal Modes: The natural
frequencies in water are different from those in air. Recall that c
and f in (6) do not appear in air, and m also is different. However,
the mode shapes are the same [17]. In this paper, the approach
in [14] is adopted. Using the separation of variables, the mode
shapes of the rod in water are obtained as follows:

Φk (x) = (Ck/ sin βk l sinh βk l)

· ((1 + cos βk l cosh βk l) (2 − cos βkx − cosh βkx)

+ (cos βkx − cosh βkx) (sin βk l sinh βk l)

− (cos βk l sinh βk l + sin βk l cosh βk l) (sin βkx − sinh βkx))
(7)

where k denotes an infinite number of modes, Ck are the arbi-
trary constants chosen for normalization purposes, and βk are
the solutions of the following frequency equation:

1 + cos βk l cosh βk l

+ (cos βk l sinh βk l + sinβk l cosh βk l) (rm /βk l) = 0 (8)

where rm = mr/mt denotes the mass ratio of the rod to the
trolley.

For the vibrating rod in water, the additional mass of the
water displaced by the rod affects the natural frequencies. The
obtained natural frequencies [16] are

ωnk =
βk

2d

4l2

√
E

ρr + Caρw
(9)

where ρr is the density of the rod, Ca is the added mass coef-
ficient, and ρw is the density of water. In this paper, only the
fundamental mode of the damped natural frequencies is consid-
ered (hereafter denoted by ω1 , i.e., ω1 = ωn1).

2) Time Response: The time response of the rod is ob-
tained by applying the modal analysis method [55], which gives
the following endpoint rod deflection;

w(l, t) =
Φ(l)
ωd

∫ t

0
Q(t) e−ζω1 (t−τ ) sinωd(t − τ)dτ (10)

where Φ(l) = Φ1(l), ζ denotes the damping ratio associated
with the first mode, which can be obtained by comparing the
experimental and simulation results of the system (see [7]), ωd =
ω1
√

1 − ζ2 is the first damped fundamental natural frequency
of the rod, and Q(t) is the generalized force acting on the system.
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The steady-state endpoint deflection w(l, t)ss = δ of the rod
is required to be obtained when the trolley moves with a constant
maximum velocity (i.e., ẏ(t) = vmax ). For the present case, the
generalized force Q(t) is given as follows:

Q(t) = − Φ(l)
(
πρw Ca(l)d2 ÿ(t)/4 + ρw Cd(l)dẏ2(t)/2

)
− mΦ(0)ÿ(t). (11)

Therefore, the endpoint displacement of the rod w(l, t), when
the trolley input ÿ(t) is considered as a pulse (i.e., magnitude a
and interval ta ) is obtained as follows:

w(l, t) = − B1

ωd

∫ ta

0
e−ζω1 (t−τ ) sin ωd(t − τ)dτ

− B2

ωd

∫ ta

0
τ 2e−ζω1 (t−τ ) sin ωd(t − τ)dτ

− B3

ωd

∫ t

ta

e−ζω1 (t−τ ) sin ωd(t − τ)dτ (12)

where B1 = Φ(l)(mΦ(0) + Φ(l)fm (l))a, B2 = fd(l)Φ(l)2a,
and B3 = fd(l)(Φ(l)vmax)2 . When the transient response dies
out [the first two terms in (12)], the endpoint displacement in
the steady state δ is obtained as follows:

δ
Δ= w(l, t)ss = −fd(l)

(
Φ(l)vmax/ω1

)2
. (13)

Equation (13) will be used in developing the control law for
transporting the flexible rod in water, while limiting its endpoint
deflection and assuring the minimal residual vibration at the
target position.

