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Abstract—In this paper, a kinematic optimal design of a new parallel-typerolling mill based upon two
Stewart platform manipulators is investigated. To provide the end-effector (work roll) with suf� cient
d.o.f. and to achieve the structural stability of each stand, a parallel manipulator with six legs is
considered. The objective of this new parallel-type rolling mill is to pursue an integrated control of
the strip thickness, strip shape, pair-crossing angle, uniform wear of the rolls and strip tension. By
splitting the weighted Jacobian matrices into two parts, the linear velocity, angular velocity, force and
moment transmissibilities are analyzed. A manipulability measure, as the ratio of the manipulability
ellipsoid volume and the condition number of a split Jacobian matrix, is de� ned. The two kinematic
parameters, the radius of the base and the angle between two neighboring joints, are optimally
designed by maximizing the global force manipulability measure de� ned in the entire workspace.
The maximum exerting force needed in hydraulic actuators is also calculated using the kinematic
structure determined and the Plücker coordinates introduced. Simulation results are provided.

Keywords: Rolling mill; parallel manipulator; Stewart platform; Jacobian matrix; manipulability;
kinematic optimality.

1. INTRODUCTION

Around the end of the 17th century, the � rst use of a rolling mill, which was
composed of two cylindrical rolls, to make steel strips was found in England [1].
Until the 18th century, the waterwheel was used as a power source for the mills.
Gradually, steam engines replaced the waterwheels and considerably enhanced the
production capability of the mills. The industrial revolution in the 19th century gave
a further impetus toward the automated hot rolling process. At the beginning of the
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20th century, steam engines had been substituted by electric motors. Figure 1 shows
a multi-stand continuous rolling process, which is widely used in the current steel
making industry.

Figure 2 shows an operation schematic of the work and backup rolls of a stand.
Each stand consists of two sets of work and backup rolls. The purpose of a backup
roll is to support the work roll during the rolling process. Both rolls, as a unit, can
move up and down for the purpose of adjusting the thickness of the strip. Because
the middle section of the strip is less compressed than the side edges of the strip
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due to the bending of the rolls, two sets of rolls are obliquely placed. This oblique
placement of the rolls is called the pair-crossing, with which an even thickness
across the strip is achieved. To adjust the pair-crossing angle of the rolls, two
horizontal hydraulic cylinders are used. In the conventional mill, the each roll has 3
d.o.f.: heave, pair-crossing (yawing) and rolling.

With the current rolling technology, once the roll gap and the pair-crossing angle
are set up, these cannot be modi� ed during the process. Only the roll velocity
and the looper angle for adjusting the strip tension can be changed. Therefore,
concurrent control of the strip thickness, strip tension, strip shape and even wear of
rolls is not possible. This necessitates the development of a new rolling technology,
which can provide the work rolls with 6 d.o.f.

In this paper, a kinematic and dynamic optimal design of a new parallel-type
rolling mill the ‘paramill’, is investigated. Note that a new rolling mill should
provide at least 5-d.o.f. motions for the work roll: surge (strip tension control),
sway (even wear across the roll), heave (strip thickness control), rolling (strip shape
control) and yawing (even thickness across the strip) motions. The pitching motion
of the roll is not critical because the roll itself is rotating. The paramill will make
the looper mechanism unnecessary, which is currently used for controlling the strip
tension, and will allow integrated control of the � ve motions.

The rolling process consumes a large amount of power and needs accurate control.
The six hydraulic cylinders are located in parallel, so that the rolling force can be
evenly distributed. Also, in comparison with a serial manipulator, the positioning
accuracy of a parallel manipulator is better, the structural stiffness is high and
the dynamic response time is also superior. On the other hand, the workspace
of a parallel manipulator is relatively small. Such small workspace is an evident
weakness in general; however, the paramill is well suited to the rolling process
because the required workspace for rolling is quite small. The Stewart platform
considered in this paper consists of, as usual, a platform, a base and six hydraulic
cylinders. Hence, by attaching a work roll to the platform, 6-d.o.f. motions of the
roll can be obtained. The advantages of having six legs rather than � ve legs are to
improve the structural stability and to utilize existing knowledge in the area of a
6-d.o.f. motion simulator. Also, by evenly distributing the rolling force to six legs,
a more compact stand than the case of � ve legs can be made. Of course, two Stewart
platforms should face each other to press the strip in opposite directions.

The objective of this paper is to investigate a task-oriented structure of the
Stewart platform for rolling. The design stage is divided into two stages. The
� rst stage is a kinematic optimal design. In this part, the base radius and the
joint arrangement of six hydraulic cylinders are determined for a given platform
radius. The velocity-Jacobian matrix is derived from the kinematic relationship.
A new manipulability measure, which is the ratio of the manipulability ellipsoid
volume and the condition number of a split Jacobian matrix, is introduced. The two
kinematic parameters, the base radius and the acute angle between two neighboring
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joints are determined in the fashion that the manipulability measures in terms of
force/moment transmissibilities are maximized.

