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Abstract

In this paper, a vibration suppression scheme for an axially moving string under a spatiotemporally
varying tension and an unknown boundary disturbance is investigated. The lower bound of the tension
variation is assumed to be sufficiently larger than the derivatives of the tension. The axially moving string
system is divided into two spans, i.e., a controlled span and an uncontrolled span, by a hydraulic touch-roll
actuator which is located in the middle section of the string. The transverse vibration of the controlled span
part of the string is controlled by the hydraulic touch-roll actuator, and the position of the actuator is
considered as the right boundary of the controlled span part. The mathematical model of the system, which
consists of a hyperbolic partial differential equation describing the dynamics of the moving string and an
ordinary differential equation describing the actuator dynamics, is derived by using the Hamilton’s
principle. The Lyapunov method is employed to design a robust boundary control law and adaptation laws
for ensuring the vibration reduction of the controlled span part. The asymptotic stability of the closed loop
system under the robust adaptive boundary control scheme is proved through the use of semigroup theory.
Simulation results verify the effectiveness of the robust adaptive boundary controller proposed.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Axially moving continuous materials can be found in various engineering areas: high-speed
magnetic tapes, band saws, power transmission chains and belts, steel strips, and paper sheets
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under processing. Especially, the dynamics analysis and control for axially moving continuous
materials have received a growing attention due to the entrance of new applications in flexible
robotic manipulators and flexible space structures [1-4]. However, the utilization of the axially
moving systems is limited because of the unwanted vibration of the systems in many applications,
and in particular in high-speed precision systems. Support roller eccentricity, material non-
uniformity, aero-dynamic disturbances, or manufacturing process (e.g., slitting, calendaring,
printing, or galvanizing) can cause undesirable material vibration [5]. Active vibration control is
then an important solution to reduce vibration and improve performance in many of the axial
transport processes.

A boundary control to suppress the transverse vibration has several advantages over the control
schemes acting within the spatial domain (e.g., distributed force control). A distributed controller
is not practical to be implemented, and the distributed system becomes uncontrollable and
unobservable when point actuators and sensors are located at nodal points [6]. A boundary
control law, as opposed to a distributed control law, is not only easily implementable by active or
semi-active means at the boundary, but also the dynamic model of the system equation is not
altered by adding sensors and actuators. The boundary control law can also be derived from a
Lyapunov function, which is related to the total mechanical energy based on the dynamics of the
moving strip and sensing and actuation devices.

Vibration control schemes on axially moving strings include Refs. [7-13]. Those on axially
moving beams include Refs. [14-16]. Particularly, in Ref. [12], a boundary controller based on
adaptive computed-torque technique for an axially moving string system has been proposed.
However, the implementation of the control scheme is not easy because the control law needs
distributed data. In Ref. [13], a vibration isolation system together with a distributed axially
moving string model has been presented, in which the controlled span has been shown to converge
to zero asymptotically by an adaptive boundary controller. However, to achieve the asymptotic
stability of the entire closed loop system, the slope on the uncontrolled side of the actuator should
converge to zero as well. But, unfortunately the control law proposed does not satisfy this crucial
condition due to the vibrations of the uncontrolled span part. Further, in all the papers mentioned
above, the control laws have been designed under the assumption of a constant spatial tension.
However, in practical situations, almost all axially moving systems have the varying tension that is
a function of both time and space due to the eccentricity of a support roller, and/or external
disturbances, and/or gravity, etc. [5,17]. Thus, to achieve a better control performance, a novel
boundary controller incorporating the spatiotemporally varying tension has to be investigated.

In this paper, an axially moving string system which is divided into two spans, i.e., a controlled
span and an uncontrolled span, by a transverse force actuator as shown in Fig. 1 is particularly
focused. The main objective is to suppress the lateral vibrations in the controlled span with an
implementable controller. The contributions of this paper are: A control-oriented string model for
the axially moving continuous materials with a hydraulic touch-roll actuator is derived. The
tension applied to the string is treated as a spatiotemporally varying function, which varies in
unknown fashion but bounded. Considering practical situations, the lower bound of the tension
variation is assumed to be sufficiently larger than the derivatives of the tension. Since the
vibration of the uncontrolled span part acts as a disturbance to the actuator, a robust vibration
suppression scheme is proposed. The mathematical models describing the dynamics of the moving
string and the hydraulic touch-roll actuator for exerting boundary control force are represented as
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Fig. 1. A control-oriented schematic of the axially moving string with a hydraulic actuator.

a hyperbolic partial differential equation (PDE) and an ordinary differential equation (ODE),
respectively. The coupled system of a PDE and an ODE is analyzed through the use of Lyapunov
method and semigroup theory to derive a robust adaptive boundary controller and to ensure the
stability of the closed loop system. The robust adaptive boundary controller proposed doesn’t
require distributed sensing and asymptotically stabilizes the controlled span part of the axially
moving string system under the spatiotemporally varying tension while the vibrations of the
uncontrolled span part remain.

The structure of this paper is organized as follows. In Section 2, the governing equation and
boundary conditions of the axially moving string are derived by using Hamilton’s principle. A
boundary control problem is then formulated. In Section 3, a robust boundary force control with
adaptation laws is proposed by using the Lyapunov method. In Section 4, the asymptotic stability
of the closed loop system is investigated through the use of semigroup theory. In Section 5,
computer simulations are provided. Conclusions are given in Section 6.