C. Similitude Analysis

In this section, to determine the relationship between the
endpoint displacement of the rod in water and the maximum
trolley velocity, a similitude law is formulated according to
the Buckingham π theorem [51]. Using the fundamental di-
mensions (length L, mass M, time T), seven variables are se-
lected: δ [L], l [L], ω1 [T−1 ], d [L], mt [M ], u [MLT−2 ], and
mr [M ]. The similitude law for the considered problem is ob-
tained (see [52] for details) as follows:

δ

l
= ϕ

(
ra , rm , ω1

√
lmr

u

)
(14)

where ra denotes the aspect ratio (i.e., l/d) of the rod, u ( =
u(t)) is the control input to the trolley, and ϕ is the similitude
function to be determined analytically. Let δm and δp be the
steady-state deflections of the rod when u in (14) is given as um

and up , respectively (either in the mathematical model or in the
experiment). Because all of the parameters in (14) except u are
fixed, the following similarity condition is obtained:

δm /δp = um /up. (15)

If the relationship between δ and vmax in (13) is used, the
similarity condition in water is represented by the equation

δm /δp = (vmax,m /vmax,p)
2 (16)

TABLE I
SIMULATION PARAMETERS

Parameters Unit Value

Rod length (l) m 1.0
Rod diameter (d) m 0.008
Rod mass (m r ) kg 0.0369
Trolley mass (mt ) kg 3.8011
Fundamental natural frequency (ω1 ) rad/s 9.52
Young’s modulus (E) GPa 3.89
Density of fuel rod (ρr ) kg/m3 1204.5
Viscous damping coefficient (c) N�s/m 0.6
Damping ratio (ζ ) – 0.56
Added-mass coefficient (Ca ; see [16]) – 0.93
Drag coefficient (Cd ; see [7]) – 1.28

Fig. 2. Experimental setup.

where vmax,m and vmax,p denote the maximum trolley veloci-
ties associated with um and up , respectively. Similarity condi-
tion (16) signifies that a change (i.e., δm /δp ) of the endpoint
deflection in the steady state is equal to the square of the change
of the maximum velocity of the trolley (i.e., v2

max,m /v2
max,p ).

Remark: The similarity conditions in air (15) and that in
water (16) are different. This difference must be incorporated
into the design of an appropriate UW shaper (i.e., the maximum
velocity of the trolley for UW maneuvering has to be carefully
selected in consideration of the maximum allowable deflection
of the rod).

III. SIMULATIONS AND EXPERIMENTATION

To figure out the rod deflection upon a trolley movement, (4)
is first solved numerically by implementing the finite difference
method (FDM). Simulations were performed using the param-
eters in Table I and MATLAB. The experimental setup consists
of an Inteco 3-D Crane system combined with a water tank in
which a flexible rod is transported by the crane’s trolley. Fig. 2
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Fig. 3. Comparison of simulated and experimental results in water:
(a) velocity commands; (b) trolley displacements; (c) experimental and
simulation (FDM) responses; and (d) experimental and simulation (trans-
fer function) responses.

shows the experimental setup. A comparison of the simulated
and experimental rod responses to a reference trolley velocity
profile, shown in Fig. 3(a), is presented in Fig. 3(c). It can be seen
in Fig. 3(c) that both simulated (dashed line) and experimental
(solid line) rod responses match very well, which validate that
the developed mathematical model of the UW system is correct.

Fig. 4 shows simulated endpoint displacements of the rod
in air and in water for two different trolley inputs, where the
rationale for having two inputs was to use them to illustrate the
correctness of the similitude laws in (15) and (16). Fig. 4(a)
depicts the two acceleration inputs to the trolley (i.e., ÿp = 1
m/s2 and ÿm = 1.5 m/s2), according to which the trolley was
accelerated during the initial 0.2 s and decelerated during the
last 0.2 s. Fig. 4(b) shows the two velocity profiles generated for
the trolley (one having the maximum velocity at 0.2 m/s and the
other at 0.3 m/s). The time taken by the trolley to reach the target
position is indicated. Fig. 4(c) shows the trolley displacements
(1.2 m) obtained by the given profiles. It can be seen that if vmax
is high, the time taken to reach the target position is short. The
endpoint displacements of the rod in air for the given profiles
are presented in Fig. 4(d), and those in water, in Fig. 4(e).