The second stage is a dynamical optimal design. In this part, considering the
maximum linear / angular acceleration of the roll and the maximum force/moment
generated, the size of each hydraulic cylinder is determined for given mass and
mass moment of inertia of the roll. Therefore, when the kinematic structure is
pre-determined, the � nal speci� cations of the paramill are determined through the
dynamic analysis.

The present paper makes the following contributions. This paper is the � rst paper
investigating a different rolling technology with a new structure. A manipulability
measure, as the ratio of the manipulability ellipsoid volume and the condition
number of a velocity / force-Jacobian matrix, is de� ned. Two kinematic parameters,
the base radius and the angle between neighboring joints, are optimally designed by
maximizing the manipulability measure in the entire workspace. Also, the size of
individual actuators is optimally designed by a dynamic analysis for the structure
pre-selected and using the maximum force/moment generated in the rolling process.
It is not the authors’ intention to claim that the proposed structure is the best
structure. The sole purpose is to stimulate the engineers in the steel-making industry
and to look for a different way of making steel strips. Since some conceptual design
results are also included in the paper, the engineers can determine whether it is
feasible or not and hopefully come up with the best idea eventually.

This paper is organized as follows. Section 2 brie� y describes the rolling process
and presents the coordinate systems of the Stewart platform. A velocity-Jacobian
matrix via kinematic analysis and a force-Jacobian matrix via the application of
the principle of virtual work are derived. Also, the workspace needed for rolling
is introduced. Section 3 discusses the determination of a kinematic structure. In
Section 4, the analyzed results in Section 3 are applied to the dynamic analysis and
then the required force needed at each hydraulic cylinder is determined. Finally,
conclusions are given in Section 5.

2. PRELIMINARIES: ROLLING PROCESS AND PARAMILL STRUCTURE

In this section, to enhance understanding, the rolling process is brie� y described.
Also, the basic structure of the parallel mill, the derivation of Jacobian matrices and
the workspace, in which all kinematic optimizations are performed, are presented.

2.1. Rolling process

Rolling is a mechanical process whereby plastic deformation of the metals is
achieved by passing it between two rotating rolls. The main difference between
hot and cold rolling is that in hot rolling the workpiece is initially at, or is heated
to, above the recrystallization temperature, in contrasted to cold rolling, where the
workpiece is initially at ambient temperature [2].
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The process route can best be described in terms of the major items of equipment
as follows [3, 4]. The feed stock for the rolling mill are slabs produced by
the continuous casting process in a steel plant. Therefore, the slabs at ambient
temperature are � rst sent to a reheat furnace to raise the temperature of the whole
slab to around 1300±C. On exit from the reheat furnace, there is a buildup of scale
on the surface of the slab, due to oxidation, which is detrimental to surface quality.
This is removed within the de-scaling box, which consists of jets of high-pressure
water. The slab is then sent to a roughing mill, which is a reversing mill that
produces a breakdown bar by rolling the slab through a series of forward and reverse
passes, typically reducing the slab thickness from 200 to 30 mm. After removing
any variations in the leading edge of the breakdown bar and de-scaling, the slab
is � nally sent to a � nishing mill, which is designed to reduce the thickness of the
breakdown bar to that of the � nished coil, while maintaining the desired width.
A sequential combination of stands, from two to seven, is used depending on the
product being rolled. The mill control system is critical, as constant mass � ow must
be maintained in all stands to ensure continuous production. On exiting the � nishing
mill, the product, which is typically above 800±C, is cooled at the run-out table. On
exiting from the mill / run-out table cooling system, the hot product typically has a
velocity of up to 40 m/h and can be hundreds of meters in length. The down coiler
� nally allows the product to be converted into a coil of dimensions that can be easily
transported.

2.2. Paramill con� guration and Jacobian

Figure 3 shows the kinematic con� guration of a Stewart platform. It consists of a
� xed base and a moving platform, which is connected to the base by variable six
legs. By varying the lengths of the legs, the mechanism provides the platform with
the 6 d.o.f. with respect to the base. Figure 4 shows the schematic of a stand using
two sets of Stewart platforms. Figure 5 demonstrates a possible continuous rolling
process, which uses seven new paramills. Figure 6 shows the joint arrangement
for connecting the hydraulic cylinders on the base and on the platform. The
arrangement in Fig. 6 can avoid the kinematic singularity [5–7]. This paper focuses
on the design of one Stewart platform, because the same structure can be applied to
all others.

For a given roll length, the design parameters are the radius of the base .rb/ and
the angles between two adjacent joints, i.e. 2Áb and 2Áp . Among the three variables
frb; Áb; Ápg; Áb D Áp is assumed, for brevity, by shrinking the design variables from
three to two and allowing the three-dimensional (3D) plots in Figs 9 and 10. There
is no imperative reason for choosing Áb D Áp. This is only the authors’ choice.
Therefore, a further investigation with different Áb and Áp may give different results.
The rb determined will decide the size of a stand.