2. Problem formulation: equations of motion

Fig. 1 shows a schematic of an axially moving string for control system design purpose. The roll
at the left boundary is assumed fixed, i.e., fixed in the sense that there is no vertical movement but
it allows the string to move in the horizontal direction. The two touch rolls, where the control
input (force) is exerted from the hydraulic actuator, are located in the middle section of the string.
The touch rolls divide the string into two parts, i.e., a controlled span and an uncontrolled span as
shown in Fig. 1. If only the controlled span part of the string is considered, the touch rolls play as
the right boundary of the controlled span. Note that there appears a disturbance at the right
boundary due to the vibration of the uncontrolled span of the string and the eccentricity of the
support roll that causes a periodic excitation.

Let ¢ be the time, x be the spatial co-ordinate along the longitude of motion, v, be the axial
speed of the string, w(x, 7) be the transversal displacement of the string at spatial co-ordinate x and
time ¢, and / be the length of the controlled span from left to right boundaries. Also, let p be the
mass per unit length, T(x, ¢) be the tension applied to the string, and ¢, be the viscous damping
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coefficient of the string. Let the mass and damping coefficients of the hydraulic actuator be m. and
d., respectively. The control force f.(¢) is applied to the touch rolls to suppress the transverse
vibrations of the controlled span part. d(¢) is the unknown but uniformly bounded external
disturbance force at the right boundary due to the transverse vibration of the uncontrolled span.

Because the string travels with a constant speed vy, the total derivative operator (material
derivative) with respect to time should be defined as (-)2d(-)/dz = (-), + v,(), [9,12,16,18,19],
where (), = d(-)/0t and (-), = 0(-)/0x denote the partial derivatives. Note that in this paper it is
assumed that v; belongs to a sub-critical speed since at a critical speed the fundamental natural
frequency vanishes and divergence instability occurs [20].

The kinetic energy 7', the potential energy V, and the virtual work 6 W by the external forces of
the controlled span part between x = 0 and / including the hydraulic actuator are given as,
respectively,

i

r=3 [ oot s Imaditn, (1)

1 !
V== / Ts(x, t)wi dx, (2)

2 Jo
i
oW = f.ow(l, t) — / co(w; + vswy)ow dx — dow, (1, )ow(l, t) — d(t)ow(l, 1), (3)
0

where w, = wy(x, ) and w, = w,(x, ) have been used, and similar abbreviations will be used in the
sequel.

Now, by using the Hamilton’s principle, i.e., fl;' OT — oV +6W)dt =0 [19, p. 256], the
governing equation and boundary conditions of the controlled span part of the axially moving
string are derived as follows:

pW,,(x, t) + ZPUsWxt(x: t) + pU?WXX(X, Z) - (Ts‘(x’ Z)Wx(x, Z))x

+ co(wil(x, 1) + vwi(x, 1) =0, O0<x<l, 4)
w(x,0) = wo(x),  wi(x,0) = wi(x), (5
w(0,7) =0, (6)
and
Je(t) = mewy (1, 0) + (d. — pogwil, 1) + (Ty(l, 1) = pr})wi(l, 1) + d(2). (7

Eq. (4) is a linear PDE governing the transverse motion w(x, ) of the axially moving string.
Egs. (5) and (6)—(7) denote the initial conditions and the boundary conditions of the controlled
span part of the string, respectively. Note that the right boundary condition (7) is an ODE that
describes the motion of the hydraulic actuator in compliance with the transversal force at x = /.
For notational brevity, all variables at boundaries will be written without explicit time in the
sequel, i.e., w(0) = w(0,7), w(l) = w(l, 1), T,(l) = Ti(l, 1), etc.

As shown in the above equations, the tension Ty(x,?) is a spatiotemporally varying function,
which varies in unknown fashion but bounded. If the string is moving vertically, the gravitational
force pgx, which acts as an additional tension to the string, may not be neglected [5]. Also the
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tension itself may be time-varying due to the eccentricity of a support roller, which causes a
periodic excitation. Thus, the tension variation Ty(x,?) in the string has to be incorporated in
control law design. But, it is assumed that T(x, ¢) is sufficiently smooth and uniformly bounded as
follows:

0 < Ts,min < Ts(x: Z) < Ts,max: (8)
I(T(x, t))z| < (Ts)r,max’ )
|(TY(X’ Zt))x| < (TY)x,max’ (10)

for all xe[0,7], £>0, and some a priori known constants T, Tsmaxs (T5);max> A0A (1) ax-
Considering practical situations, it is also assumed that the lower bound 75, is sufficiently larger
than both (T3), e, and (73), pex-

The control objective is now to stabilize asymptotically the vibration energy of the controlled
span part with a time-varying condition at x = /. From Egs. (1)—~(2), the string energy E,,(¢) of the
controlled span part is given by

1! 1 [
Em(z):E /0 p(vswx+wt)2dx+§ /0 Tow? dx, (11)

where the traveling speed of the string, vy, is a constant and Ty = T(x, ?).