As illustrated in Fig. 4(d), the amplitude of the endpoint
displacement in air when vmax,m = 0.3m/s (during the max-
imum velocity interval) is 0.02 m (say, δm ), and that when
vmax,p = 0.2 m/s is 0.013 m (say, δp ). Then, the ratio of the two
amplitudes becomes δm /δp = 1.53. On the other hand, noting
that ÿm = vmax,m /tm and ÿp = vmax,p/tp , the two maximum
velocities of the trolley result in ÿm /ÿp = vmax,m /vmax,p =
1.5, because the two acceleration intervals are the same (i.e.,

Fig. 4. Validation of similitude law (14) via two different trolley inputs:
(a) trolley acceleration inputs; (b) trolley velocity profiles; (c) trolley dis-
placements; (d) endpoint deflections in air; and (e) endpoint displace-
ments in water.

tm = tp = 0.2 s). Therefore, the similitude law in (15) in air
is verified.

In Fig. 4(e), the ratio of the maximum displacements in water
is δm /δp = 2.25 (i.e., 0.08/0.0355). Also, v2

max,m /v2
max,p =

0.32/0.22 = 2.25. This means that the similitude law in water
(16) is satisfied as well. In summary, the similitude analysis
verified that the steady-state deflection in water is proportional
to the square of the trolley velocity.

IV. CONTROL FORMULATION AND IMPLEMENTATION

This section discusses the control law derivation and its im-
plementation for suppressing the fuel rod’s residual vibrations
in water. In a nuclear reactor, such external disturbances like
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Fig. 5. UW responses of ZV, ZVD, and PA commands: (a) acceleration
inputs; (b) velocity commands; and (c) endpoint deflections.

winds can be ignored. Also, as a fault-tolerant secondary control
strategy backing up the primary feedback control, an open-loop
control (a modified input shaping) is discussed in this paper.
In implementing the input shaping control, a reference trolley-
drive command is convolved with an input shaper for generating
a shaped trolley velocity command. Then, the trolley controller
makes the trolley to follow the generated shaped command, us-
ing the built-in velocity tracking algorithm [44], [45], which
results in transporting the load to the target position with zero
or minimal residual vibrations.

A. Command Shapers in Air

To examine whether the existing input-shaping methods in
air work for the system in water or not, two input-shaped com-
mands ZV and ZVD [38] were generated using the fundamental
natural frequency of the system in water (i.e., ωd ). The target
position was set to 1.2 m along the j-axis. The maximum trolley
acceleration amax was 1.5 m/s2. Fig. 5(b) plots the reference
velocity profile (dotted line), the ZV-shaped command (dashed
line), and the ZVD-shaped command (dash-dot line) for driving
the trolley to the target position. In this study, the ZV-shaped
command was obtained by convolving the reference velocity
profile with the ZV shaper [38] as follows:

[
Ai

ti

]
=

⎡
⎢⎣

1
1 + K

K

1 + K

0 π
ωd

⎤
⎥⎦ =

[
0.9 0.1
0 0.4

]
(17)

where K = e−ζπ/
√

1−ζ 2
(in our case, ζ = 0.56, K = 0.12), i

corresponds to the number of impulses, and Ai and ti represent
the magnitudes and time locations, respectively, of the impulses.
Similarly, the ZVD-shaped command was obtained by convolv-
ing the reference velocity profile with the ZVD shaper [38] as
follows:

[
Ai

ti

]
=

⎡
⎢⎢⎣

1
(1 + K)2

2K

(1 + K)2
K2

(1 + K)2

0
π

ωd

2π

ωd

⎤
⎥⎥⎦

=
[
0.8 0.19 0.01
0 0.4 0.8

]
. (18)

