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Abstract In this paper, the residual vibration control
problem of a nuclear power plant’s fuel-transport sys-
tem is discussed. The purpose of the system is to trans-
port fuel rods to the target position within the minimum
time. But according to observations, the rods oscillate
at the end of the maneuver, causing an undesirable
delay in the operation and affecting the system’s per-
formance in terms both of productivity and of safety.
In the present study, a mathematical model of the sys-
tem was developed to simulate the under-water sway
response of the rod while keeping in view the effects
of the hydrodynamic forces imposed by the surround-
ing water. Experiments were performed to validate the
model’s correctness. Further, simulation results were
used to design the input shaping control that gener-
ates shaped velocity commands for transport of the fuel
rods to the target position with the minimum residual
vibration. It was observed that due to the under-water
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maneuvering, the fuel-handling system behaves as a
highly damped process and that the generated shaped
velocity commands fail to effect the desired suppres-
sion of the residual vibration. Therefore, keeping in
view the highly damped nature of the system, a mod-
ified shaped command was generated that transported
the fuel rods to the target position with the minimum
residual vibration.

Keywords Input shaping control · Residual vibration
control · Nuclear power plant · Fuel-transport system

1 Introduction

In this paper, the residual vibration control problem of
a nuclear power plant’s fuel-transport system (or fuel-
handling system) is discussed. The system is required
to transport fuel rods from given locations (i.e., reac-
tor cores) to the target position (i.e., the fuel upen-
der) and vice versa in the minimum time. The trans-
portation of the fuel rods takes place under-water to
prevent transference of their radiation to the environ-
ment. It has been observed, however, that the fuel rod
starts to oscillate (i.e., manifest end-point oscillations)
on reaching the target location, causing an undesirable
delay in the operation and affecting the system’s per-
formance in terms both of productivity and of safety.
The main research issue here is the fact that the consid-
ered objects are moved under-water, thus making for
a highly damped system. It is expected that the load’s
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Fig. 1 Fuel-handling
system in a nuclear power
plant: a schematic of a
fuel-handling system,
b schematic of a refueling
machine

oscillatory response in water would be quite different
from that in air. Therefore, it is required first to inves-
tigate the under-water characteristics of the system by
experimentation as well as simulation (i.e., theoreti-
cally) and then to design an appropriate control scheme
for the suppression of residual fuel-rod vibrations in
view of the hydrodynamic effects of the water.

A nuclear power plant generates electricity in a man-
ner similar to that of a thermal power plant, the main
difference being that the heat required for steam pro-
duction is generated by the process of nuclear fission
[1]. For this purpose, nuclear fuel rods are inserted into

nuclear cores located in a water pool. Continuous heat
generation requires that spent fuel rods be replaced with
fresh ones. Figure 1a depicts the new- and spent-fuel
transporting process and its directionality between the
reactor and the fuel building. Figure 1b illustrates the
refueling machine (a type of over-head crane) and its
transport of fuel rods between the reactor and the fuel-
transfer system. Quick fuel-rod transference and place-
ment are essential and require high positional accuracy.

Several control techniques are available for applica-
tion to the suppression of residual vibrations [2–10];
they include adaptive control [2–4], open-loop control
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Input shaping control of a nuclear power plant’s fuel transport system 1739

[5], sliding-mode control [8], and fuzzy logic control
[10]. However, because an over-head crane is used to
transport and position fuel rods in a fuel-handling sys-
tem, crane dynamics and control need to be consid-
ered [11,12]. Unfortunately, feedback control in water
is highly problematic, due to the difficulty of achiev-
ing functionality and integration of sensors in the fuel-
handling system of a nuclear power plant [13]. In recent
years, input shaping control (i.e., a type of feed-forward
control) has been applied to address the vibration-
suppression problem in oscillatory systems [14–20].
This is known to be the most feasible and practical
control strategy for systems in which a pre-specified
excitation is formulated and input to the system such
that the system moves to the desired position with-
out encountering residual vibration. Various versions of
this technique include the zero-vibration (ZV) shaper
[14], the zero-vibration derivative (ZVD) shaper [15],
the extra-insensitive shaper [16,17], and the specified
intensity shaper [18,19]. The technique is indeed ver-
satile: it can be applied to a broad range of problems
related to spacecraft, robotics, and MEMS [21–23].