In the remainder of this section, in order to provide a specific idea regarding how a boundary
control works, the dynamics of the moving string with fixed boundaries but still allowing an axial
movement is first analyzed. The time derivative of E,,(¢) in Eq. (11) is now evaluated by applying
the one-dimensional transport theorem of moving material (see, Refs. [9,11,21, p. 214]) as follows:

!
E,(t) = / p(W; + 0w )Wy + 20wy + V2wy) dx
0
1 1 /
+ / TsWx(Wxt + Uswxx) dx + E / {(Ts)t + Us(Ts)x}W)zc dx
0 0
!
_ / W+ 0 )(Tow)s — (s + vyw)) dx
0

/ /
b [ Tt dxe g [+ m e dr (12)
0 0

where Eq. (4) has been used in deriving the second equality. Integrating by parts, the terms in
Eq. (12) are further simplified as follows:

/
/ O Tows), + Towowse} dx = Do T, (13)
0

) /
/ we(Tywy), dx = [Tow?]) — / Towywyy dox. (14)
0 0
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The substitution of Egs. (13)—(14), together with the fixed boundary conditions, into Eq. (12)
yields:

/
En(t) = — ¢, /0 (W, + vwy)* dx — v, T(0)w(0) + v, Ty (HW(1)
!
' /0 (T, + 0T, w2 d. (15)

Now, we make the following observations from Eq. (15). (i) The viscous damping reduces the
mechanical energy of the axially moving string, which can be seen from the existence of
—¢p fé (w; + vywy)” dxx. (ii) Even though the transverse displacements at both boundaries are zero,
the transverse force due to instantaneous string tension, v; 7wy, at each boundary can still deform
the string [9]. (iii) The time derivative of Ti(x,?), i.e., (Ty), + vs(T}),, increases the energy flux by
the factor of w2. The last observation fully justifies that the time rate of the change of T(x, ?)
cannot be simply neglected.

Thus, it is concluded that for the traveling string with even fixed boundary conditions, the string
tension at the right boundary x = / and the time rate of the change of tension Ty(x, #) should be
properly included to decrease the mechanical energy E,, (7). Note that if (7), + vs(7}), and time-
varying boundary conditions are uniformly bounded, then it can be concluded that w(x, ¢) and
wi(x, 1) for 0<x </ are uniformly ultimately bounded, which will be proved via Section 3 and
Section 4 next. Therefore, it can be easily concluded that the strip displacement and velocity of the
uncontrolled span part are also uniformly ultimately bounded if time-varying conditions at the
left and right boundaries of the uncontrolled span part, i.e., the hydraulic touch-roll actuator and
the support roll, are bounded. Since w, and w; at the support roll with a periodic excitation are
really bounded, only the boundedness of those at the actuator is then needed and that will be
proved through the stability analysis in Section 4. However, the displacement of the uncontrolled
span part may not converge to zero due to the periodic excitation at the support roller. Thus, such
undesired vibrations of the uncontrolled span part give an effect to the hydraulic actuator like an
external force. In this paper, the unknown but bounded external force applied to the actuator is
defined by d(¢) and is treated as a right boundary disturbance on the controlled span part, and
then the stability analysis of the axially moving string system is done by considering only the
controlled span part of the string.

3. Design of robust adaptive boundary control laws

In this section, a robust boundary control law and adaptation laws to suppress the vibration
energy of the controlled span part are derived using the Lyapunov method. The selection of a
suitable Lyapunov function candidate and the construction of an effective control law are the
most important issues in the Lyapunov method. As shown in Egs. (4)—(7), the control mechanism
is coupled to the string system since the control system is attached to the boundary of the string
from which the control force f. is applied. Hence, to obtain the asymptotic stability of coupled
system (4)—(7), the convergence of both the hydraulic actuator displacement w(/) and the velocity
w,() to zero should also be satisfied. But, the total mechanical energy E,(¢) + m.w?(/)/2 from
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Egs. (1)-(2) does not involve w(/) of the hydraulic actuator. Thus, a modification (11) is pursued
to get an appropriate Lyapunov function candidate of coupled system (4)—(7).

Note that by boundary condition (6) and Poincare’s inequality [22, p. 67], there exists a positive
constant C; such that

I I
/ wrdx<C / wi dx for xe[0,]]. (16)
0 0

From Eq. (16), it is seen that the convergence of the transverse displacement w(x, ¢) for x€[0, /] to
Zero is assured by considering the convergence of the slope wy(x, ?) for x€]0, /] to zero. That is, if
lim,_, o fo w2 dx = 0 is satisfied, then lim,_, ., fo w? dx = 0 is also satisfied. Thus, the asymptotic
stability of the hydraulic actuator can be analyzed by adding the slope term at x =/ in the
mechanical energy, i.e.,

V() = Ead) + 3 0070) + w20} (1)

Assuming that the disturbance |d(7)| is uniformly bounded by p,, i.e., p,;>|d(¢)|, where p, is an
unknown positive constant, the following positive definite functional V(¢), replacing V,(¢) in
Eq. (17), is now considered:

1
1
V() =aVy(t) + 2 / pxwy(wy + vgwy) dx + Z ,112
0 Vd
i i
=V [ prio+ o o= p [ pond dy
0

) / px(wy + o) dx + ~ 2, (18)
2Vd

where o and f§ are positive constants,

1 /! 1 1
Vo(t) = 5 / p(vswy 4+ wy)? dx + 3 / Tow? dx + — 55 M {ow (1) + (awy + 2BDw(1)}?,
0 0

i l /
% / p(w, 4 vswy)? dx=p / pl(w, + vsw,)? dx=p / px(w; + vgwy)* dx,
0 0 0

! ! / !
@ / Ty(x, W dx =2 Ty / w2 dx=p / phw? dx > p / pxw? dx,
2 Jo 2 0 0 0

fia = fid = Jig
and /i, is the adaptive estimate of u,, which will be specified in the sequel. From Eq. (18), it is seen

that V(?) is a positive definite functional if o > 28/ and T in > p.
By using Cauchy—Schwarz inequality, the following holds:

(o — V(K V*() < (o + C)V(1), (19)

where V*(1) £ V(1) — (1/(2y,)ii5 and C, = 2p1. From Eq. (19), it can be concluded that V*(7) is
equivalent to the positive definite functional V;(¢) which is also equivalent to V,(¢) in Eq. (17).
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As a result, the positive definite functional V(z) given by Eq. (18) is considered as a Lyapunov
function candidate of coupled system (4)—(7).