As seen in Fig. 5(c), even by considering the natural fre-
quency and the damping ratio of the UW system, the desired
control performance (i.e., suppression of the rod’s overshoot at
a target position) was not achieved by implementing the ZV and
the ZVD shapers (17), (18) [see Fig. 7(c) for comparison]. Ac-
cording to [47], an overshoot can be suppressed by considering
the plant zeros in designing the shapers (i.e., a postactuation
(PA) shaper). However, the plant zeros in our case cannot be
obtained analytically, [56], [57], because of the nonlinear drag
force term in (6). Therefore, the linear dynamics is approxi-
mately obtained experimentally by comparing the step response
to a constant trolley input with a general second-order equation.
Fig. 3(d) shows the experimental trolley response (solid line,
black) and the simulated step response of the obtained second-
order equation (dash-dot line, green), where their inputs are
shown in Fig. 3(a).

Finally, for ζ = 0.56 and ω1 = 9.52 rad/s, the following
linear dynamics G(s)p (transfer function) is utilized:

G(s)p =
b1s

2 + b2s + b3

s2 + 2ξω1s + ω2
1

=
0.1s + 2.5

s2 + 10.66s + 90.63
(19)

which reveals one zero of the system (i.e., s =−25). Considering
the method in [47], the following transfer function G(s)s of the
PA shaper is obtained:

G(s)s = 0.88 + 2.94
e−0.35s

s + 25
. (20)

Fig. 5 shows a comparison of the system response to the PA-
shaped command (solid line) with the ZV- and ZVD-shaped
commands. It can be seen in Fig. 5(c) that the PA-shaped com-
mand has reduced the overshoot as compared with the ZV
shaper. However, the desired suppression of the overshoot has
not been achieved. Therefore, for vibration suppression of the
rod in water, a new means of obtaining the shaped trolley com-
mand for complete suppression of the overshoot at the target
position is absolutely necessary.

B. UW Command Shaping

The existing input-shaping methods utilize two or more pulses
in that the resulting transient motion of the system cancels each
other to achieve zero (or minimal) residual vibration. However,
application of pulses in water results not in cancellation of the
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Fig. 6. Concept of UW command shaping: (a) acceleration inputs;
(b) velocity commands; and (c) endpoint deflections.

transient response but rather in its amplification due to hydrody-
namic force. Hence, this paper’s proposed new shaping method
is based on an amplification of the rod’s response to a trolley
input.

In order to avoid structural damage incurred to a fuel rod
transported in water, it is imperative to restrict the magnitude
of the input to the trolley to ensure that the maximum endpoint
deflection of the rod is less than a specified maximum allow-
able value (δ̄). Application of an acceleration input (pulse) to
the trolley [the dashed line in Fig. 6(a)] results in a maximum
rod overshoot (max |w(l, t)|) that is equal to δ̄ [the dotted blue
line in Fig. 6(c)]. Fig. 6(c) demonstrates that when the trolley
is driven by that input, the rod achieves the steady-state deflec-
tion (δ) at 0.9 s. It is anticipated that if the magnitude of the
input is increased in such a way that δ = δ̄, the time taken by
the trolley to reach the target position can be reduced. How-
ever, an increase in input magnitude will cause max |w(l, t)| to
exceed δ̄, because for a given acceleration (input) interval, the
higher the vmax is, the larger the max |w(l, t)| and the δ will
be [see Fig. 4(e)], though the time to the maximum overshoot
is the same (i.e., the peak time tpeak = π/ωd is the same).
Therefore, two sequential inputs (the same interval, different
magnitudes), shown by the solid line in Fig. 6(a), are applied to
achieve the steady-state response with zero oscillation [i.e., the
rod reaches the steady state without overshoot; see Fig. 6(c)].
This is achieved by applying the second input at the time of
the occurrence of the overshoot of the first input, provided that

the magnitude of the second input is selected in such a way
that the resulting steady-state deflection of the rod equals the
maximum (or minimum) rod deflection due to the first input.
Furthermore, the acceleration and deceleration inputs obtained
from the proposed UW-command-shaping method are asym-
metric, unlike the symmetric ZV and ZVD commands. Similar
multiple-pulse-based control approaches [58]–[60] have been
reported in the literature for moving flexible systems in air un-
der the influence of friction.