Input shaping control has been widely applied to
crane systems as well [24–29]. This notwithstanding,
all of the previous relevant research has involved the
moving of loads in air; moving them in water neces-
sitates consideration of the effects of hydrodynamic
forces on the system. Several studies have been carried
on the effects of fluid-effected hydrodynamic forces
on submerged objects [30–34], especially as pertain to
water flow against a circular cylinder.

In the present study, a mathematical model for a
fuel-handling system that transports objects in water
was derived using the Lagrange equation. The hydro-
dynamic effects on the rod during its maneuver were
incorporated into the model. Simulations and exper-
iments were performed to validate the under-water
responses of the developed model and the physical
system, respectively. A bridge movement profile was
shaped in such a way that, at the end of the bridge
movement, the residual vibration of the fuel rod was
minimized. It was observed that the shaped velocity
profiles obtained by the ZV and ZVD controls of the
crane working in the air did not work in our case. This
is due to the fact that a sudden change of bridge veloc-
ity in air will bring a quick change of load in air,
but not in water. Therefore, the input shaping tech-
nique in water needs to be modified in such a way
that the shaped velocity profile increases (or decreases)

gradually from one velocity level to another, resulting
in an improved under-water rod response. Experimen-
tal results confirmed that the modified shaped com-
mand profile successfully suppresses the residual vibra-
tion of the system considered.

The rest of the paper is structured as follows. Sec-
tion 2 introduces the physical system and its response in
view of the hydrodynamic forces acting on it along with
the derived mathematical model. Section 3 discusses
simulations and experiments that were performed on
the system without any control. Section 4 presents the
input shaping control formulation and its implementa-
tion. Finally, Sect. 5 analyzes the results for the input
shaping control and draws conclusions.

2 Problem formulations

It is assumed that the fuel rod is a cylinder with a cir-
cular cross-section, that the water is at rest, and that
the sway motions of the rod occur on the vertical plane
consequent upon one-directional motions of the bridge
or trolley. Figure 2 provides a schematic of the fuel-
transport system studied in the experimentation, where
x(t) is the displacement of the bridge along the i-axis,
M is the mass of the bridge, Ft is the force input along

Fig. 2 Schematic of the fuel-transport system used in the exper-
iment
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the i-axis, l is the half-length of the rod, θ (t) is the sway
angle of the rod, mr is the rod mass, g is the gravita-
tional acceleration, FB is the buoyancy force, and FD

is the drag force (FB and FD being the hydrodynamic
forces caused by the interaction of the maneuvered fuel
rod with the surrounding fluid (water)).

2.1 Hydrodynamic forces

Whenever a body moves inside a fluid, there occurs a
body-fluid interaction that can be described in terms
of the hydrodynamic forces at the fluid-body interface.
The hydrodynamic forces that act on the fuel rod dur-
ing its under-water maneuver consist of the buoyancy
force, the drag force, and the force due to added mass.
The buoyancy force is the weight of the fluid displaced
by the rod and is expressed mathematically as

FB = ρwVrg, (1)

where ρw is the density of the fluid (water), and Vr is
the volume of the submerged rod.

The drag force FD is often termed the fluid reaction
force that acts in the direction opposite to the rod’s
travel. Theoretically, the drag force FD has two sources,
the normal pressure and the skin friction [30], and is
mathematically expressed in quadratic form as

FD = 1

2
CDρw AP |vr| vr, (2)

where CD is the drag coefficient, AP is the projected
frontal area, and vr is the relative velocity between the
fluid and the rod. In this paper, the drag coefficient given
in [35],