3.1. Control laws under unknown disturbance

A robust adaptive boundary force controller is designed to asymptotically stabilize the
controlled span part of the axially moving string in the presence of the spatiotemporally varying
tension and the unknown boundary disturbance while all signals in the closed loop remain
bounded.

The time derivative of V(z) along Eq. (4) yields

) ) d ! 1 .
o) = ot + {28 / pxisv; + o) dx | + - fufia
dr 0 Yda
i
V(1) + 2p / Xt + B )0y + o) dox
0
! 1.
+ 26 [ o+ 2o+ o)+
0 Yd
/
— aly(t) + Bplx(w, + o)l — B / (s + vy dx
0

1
1 .
28 [ (T, = e+ von) ¥+ i (20)
0 d
The integration by parts yields:
/ 1 1
2 / xwi(Tywy), dx = [x(Tswa)]f) — / Tswi dx + / x(TS)XWi dx. (21)
0 0 0

The following inequality is also utilized:

2

1
uw<yu® + ; v= for any y>0. (22)

Using Eq. (22), the following are derived:

! ! !
/
/ Xwi(wy + vgwy) dx < Iy, / wi dx + y— / (w; + vswx)2 dx, y,>0. (23)
0 0 1 Jo
Thus, by substituting Egs. (4), (6)—(7), (8)—(10), (13)—(14), and (21)—(23) into Eq. (20), the time
derivative of the Lyapunov function candidate V'(¢), with a right boundary actuator at x = / and
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the fixed condition at left boundary, becomes

< (s + o - 2) / (1 + v’ dx
!
- {ﬂTs,min - (ﬂl + ) (T )xmax - E(Ts)r,max - 2ﬂcvyll} /0 Wi dx
— o0, Ty(0)w3(0) + aTy(DywiHyw(]) + (s + B T(Dwi(l)

+ Bol(wi(D) + vow(1)* + yiﬁdﬁd + {owi(D) + (aws + 2Dw(D)}
d

x { fotd —(d. — po)wil) + poPwi(l) + ’%(ows n 2ﬁl)wx,(l)}
— {ow(]) + (ows + 2B wi(D)} To(Dwy (). (24)

A robust boundary force control law is then proposed as follows:

fe =(de — powil) — priwy(l) — —n;c(avs + 2BDwi(D) + fa + kywi(l) — kawi(D), (25)
where
T(hpl — Pplv; Bpl ko + 2fploy
Ok topr 7oy W = s (26)

and the additional term f;(7) is regarded as a new input signal to be determined based on robust
control strategy and is given by

fig(t)

Ja) = = D +

w(l), (27)

where w(/) = {aw, () + (v + 2wy (l)} and g; > 0. The adaptation law fi; in Eq. (27) is proposed
as follows:

fa(t) = —dafia(?) + palw (), (28)

where 4 > 0 and y; > 0. The term —d4/i; in Eq. (28) is purposely inserted to ensure that fi; does
not become unbounded.
The substitution of Egs. (25), (27), and adaptation law (28) into Eq. (24) yields

o< <acv+ﬁp2ﬁ“)/ (01 + v dx

= (BT = (B + 552 T = 5T = 261} | e
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— av Ty0)w3(0) + Bpl(wi(l) + vwi(D))* = TDFIwAD) + thiwi(l) — kawi(D)}

X {aw (1) + (ows + 2BDw(D)} + {oaw (1) + (awy + 2BDw(D)}(fa + d) + yiﬂd,ad
d
< — (occv—I—ﬂp—zﬂc") / (w; + vywy)>dx

— (BT = (B4 5 T = 5T = 2t} [ dy

— o, TyOW(0) — {T(DBI — k(awy + 261) — Bple? w2 (D)
— @l — BpIw2(D) + (2Bplo, + ko — kea(ey + 2B (D, (])

Ha» (29)

- y + e + -

Va Ha ¢ 2Vd

where { Ts(D)Bl — ki (ows +2B1) — Bplv?} > 0, {2Bplvs + kio — ka(ows + 2B1)} > 0 and 2k — Bpl) > 0

by Eq. (26). Note that in deriving the second inequality in Eq. (29), the following relationship with
detailed derivation in Appendix B has been utilized:

i) + a0y + 20w} + d) + - Fafa < — 22 4 0y + 22 (30)
Va Vd 2%1

Since Ty, 1s sufficiently large, the positive values o, 5, and y;,, i = 1,2, can be chosen to
satisfy

2pcy
(fxcy + Bp — pe l) >0, (31)
71
oy o
{BTemin = (B4 5 (T = 5T = 2Bl > 0. (32)
Thus, the following is obtained:
! !
V< — c3< (w; + vewy)? dx + / w? dx + w(l) + wi,(l)) + (1), (33)
0 0

where

2fc,l

1

G :min{acv + Bp — s BT s min — (ﬁl + )(T)Ymax - %(TS)t,max = 2Beyyyl,
TPl — ky(avg + 21 — ,Bplvf, 2kror — ﬁpl},

v(D)2 — (8a/72)5 + €a + (8a/274)itq> and () is bounded because of the assumption that p, is
bounded.
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Remark 1. vo(7) in Eq. (33) can be pushed in an arbitrarily small boundedness region by making
sufficiently small ¢4, 64 and sufficiently large y,.