1) Acceleration Inputs: Similarity condition (16) and the
following constraint on the maximum endpoint displacement of
the rod are used in formulating the magnitudes of two acceler-
ation inputs:

max |w(l, t)| = |δ| (1 + K) ≤ ∣∣δ̄∣∣ (21)

where δ̄ denotes the maximum allowable value for the endpoint
deflection of the rod. Now, let δ1 denotes the steady-state deflec-
tion of the rod caused by the maximum trolley velocity vmax,1
(associated with the first input a1). Substituting (21) into (13)
yields

vmax,1 =
ω1

Φ(l)

√
|δ1 |
fd

=
ω1

Φ(l)

√ ∣∣δ̄∣∣
fd(1 + K)

. (22)

Accordingly, the magnitude of the first input can be obtained
as follows:

a1 =
vmax,1

ta
= amax

√
1

1 + K
(23)

where ta = vmax/amax , and amax is the given allowable max-
imum acceleration to the trolley system. If δ̄ is the resultant
steady-state deflection of the rod due to two acceleration in-
puts, the maximum trolley velocity can be obtained from (13)
as follows:

vmax =
ω1

Φ(l)

√∣∣δ̄∣∣
fd

. (24)

Now, by application of similarity condition (16), the maxi-
mum trolley velocity corresponding to the second input vmax,2
can be obtained as follows:

vmax,2 = vmax,1

(√∣∣∣∣ δ̄

δ1

∣∣∣∣− 1

)
= vmax,1

(√
1 + K − 1

)
.

(25)
Therefore, the magnitude of the second acceleration input

becomes

a2 =
vmax,2

ta
= amax

(
1 −

√
1

1 + K

)
. (26)

2) Deceleration Inputs: In order to obtain the magnitudes
of the deceleration inputs, deflection constraint (21) is written
in the following form:∣∣δ̄∣∣K − |δ| (1 + K) = 0. (27)

Now, let δ3 denote the steady-state deflection of the rod caused
by the maximum trolley velocity vmax,3 (associated with the first



SHAH et al.: OPEN-LOOP VIBRATION CONTROL OF AN UNDERWATER SYSTEM: APPLICATION TO REFUELING MACHINE 1629

Fig. 7. UW responses of the proposed UW command: (a) acceleration
inputs; (b) shaped velocity commands; and (c) endpoint deflections.

deceleration input a3). Substituting (27) into (13) yields

vmax,3 = vmax − ω1

Φ(l)

√∣∣δ̄∣∣
fd

K

1 + K
. (28)

Accordingly, the magnitude of the first deceleration input a3
can be obtained as follows:

a3 =
vmax,3

ta
= amax

(
1 −

√
K

1 + K

)
. (29)

The trolley velocity corresponding to the second input vmax,4
can be obtained from similarity condition (16) as vmax,4 =
vmax − vmax,3 . This results in the following magnitude of the
second deceleration input:

a4 =
vmax,4

ta
=

√
K

1 + K
. (30)

In light of the foregoing discussion, the UW shapers for ob-
taining the acceleration and deceleration inputs can be summa-
rized as follows.

1) UW shaper for acceleration inputs

[
Ai

ti

]
=

⎡
⎢⎢⎣

√
1

1 + K
1 −

√
1

1 + K

0
π

ωd

⎤
⎥⎥⎦ . (31)

TABLE II
COMPARISON OF RESPONSES FOR VARIOUS SHAPED COMMANDS

Trolley-drive Travel Settling Maximum Overshoot
command Time [s] time [s] overshoot

[mm]
suppression [%]

Reference command
(Trapezoidal)

4.20 5.205 7.9 –

ZV-shaped command 4.62 5.175 6.8 14%
PA-shaped command 4.91 5.12 5.8 25.3%
ZVD-shaped command 5.02 5.155 4.3 45.5%
UW-shaped command
(the proposed one)