CD = 5.93√
Re

+ 1.17 = 1.28, (3)

where Re is the Reynolds number, is used. For the con-
sidered case, Re = 2,946 (the calculation is shown in
Sect. 2.2, below). Whenever a submerged body accel-
erates in a fluid, the driving force must overcome not
only the drag force but also the body’s inertia and the
inertia of any fluid accelerated by the body. The hydro-
dynamic force caused by acceleration of the fluid is
called the added mass force Fa, and is expressed as

Fa = ma
dvr

dt
, (4)

where ma is the added mass, which is mathematically
given as

ma = CaρwVr, (5)

where Ca is the added mass coefficient. For the pur-
poses of our system, the fuel rod is transported at a
constant velocity; therefore, Fa is considered only for
the oscillatory response of the rod. Ca is given in [30],
for the case of a circular cylinder oscillating under-
water at small amplitudes, as

Ca = 2 + 4√
πβ

= 2.00, (6)

where β is the frequency parameter, given as

β = f l2

υ
, (7)

where f is the oscillation frequency of the rod taken
as 2.8 rad/s, l is the half-length of the rod, and υ is the
kinematic viscosity of the water, given as 1.12×10−6

m2/s.
Several studies have been carried out to investi-

gate the effects of the hydrodynamic forces caused by
the flow across a submerged circular cylinder [30–33],
revealing the important role of CD and Cain simulating
the correct response of the submerged cylinder. McLain
and Rock [32] have shown that the values of the hydro-
dynamic coefficients initially vary as the cylinder starts
to accelerate in water, before attaining a constant value
after the wake behind it is fully developed.

2.2 Under-water response

In order to estimate the Reynolds number at the maxi-
mum speed of the bridge, the problem of transporting
the fuel rod under-water is compared with the case in
which water flows against a circular cylinder, where the
upstream velocity is constant both in time and location.
Due to this fluid-structure interaction, the shear stresses
and normal stresses are developed as a result of fluid
viscosity and pressure, respectively. The flow across
a circular cylinder varies with the Reynolds number,
such that for Re < 1, the viscous effects are important,
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and the streamlines about the center of the cylinder are
symmetric. However, for larger Reynolds number, the
flow-field region in which the viscous effects are impor-
tant is very small; correspondingly, the viscous effects
are transferred downstream, and the flow loses its sym-
metry, thus causing flow separation, which results in
a turbulent wake region behind the cylinder [35]. For
the considered case, the Reynolds number can be cal-
culated using the relation

Re = ρwvd

μw
= 2, 946, (8)

where the water density ρw is 1,000 kg/m3, the
upstream velocity of the water (i.e., the maximum
bridge speed) v is assumed to be 0.33 m/s, the rod
diameter d is 0.01 m, and the dynamic viscosity of the
water μw is given as 1.12×10−3 Ns/m2. In this case,
the rod movement at the maximum speed of the bridge
occurs in the stream of a moderate Reynolds number,
which is within the 103 < Re < 105 range [35]. Hence-
forth, there exists a turbulent wake region behind the
fuel rod, resulting in a minimal viscosity effect on the
generated drag force.

2.3 Equations of motion

Using Lagrange’s method, a mathematical model for
suppression of the residual vibration of the rod at the
end of its transference is developed. Two variables from
Fig. 2, x(t) and θ (t), are considered to be the general-
ized coordinates (it is assumed that the bridge and the
trolley do not move at the same time due to the safety
issue in the nuclear power plant). The center of gravity
(CG) of the rod is given by

xc = x − l sin θ, (9)

zc = −l cos θ. (10)

The kinetic energy (T ) of the bridge and the rod and
the potential energy (U ) of the rod are given as

T = 1

2

(
Mẋ2 + mv2

c + I θ̇2
)

, (11)

U = l(mrg − FB)(1 − cos θ), (12)

where m is the sum of the rod mass (mr) and the added
mass (ma), vc is the velocity of the CG, and I is the
inertia of the rod. Note that v2

c is given as

v2
c = ẋ2 + l2θ̇2 cos2 θ −2l ẋ θ̇ cos θ + l2θ̇2 sin2 θ. (13)

The dissipation energy (D) is given by

D = 1

2

(
Dx ẋ2 + Dθ θ̇

2
)