3.2. Control laws under unknown parameter and disturbance

An adaptive control law for the case of unknown material density is now considered. The
robust boundary force control law (25) depends on exact knowledge of the system and actuator
parameters, i.e., p, m., and d.. The values of actuator parameters, m, and d., can be determined
with certainty by the designer of the actuator, but not that of system parameter p. Thus, to
compensate for the unknown constant or slowly time-varying parameter p, an adaptive control
law is needed and from which the unknown parameter is estimated and used to update the robust
boundary control law.

From Eq. (25), the robust boundary control law is rewritten using an estimated parameter p as
follows:

fo =(d. — posywil) — prPwy(l) — %(ows + 28D wl D) + fa
+ kiwx(l) — kaw (D), (34)

where g is the adaptive estimate of p and the adaptation law is given by

6 = Povs{wil) + vow(D)} {ow, () + (owy + 20wy}, (35)

where y, > 0 is the adaptation gain.
The substitution of Eq. (34) into Eq. (7) yields

mewy(l) = — n%(ows + 2BDwll) = poswil) = (T(1) + podywD) + fa — d
+ kywx(l) — kawi(D), (36)

where p = p — p is the parameter estimation error. By applying Eq. (18), define a positive definite
functional V(¢) which is another Lyapunov function candidate such that

. 1 1
V(t) = aVo(t) + 2 / pxwy(w; + vyw,) dx + 2— —I— ﬁﬁz. (37)
Va 0

Differentiating Eq. (37) with respect to ¢ along Eqgs. (20)—(29) yields

< — <acu+ﬁp 2/“’“) / (0, + vy

= (BT = (B4 5 T = 5T = 2t} [ i dy
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— v, Ty(0)w3(0) — { To())BI — ki (ow, + 2B1) — Bplv? bwil) — (ko — Bplywy(l)

+ %ﬁ[ﬁ = Pos{wi(D) 4 vswx (D)} {owi (1) + (aws + 2Dw(D)}]. (38)

The substitution of adaptation law (35) into Eq. (38) yields the same result as Eq. (33).

Remark 2. In implementing robust boundary force control law (34) and adaptation laws (28) and
(35), measurement of the velocity w,(/), slope w.(/), and slope rate w,,(/) at x = / on the controlled
side of the actuator are required. By using an encoder (or photodiode) on the actuator and two
laser sensors, the actuator displacement w(/) and the slope w,(/) on the controlled side of the
actuator can be measured, respectively (see Ref. [13]). Filtered backwards differencing of the
signals provides the actuator velocity w,(/) and the slope rate w,,(/), respectively.

Remark 3. 7(7) in Eq. (33) and V(¢) in Eq. (38) may take positive values because of the last term
v(?). It implies that the right boundary disturbance on the controlled span part due to the
transverse vibration of the uncontrolled part causes an increase in the mechanical energy of the
controlled span part of the string. Thus, no stability conclusion can be drawn from the Lyapunov
function candidates V(r) and V(7). But in next section it is shown that the robust adaptive
boundary controller, (34), (35), and (28), assures the boundedness of all signals in the closed loop
system and the convergence near to zero.

4. Stability analysis

In this section, the asymptotic stability of the controlled span part of the axially moving system
under robust boundary control law (34) and adaptation laws (28) and (35) is proven. Eq. (36) is
rewritten as

will) = — m N(T(l) = kD) + v (v + 28D ()
— o N (awy + 2B (WD) + vswin(l))
— m kawi(D) = mZt poyowiD) + v (D) + m. (fa — d). (39)

In other to analyze the asymptotic stability of the closed loop system (4)—(6) and (39), the state
space J is defined as follows:

I & {(w, w, w(]), w,(l))T|w € H%, w; € L2, and w(/), w,(l)e R}, (40)

where the superscript T stands for transpose. The spaces L, and H¥ are defined as follows:

I
Lzé{f:[o,l]—»R’/Ofzdx<oo}, (41)
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s a2f akf

€L’ and f(0) = o} (42)
In the space 3, the inner-product is defined as follows:

!
(z, Z>\Sé_/ TsWxW;dx‘i‘%/ pWWldx
0 0

I I I
+ B / px(wy + W)W +1W)dx — / pxwyw’ dx — B / px i/ dx
0 0 0

+ %mc{(avs + 2BDwy (1) + aw, (1)} {(awy + 2BDW.(1) + aw'(])}

I I I I
_Z / Tywyw!, dx + f / pw'dx + B / pxwoi'dx + B / pxww’ dx
2 Jo | 2 Jo 0 0 ’
1
+ 5 mel(ews + 2pDwi(l) + awd D} (s + 2BDWi(D) + awi(D)}, (43)
where z = (w, w, w(l), w,(1))", 2/ = (W, W, w' (D), w(]))" €3, and o, f > 0.