4.50 4.75 0.1 98.7%

2) UW shaper for deceleration inputs

[
Ai

ti

]
=

⎡
⎢⎢⎣

1 −
√

K

1 + K

√
K

1 + K

t3 t3 +
π

ωd

⎤
⎥⎥⎦ (32)

where t3 is the time of application of the first deceleration
input. Finally, (31), (32) can be utilized to generate the
following shaped acceleration command to drive the trol-
ley to the target position in time tf = t3 + ta + π/ωd :

ÿ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

amax

√
1

1 + K , for 0 ≤ t ≤ ta

amax

(
1 −

√
1

1 + K

)
, for π

ωd
≤ t ≤ ta + π

ωd

−amax

(
1 −

√
K

1 + K

)
, for t3 ≤ t ≤ t3 + ta

−amax

√
K

1 + K , for t3 + π
ωd

≤ t ≤ tf

0, otherwise.
(33)

The generated control command is obtained based on the
system’s natural frequency and damping ratio. Therefore, its
implementation for the actual system requires only simple com-
putations of (31), (32) and prior knowledge of the system’s
natural frequency and damping ratio.

Fig. 7 compares the residual vibration suppression perfor-
mance of the UW-shaped command with that of the ZVD-shaped
command. Fig. 7(a) shows the reference acceleration command
(dotted line), the ZVD-shaped command (dash-dot line), and
the UW-shaped command (solid line). The applied δ̄ and amax
values were 0.08 m and 1.5 m/s2, respectively. The velocity pro-
files corresponding to the given acceleration inputs are plotted
in Fig. 7(b). It is apparent that when driven by the UW-shaped
velocity profile, the trolley reaches the target position in 4.5 s.
Fig. 7(c), meanwhile, shows, again with the UW-shaped veloc-
ity profile, that the settling time of the residual vibrations of
the rod is 4.75 s. Thus, it is demonstrated that the proposed
shaped command (33), as compared with the existing input-
shaped commands, effectively suppresses the overshoot in the
rod’s response when transported in water. A comparison of the
rod’s responses for all of the considered profiles is shown in
Table II.
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Fig. 8. Experimental results in water to the reference and UW-shaped
commands: (a) velocity commands; (b) trolley displacements; and
(c) endpoint deflections.

Fig. 9. Three-dimensional plots of rod deflections in water: (a) without
control; and (b) with UW-command-shaping control.

V. RESULTS AND CONCLUSION

The data on the UW responses of the fuel rod for all the
considered trolley inputs (i.e., the reference command, the ZV
command, the ZVD command, the PA command, and the UW-
shaped command) established the utility of our method [see
Fig. 7(c) and Table II]. The UW-shaped command took the
shortest time (i.e., 4.5 s) in transporting the fuel rod to the target
position in water while successfully suppressing its residual vi-
brations. Moreover, it reduced the settling time by 10%. Overall,
the newly proposed UW-command-shaping method, as specif-
ically designed for suppression of the residual vibrations of
flexible loads in water, outperforms the existing ZV, ZVD, and
PA velocity profiles. To validate the developed control scheme,
experiments were performed. Videos of the experiments were
also provided. Fig. 8(c) presents a comparison of the experi-
mental rod responses to the reference and UW-shaped trolley
velocity commands. Furthermore, Fig. 9(a) and (b) depicts sim-
ulated 3-D plots of the rod deflection in water to the reference
and UW-shaped trolley velocity commands.

In summary, this study, for a nuclear-reactor RM, developed
a distributed-parameter model representing the response of a
nuclear-fuel rod to its transportation in water. A new UW-
command-shaping method was developed in consideration of
the hydrodynamic force acting on the rod. A similitude law re-
lating the rod’s deflection in water to the trolley input, together
with a constraint for the maximum endpoint deflection of the
rod, was used to obtain the shaped velocity profiles. The simula-
tion and experimental results reveal that our proposed method is,
as compared with the existing input shapers, the most suitable
for suppression of the residual vibrations of flexible systems
operating in water.
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