, (14)

where Dx and Dθ correspond to the viscous damp-
ing coefficients associated with the movement of the
bridge and the rod, respectively. The force input to the
bridge and the drag force acting on the rod are the only
generalized forces that exist for the considered system,
thereby giving the generalized force

Q =
[

Ft − FD

0

]
. (15)

Substituting (13), (14), and (15) into Lagrange’s equa-
tion yields the equations of motion

(M + m)ẍ − ml θ̈ cos θ + ml θ̇2 sin θ + Dx ẋ

+ FD = Ft, (16)

mlẍ cos θ − 7

3
ml2θ̈ − (mr g − FB)l sin θ

+ Dθ θ̇ = 0, (17)

where FB, FD, and ma are defined as in (1), (2), and (5),
respectively. Assuming that cos θ ≈ 1, sin θ ≈ θ,

and θ̇2 sin θ ≈ 0 for small θ , the linear equations

(M + mr + CaρwVr)ẍ − (mr + CaρwVr)l θ̈

+ Dx ẋ + 1

2
CDρw AP |vr| vr = Ft, (18)

(mr + CaρwVr)l ẍ − 7

3
(mr + CaρwVr)l

2θ̈ − g(mr

− ρwVr)lθ + Dθ θ̇ = 0 (19)

are obtained. Solving (18) and (19) for theta-dynamics,
the equation to be used for input shaping control,

θ̈ + C1θ̇ + C2θ = C3(Ft − Dx ẋ − FD), (20)

is derived, where C1, C2 and C3 are given as

C1 = −3(M + mr + CaρwVr )Dθ

(mr + CaρwVr )(7M + 4mr + 4CaρwVr )l2 ,

C2 = 3g(M + mr + CaρwVr )(mr − ρwVr )

(mr + CaρwVr )(7M + 4mr + 4CaρwVr )l
,

C3 = 3

(7M + 4mr + 4CaρwVr )l
.
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Table 1 Simulation parameters

Parameters Units Value

Bridge mass (M) Kg 5.1

Rod mass (mr) Kg 0.165

Half-length of the rod (l) m 0.49

Rod diameter (d) m 0.01

Drag coefficient (CD) – 1.28

Added mass coefficient (Ca) – 2.00

Viscous damping coef. along the i-axis (Dx ) N-s/m 10.2

Viscous damping coef. along θ (Dθ ) Nm-s/rad 0.4

Fig. 3 Experimental setup

3 Simulation and experimentation

The under-water sway responses of the rod were simu-
lated using the nonlinear model (16)–(17) and the para-
meters given in Table 1. Experimentation was then car-
ried out to validate the mathematical model. Figure 3
shows the experimental setup used to study the under-
water sway response of the system. Figure 4 com-
pares the simulated responses using equations (16)–
(17) with the experimental results: Fig. 4a shows the
velocity profile of the bridge, according to which the
maximum speed (0.33 m/s) was achieved in 0.25 s; Fig.
4b indicates that the target displacement (1.4 m) was
achieved in 4.67 s; Fig. 4c compares the sway angles
of the fuel rod. The values of Dx and Dθ are unknown;

Fig. 4 Comparison of the under-water sway response of the rod
for model verification. The simulation was carried out using Eqs.
(16)–(17): a bridge velocity (unshaped), b bridge displacement,
c sway angle of the rod
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therefore, they were obtained by making the simulated
sway response (the dotted line) to match the experi-
mental result (the solid line). As can be seen in Fig. 4c,
the simulated response matches the experimental result
very closely, which reveals the validity of the developed
mathematical model.