Define a state space W23 x R? for the closed loop system including the two adaptation laws.
By using

q2
W= @w = a(w, + gWy) = Wy + 20wy + vfwxx,
the coupled dynamics (4)—(6) and (39), (35), and (28) can then be rewritten as
y =A@y + Fo(t,y), y0)eW, (44)

where y = (z, 4, fia)" = (w, 70, w(l), wi(0), b, fia)" € W. Let
Do 2 {(w, 0, w(l) wil), p. fia)" | we Hy, wie Hf,w(l), wi(l), p, iu€ R, w(0) =0, and
mowi(l) + = (s + 2pDwlD) + pooawnD) + (Tu() = po3)wal) = fa+ d = kywil]) + kaw(1) = 0}

(45)
and define a family of operators {A4y(?)},>¢, 4o : Do W — W by
A(r) O 0
A& 0 —& 0 (46)
0 0 —d4

and Fy(t,y) by

F(t, Z, ﬁ’ ﬁd)
Fo(t,y) 2 | ep + yovs {wi(D) + vsw (D)} {awi (D) + (a5 4 2pDwi(D} | (47)
Valow () + (ovs + 2pDwy (D)
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where ¢ > 0 and

0 1 0 0
0 0
1 9 (-9 .
p 6x< Sax> p G 0 0
0 0 0 1
A& 5
—m (T, — _
me (Ts — k) 7~ _ . 5
: — —(avy + 20— 0 —m ks
vy + 2512 ” ¥t ('
I + E g + x2 o ]
and
0
0
F(t,2,p, a) & 0

—m poywi) + vgwaD) + m (S — d)
The operator Ay(z) given by Eq. (46) is dissipative in the space W because

! !
<A0(t)y,y> W< - C3 <A (Wt + Uswx)z dx + /0 Wi dx + W?(Z) =+ Wi(l)) — Sﬁz — 5dﬂ3{<0,

where C; is the positive constant defined in Eq. (33). The operator Ay(¢) then satisfies the
following conditions: (i) There exists p; > 0 such that [{ Ao(0)y, Y > w|<pIVllw !V |lw» v,y € W. (ii)
There exists p, > 0 for which {Ao(H)y,y) w < — p2||y||2W, ye W. The above conditions (i) and (ii)
imply that the operator Ay(¢) restricted to the subspace Dy is the infinitesimal generator of an
analytic semigroup of bounded linear operators on W (see Ref. [23]). Therefore, {4o(?)},5¢ 1s a
stable family of infinitesimal generators of C, semigroups on W (see Ref. [24, p. 130]).
Furthermore, the map ¢ — A4((¢)y for ye Dy is strongly continuously differentiable in . Note that
Fy : W— W is locally Lipschitz continuous in W, i.e., ||[Fo(t,y) — Fo(t, Y)lw < Cally — V||, where
v,y e W, and Cy is a positive constant (see Appendix C). Thus, it follows from Theorem 5.3 in
Ref. [24, p. 147] that there exists a unique evolution system, {S(¢,7) : 0<t<t}, on W associated
with the homogeneous system corresponding to Eq. (44). Finally, the solution z(¢) of system (44)
can be written as

z(t) = &(2,0)zp + /t O(t,7)F(t, z(), p(7), fig(r))dz, =0, (48)
0

where @(z, 1) is the evolution operator associated with A(¢) in the space 3.
The behavior of the solution z(z) above is summarized as follows:

Theorem 1. Consider the closed loop system consisting of plant and actuator dynamics (4)—(6), (39)
and adaptive estimators (28) and (35). Suppose that the following hold.

2Bc,l
3> 2B Ty > p, <occv+ﬁp— pe )>o,

"

1
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oy

(BT = (B1+75) (T = 5T = 2Beinil } >0,

Tl = Pl _Bel k, — Fao+ 2Pples

as + 261 0 T 2a° avg + pl
and v(t) in Eq. (33) is uniformly bounded by a positive constant o. Then,

0<k <

(1) The solutions of closed loop system and adaptation laws, i.e., z(t), p(t), and fii(t), are uniformly
ultimately bounded.
(i1) The uniform ultimate boundedness region of z(t) can be made arbitrarily small near to zero by a
suitable choice of ¢4, 04, and vy,.
(iii) Furthermore, if [," v(f)di< oo, z(t)—>0 as t— 0.

Proof. To prove assertions (i)—(iii), the following are made:
(A1) For all 120

1E(2, 2, p, fia)lls < 20 (0(D)]2(D)l|5 + co, (49)

where ¢ is a positive constant and o : R2- R* is bounded for finite value of 0(r)2 (4, fig)".
(A2) The functional ¥(z) : RT - R" given by Eq. (37) satisfies

w1 (ll2(0lls) + B110OD < V() <en(llz(dlls) + Br(160)), (50)

where for i = 1,2, a;(-) and f,(-) are continuous, strictly increasing functions with «;(0) = f,(0) =
0, and lim,_, o, a;(r) = lim,_, o, f,(r) = 0. R
(A3) From Eq. (38) (or Eq. (33)), the derivative of V satisfies

(1)< — a3(12(D)]l5) + v(D), (51)

where a3(-) is a continuous, strictly increasing function with «3(0) =0 and v(¢) is uniformly
bounded by o.

Using (A1)—(A3), assertions (i)—(iii) of the theorem are proved as follows:

(1) (A2) and (A3) establish that z(¢) and 6(¢) are uniformly ultimately bounded. This proof is
collected in Appendix A. Let the uniform bound of z(f) and 0(¢) be d and &, respectively.

(i) As shown in Appendix A, the magnitude of d is dependent on that of g, i.e., ¢~ 0 denotes
d=~0. Thus, if ¢ is sufficiently small, then it is guaranteed that z(¢) is uniformly ultimately bounded
within an arbitrarily small neighborhood of zero. As mentioned in Remark 1, v(¢) can be pushed
in an arbitrarily small boundedness region by making sufficiently small ¢4, ; and sufficiently large
4. This implies that ¢ can be made arbitrarily small near to zero by a suitable choice of ¢4, 64, and
74- As the result, the uniform ultimate boundedness region of z(7) is made arbitrarily small near to
Zero.

(iii) Assertion (iii) can be proved by applying Theorem 1 in Ref. [25]. From Eq. (48), the
solution z(7) of Eq. (44) at time ¢ starting with the initial state z(s) at initial time s can be written as

z(t) = &(t,5)z(s) + / [ &(t,7)F (1, z(1), O0(7)) dr. (52)
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Then, a two-parameter family of map M(z,s) on I can be defined from Eq. (52) as
M(t,5)z(s) 2 (1, z(s), 5), 0<s<t<00. (53)

Then, by the uniqueness and continuous dependence of the solution on the triple {z, z(s), s}, the
mapping M(t,s) on I becomes an evolution process [26, pp. 12,49]. Now, the integration of both
sides of Eq. (51) from 0 to oo yields

0

/\as(IIZ(t)II)dIZ/ as(IIM(t,O)Zoll)dtéV(O)—V(OO)Jr/ v(1) di < oo, (54)
0 0 0

where the initial time and the initial state are chosen to be zero, respectively. Note that z(¢) =
M(t,0)z¢ has been used in deriving the first equality in Eq. (54).

The remainder of the proof is the same as that of Theorem 1 in Ref. [25], and then it is obtained
that z(1)>0 as 1— oo if [;” v(r) di< co.

Remark 4. Consider the following positive definite functional which is equivalent to the
mechanical energy of the uncontrolled span:

7 7
o
Vuncontrolled(t) = 5/ {,O(USWX + Wr)2 + Tswi}dx + 2ﬁ/ pXWx(Wr + Uswx)dxa
/ 1

where x = [ denotes the position of the support roll, i.e., the right boundary of the uncontrolled
span part. From (13)—(14), (21)—(23), and Theorem 1, it can be easily concluded that the velocity
and displacement of uncontrolled span part are uniform ultimate bounded as mentioned in
Section 2.

5. Numerical simulations

The effectiveness of the proposed boundary control law is illustrated by numerical simulations
using a finite difference method. The coefficient p and the external disturbance force d(7) are
treated as unknown but actual value of p is taken as p = 2.7 kg/m for simulation purpose. Other
parameters of the axially moving string used for numerical simulations are: ¢, = 0.001 N m? s,
vy =1m/s, m. =10kg, d. =025 N/m/s, Ty =26,000+10sin2x + 10cosz N, and / = 15m of
the total length 30 m of the string. Assume that the periodic excitation takes place at the right side
boundary at the string, i.e., support roll, by 0.3 sin 2¢. The initial conditions are wy = 0.5 sin 37x
and w, = 0.

The control parameters are selected as o = 1, f = 0.01, y, = 0.1, y, = 10, 64, = 0.01, y, = 100,
eq = 0.1, k;y = 4.4, and k, = 4, from which the conditions in Theorem 1 are satisfied, i.e.,

2fc,l

71

oa>261=0.3, (occv + fp — > ~0.022>0, Typmin > p,

{BTemin = (B1+23) (T smas = (T imar — 2Bl 248> 0,
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Fig. 3. The boundary input force used: f.(¢).

Bplv? ko + 2[3,0[1)5

=2,997, and k= 2o & 20

where T min = 25,980 N and (Ty) uax = (T5)1may = 10 N,

A comparison of the mechanical energy (11) of the controlled span part and the uncontrolled
span part of the string with the robust adaptive boundary force controller proposed is shown in
Fig. 2. As analyzed in Section 4, the initial vibration energy of the controlled span part dissipates
asymptotically with the control action, even though a local increase in the mechanical energy is
shown due to the right boundary disturbance on the controlled span part as mentioned in
Remark 3. However, the vibration energy of the uncontrolled span part remains almost at the
same level. Fig. 3 shows the boundary control force. Figs. 4 and 5 depict the estimated values p
and fi; of the system parameter p and the disturbance d, respectively, in which the estimated

1023
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parameters converge to constant values, respectively, because w;(/) and w,(/) approach to zero.
Note that it is not essential that the estimated parameters converge to the exact values in this

control scheme.

6. Conclusions

In this paper, a robust adaptive boundary control scheme to suppress the transverse vibration
of an axially moving string system under a spatiotemporally varying tension and an unknown
boundary disturbance force has been investigated. The following findings are concluded.

(1) In the case of traveling continuous materials with a spatiotemporally varying tension, even if
the displacements at both boundaries are zero, the time rate of the change of tension T(x, ¢) can
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(i1) A robust adaptive boundary force controller can achieve the suppression of the vibration of
the controlled span part of the string system in the presence of a spatiotemporally varying tension
and an unknown boundary disturbance force while the vibrations of the uncontrolled span part
remain. The asymptotic stability of the closed loop system with the robust boundary control law
and the adaptation laws proposed have been proved with the Lyapunov method and semigroup
theory.