Further analyses of Fig. 4c reveal that the sway angle
started to increase nonlinearly up to 0.29 rad during
the initial 2.5 s period and stayed there for the remain-
ing maximum-speed movement of the bridge. This was
caused by the hydrodynamic forces discussed in Sects.
2.1–2.2 Also, the large sway angle of the rod was
affected by the flow separation phenomenon behind
the rod. It is noted, additionally, that the sway angle
was not constant, until the wake was fully developed.
It also is apparent that there was no oscillatory motion
of the rod passing through the −k-axis once the bridge
began to maneuver (unlike the sway motion of a rod in
air). This was due to the large damping provided by the
hydrodynamic forces. However, once the bridge stops
at its goal position, the rod will oscillate there. This is
the phenomenon to be coped with using the mathemat-
ical model developed in Sect. 2. It may be noted that
the simulated response at the start of the bridge maneu-
ver did not exactly match with the actual response. The
reason is that, in the simulation, CD was assumed to be
constant, whereas it actually changes continuously as a
function of the wake formulation during these periods
(see McLain and Rock [32]).

4 Control formulation and implementation

This section discusses the input shaping technique for
the suppression of the residual vibrations of the con-
sidered system. As discussed earlier, input shaping can
be used to generate different velocity/acceleration pro-
files for bridge travel that incurs the minimal residual
vibration at the target position. Since it is our inten-
sion to transport the fuel rods to the target positions
as quickly as possible, the trapezoidal velocity profile
of the bridge speed is applied. Henceforth, in this sec-
tion, the trapezoidal velocity profile shown in Fig. 4a
will be convolved with impulses to generate the desired
velocity profile of the bridge.

4.1 Mathematical model for input shaper design

In order to design the input shaper, the values of the
system’s natural frequency (ωn) and the damping ratio

(ζ ) are required for the oscillatory response of the rod
(i.e., when the bridge has reached the target position).
For the said case, the theta-dynamics given by (20) can
be represented by the second-order system

θ̈ + 2ζωn θ̇ + ω2
nθ = 0. (21)

In order to obtain the values of ωn and ζ for system
(20), (21) was simulated using MATLAB. Then, they
were adjusted to match the actual sway response of
the rod as obtained from the experiment. The initial
conditions, that is, the initial sway angle (θ0) and the
initial angular velocity (θ̇0) of the rod, were obtained
from the experimental data. As shown in Fig. 4, the
bridge reached the target position in 4.67 s, and the
corresponding sway angle of the rod at this instant was
θ0 = −0.17 rad. The value for the angular velocity at
4.67 s (θ̇0) was calculated as 0.22 rad/s. Figure 5 shows
that the simulated response matched the experimental
response for ωn = 2.8 rad/s and ζ = 0.56.

These values of ωn and ζ obtained by comparing
the simulation with the experimental responses of the
rod subsequently were used to design the ZV and ZVD
shapers, as shown below. ZV Shaper:

[
Ai

ti

]
=

[
0.9 0.1
0 1.35

]
; (22)

Fig. 5 Comparison of the experimental and simulated responses
of the rod after the bridge stops at the target position. The sim-
ulation was carried out using Eq. (21) for ωn = 2.8 rad/s and
ζ = 0.56
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ZVD Shaper:

[
Ai

ti

]
=

[
0.8 0.18 0.02
0 1.35 2.7

]
(23)

where i corresponds to the number of impulses: the
ZV shaper has two impulses, and the ZVD shaper has
three impulses. Ai and ti represent the magnitudes and
the time locations, respectively, of the impulses of the
given shaper.

4.2 Implementation of input shaper

The two input shapers in (22) and (23) were convolved
with the unshaped velocity profile in Fig. 4a for the
residual vibration suppression of the fuel rod. Figures 6
and 7 show the under-water sway responses of the fuel
rod with the ZV and the ZVD shapers, respectively. Fig-
ures 6b and 7b show the two shaped velocity command
profiles obtained by convolving the reference command
with the ZV and the ZVD shaper, respectively. The
shaped commands were used to drive the bridge, as
shown in Figs. 6c and 7c, respectively, representing
the bridge displacements for the given shaped com-
mands. Figures 6d and 7d show the sway responses
of the system for the two shaped command profiles.
They indicate that the system responses obtained by the
shaped velocity commands were not satisfactory, pri-
marily because the convolution with the shaper caused
sudden shifts in the shaped velocity profile, thereby
effecting fluctuation in the sway response of the rod, as
discussed earlier.