(iii) Since the feedback terms in the robust boundary control law and the adaptation laws are
the velocity, slope, and slope rate on the controlled side of the actuator, the vibration suppression
of the controlled span part can be successfully implemented by the robust adaptive boundary
controller.
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Appendix A. Uniform ultimate boundedness [27]

Proof of Assertion (i) of Theorem 1. Consider the solutions of Eq. (44) given by z(:) : [to, t1] =3
and 0():[ty,t1]]— R> with initial conditions ||z(fp)||<r and |0(ty)|<r, respectively. Let
72 max{r, R}, where R2a3"(0). Hence, ||z(%))||<F, |0(19)|<F, and R<F. Let

d(F) = (o "oox)(F) and  d(F) = (B '<B)(). (A.1)
Furthermore, in view of Eq. (50),
u(F)<op(F) and  B,(F)<By(7). (A.2)
From Egs. (A.1) and (A.2), 7<d(F) and 7 <d(F).

Uniform boundedness

Now, show the uniform boundedness of z(z) and 0(¢) over [fo, ;] by using a contradiction
argument. Suppose there is a #3 > 1y such that

lz(3)Il > d(7) and  |6(13)| > d(F). (A3)
Since z(-) and 6(-) are continuous and
lz(t)I<T<d(F <|l(13)] and  [0(t0)|<T <d(F)<|0(13)]
there exists a 1, €[f, 3] such that ||z(¢,)|| = 7 and |0(¢,)| = 7, and for Vie[t,, 13]

Iz2()|=F=R and [0(5)|=>F. (A.4)
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Now using conditions (50), (51), and (A.4) yields
ar(llz(z3)I]) + B1(10(z3)) < V(83 2(13), 0(23))
13

< aa(F) + () + / {—um(R) + o} dt = m(F) + Bo(F),  (A5)

t

where R = o3 !(0) has been used in getting the last equality. Therefore, the fact that (A.5) should
hold for both z(-) and 0(-) implies

o (llz(t3)ID <o) and  B1(10(3)) < Ba(F).

Hence, ||z(13)]|< (o oon)(F) <d(F) and [0(13)] <(B; 'of,)(F)<d(F). This now contradicts (A.3).
Therefore, ||z(2)|| < d(F) and |0(¢)| < d(F).

Uniform ultimate boundedness

The uniform boundedness above is now extended over [#, c0). Let
d> (o "on)R) and R = (ay"oo)(d)

so that R> R and d(R) = (o7 'omn)(R) 2 d.
If r<Rand ' <R, then ||z(2))||< R and |0(t9)| < R'. Let d(R') = (' oB,)(R))2d . Hence, in view
of the uniform boundedness results above, ||z(¢)|| <d(R) = d and |0(¢)| <d(R') = d for Yte[ty, o).
Next consider 7> R and ¥ > R', and suppose that for Vte[t, t1]

lz@ll> R and |0()|> R, (A.6)
where 1, = to + T(d,d,r,7) and

T@.d.r.rye20+ ﬁz(;’ ;)(;{)0‘_1 (f) - K(R)

Then, using conditions (50), (51), and (A.6) yields

a (DI + B1 (10D < V(1 2(11), 0(11))
< o(r) + bo(r') + T(d, d,r, ) {~a3(R) + 0} = au(R) + B (R).
That is, ||z(¢1)]|< R and |0(¢)|< R'. But, this contradicts supposition (A.6). Hence, there must be

a te[to, 1] such that ||z(p)||[<R and |0(t)]<R. Then, as a consequence of the uniform
boundedness result above, for Vi>=1t,

lz(0)I<d(R)=d and |0()|<d(R)=d'".

Hence, we have that ||z(1)||<d and |0()|<d, Vt=to+ T(d, d,r, V).
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Appendix B. Derivation of inequality (30)

Using Egs. (27) and (28), the following is derived:

1 .
w()(fa +d) + y_ﬂdﬂd
d

g

()] + &4
_ —@2wOP + @B + falivDleq
h falw(D)] + e

\[ 73y a5t | H3
2%1 ( 2, Aa Md)
~2

Séq — —,ud—|—
Vd

Sa .
|MW+wwm—fmm+Mmm
d

2%1 -
where (/)£ {aw,(]) + (ows + 2B Dwy(l)}, and from which the inequality given in Eq. (30) is
obtained.
Appendix C. Local Lipschitz continuity
Set y = (w, o, w(l), w/(]), p, fia) € W and y' = (W', W', w'(l), w'(0), ', i';)" € W. Then,

1Fo(1,») — Fo(x, )l
m; o8 — PYOW(D) + (D))

+ m (fy—d)—m'(f)— D

+ [ep — ep’ + povsiwi(D) + vgw (D)} fowi(1) + (owy + 2BDwi(D)}

— povs{wi(D) + v (D)} {ow (D) + (g + 2BDW, (D}

+ alowe (D) + (g + 2BDw(D] = glowi(D) + (o + 2BDW DI 17, (C.1)

where

KA AU

and W (/)£ {aw/(]) + (o, + 2BDW.(1)}.
Consider the following inequalities:

w(Dwill) = W DwiDP S wilwa(D) = wi (D + w2 wi) = wi(DP, (C2)
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and

i i ik 2 ?
d w(l) — ——-4 w(l) + ——-4 w(l) — ——4 W ()

Aalw (D] + e AL D] + e A (D] + & D] + ea
Aafy D + ea(ia + 1)
S @Dl + e @I 0] + eq)
&d
@O+ e) @7 (D] + eq)
i,
@D + e) (@I D] + eq)

Therefore, the following inequality is easily derived from Eq. (C.1) by using Egs. (16), (C.2), and
(C.3):

Ifu —fi)F =

2
()Pl — A

2

[Ty — w (D)

2

L1 (P — w (D (C3)

+

+ 2

1Fo(t, ) — Fo(t, )l < Cally — V'l

where y,y € W, and Cy is a positive constant.
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