Therefore, in order to avoid the fluctuations in the
sway response, it was required that a command pro-
file without sudden shifts between the velocity steps
be developed. For that purpose, the shaped command
profile shown in Fig. 6b was altered in such a way
as to remove all sudden shifts; in their places, grad-
ual velocity shifts were introduced as constant decel-
eration steps between the velocity steps, which, as
shown in Fig. 8, gained a significant improvement
in the system’s response. Figure 8b plots the modi-
fied shaped command, Fig. 8c the displacement of the
bridge for the given command, and Fig. 8d the modi-
fied shaped command’s improvement in the rod’s sway
response.

In this paper, we obtained the modified shaped com-
mand from the ZV shaper (shown in Fig. 6b) rather than

from the ZVD shaper (shown in Fig. 7b) for two rea-
sons: the modification required the addition of deceler-
ation between the velocity steps, and the last velocity
step of the command obtained from the ZVD shaper
was almost zero. Accordingly, the addition of decel-
eration between zero and the last velocity step does
not affect the system’s response, since the system is
highly damped and does not respond to such small
inputs; however, this will result in a prolonged com-
mand time.

5 Results and conclusions

Figure 8d shows the improved sway response of the
rod as effected by the modified shaped command, com-
pared with that of the rod without input shaping. The
solid black line shows the experimental response of
the rod for the modified shaped command, whereas
the dashed red line and the dotted blue line show the
simulation and experimental responses, respectively,
without input shaping control. According to the fig-
ure, there was a significant drop in the overshoot of the
sway response of the rod when the modified shaped
command was used to drive the bridge: initially the
sway angle reached the maximum value of 0.02 rad,
but after applying the modified shaped command, the
sway angle was reduced to a minor value of 0.003 rad,
resulting in an approximate 85 % decrease in the max-
imum overshoot of the rod; moreover, the rod came to
rest around 3 s earlier than the response generated by the
unshaped command, thus resulting in a reduced settling
time. These experimental results confirmed that the
modified shaped profile generated by the input shaping
technique successfully suppressed the residual vibra-
tion of the fuel-handling system.

In conclusion, this paper presents a mathematical
model developed to simulate the response of a fuel rod
transported by a nuclear power plant’s fuel-handling
system, considering the hydrodynamic forces acting on
the fuel rod during its maneuver. Experimentation was
conducted to validate the model and the selected hydro-
dynamic coefficients used in simulation. The simulated
and experimental responses of the rod, showing the
end-point oscillations, were used to design the ZV and
the ZVD shapers by which the shaped velocity profiles
were derived. These shaped velocity profiles, having
been found ineffective for the considered case of under-
water maneuvering, were therefore modified by adding
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Fig. 6 Under-water sway response of rod with the ZV input
shaper: a acceleration of the bridge for the ZV shaped velocity
profile, b shaped velocity profile to drive the bridge obtained

from the ZV shaper, c position of the bridge for the ZV shaped
velocity profile, d sway response of the rod for the ZV shaped
velocity profile

deceleration between the velocity steps to minimize
the fluctuations in the rod’s sway response caused by
those sudden velocity changes. This kind of input shap-

ing implementation to a fuel-transfer system entailing
under-water oscillation had not, to our knowledge, been
achieved prior to the present study. Previously, input
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Fig. 7 Under-water sway response of rod with the ZVD input
shaper: a acceleration of the bridge for the ZVD shaped veloc-
ity profile, b shaped velocity profile to drive the bridge obtained

from the ZVD shaper, c position of the bridge for the ZVD shaped
velocity profile, d sway response of the rod for the ZVD shaped
velocity profile

shaping had been applied only to un-damped systems
like cranes. The present study, by contrast, using the
modified input shaping technique, formulated a novel

approach to the suppression of residual vibration in
a highly damped oscillatory system operating under-
water.
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Fig. 8 Under-water sway response of rod for the modified
shaped command: a acceleration of the bridge for the modi-
fied shaped command, b modified shaped command to drive the

bridge, c position of the bridge for the modified shaped command,
d sway response of the rod with and without input shaping
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