In Fig. 3, let X –Y –Z and x –y –z denote a � xed coordinate system attached to the
base and a moving coordinate system attached to the platform, respectively. Let the
superscript ‘p’ denote the vectors represented in the platform coordinate. Therefore,
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the position vectors from two origins O and o to the joints are bi D ¡!
OBi ; pi D ¡!

OP i

and pp
i D ¡!

oP i; i D 1; 2; : : : ; 6. The leg vectors are li D ¡¡!
BiPi; i D 1; 2; : : : ; 6. Also,

let d D ¡!
Oo D [dX dY dZ]T .
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The rotation matrix R of the platform, in terms of X–Y –Z � xed angles, is given
by:

R D RotZ.µZ/RotY .µY /RotX.µX/; (1)

where µX; µY and µZ denote the rotation angles about the X, Y and Z � xed
coordinate axes, respectively, which are the rolling, pitching and yawing angles of
the platform, respectively. By combining the rotation matrix R with pp

i , the platform
joint vectors are given by:

pi D d C Rpp
i ; i D 1; 2; : : : ; 6: (2)

Also, the leg vectors can be represented as follows:

li D pi ¡ bi D d ¡ bi C Rpp
i ; i D 1; 2; : : : ; 6: (3)

The inner product of (3) yields:

li ¢ li D .d ¡ bi C Rpp
i / ¢ .d ¡ bi C Rpp

i /; i D 1; 2; : : : ; 6:

Let the length of the ith leg be li D klik. Then, the above equation becomes:

l2
i D .d ¡ bi C Rpp

i / ¢ .d ¡ bi C Rpp
i /; i D 1; 2; : : : ; 6: (4)

Differentiating (4) with respect to time and using d=dt .Rpp
i / D ! £ Rpp

i [8], the
following expression is derived:

li Pli D . Pd ¡ Pbi C ! £ Rpp
i / ¢ .d ¡ bi C Rpp

i /; i D 1; 2; : : : ; 6; (5)

where ! D [!X !Y !Z]T is the rotational angular velocity vector of the platform.
Noting Pbi D 0, the matrix representation of (5) becomes:

L Ṕ D K P»; (6)

where ´ D [l1 l2 l3 l4 l5 l6]T , Ṕ D [Pl1 Pl2 Pl3 Pl4 Pl5 Pl6]T , » D [dX dY dZ µX µY µZ]T ,
P» D [ PdX

PdY
PdZ !X !Y !Z]T ,

L D

2

666666664

l1 0 0 0 0 0

0 l2 0 0 0 0

0 0 l3 0 0 0

0 0 0 l4 0 0

0 0 0 0 l5 0

0 0 0 0 0 l6

3

777777775

; and

K D

2

664

.d ¡ b1 C Rpp
1/

T [Rpp
1 £ .d ¡ b1 C Rpp

1/]
T

:::
:::

.d ¡ b6 C Rpp
6/

T [Rpp
6 £ .d ¡ b6 C Rpp

6/]
T

3

775 :
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Also, let v D [ PdX
PdY

PdZ]T be the velocity vector of the origin of the moving
coordinate. Then, the velocity relationship, between the actuators’ length variation
(leg velocity) and the translational linear velocity and rotational angular velocity of
the platform, can be represented as follows:

P» D
µ

v
!

¶
D K¡1L Ṕ D Jv Ṕ ; (7)

where Jv D K¡1L is de� ned as the velocity-Jacobian matrix. By adopting an
incremental notation, (7) can be rewritten as:

±» D Jv±´; (8)

where ±» D [±dX ±dY ±dZ ±µX ±µY ±µZ]T and ±´ D [±l1 ±l2 ±l3 ±l4 ±l5 ±l6]T .
Now, by using the principle of virtual work, the relationship from the actuating

forces of six hydraulic cylinders to the force and moment generated at the platform
can be derived. Let the six actuating forces be f D [f1 f2 f3 f4 f5 f6]T , and
the resultant force and moment at the platform be F D [Fx Fy Fz]T and M D
[Mx My Mz]T , respectively. Let ¿

1D [FT MT ]T . Then, the application of the
principle of virtual work, i.e. the work done by constraint forces and external forces
to the virtual displacement is zero, to the mechanism leads to [8]:

fT ±´ ¡ ¿T ±» D 0: (9)

Substitution of (8) into (9) results in:

.fT ¡ ¿T Jv/±´ D 0: (10)

Because the virtual displacements of the generalized coordinates (±´/ in (10) are
independent, the following equation can be derived:

f D J T
v ¿: (11)

Let Jf
1D.J T

v /¡1. Then, (11) can be rewritten as follows:

¿ D Jff; (12)

where Jf is de� ned as the force-Jacobian matrix, which maps the actuating forces at
six hydraulic cylinders to the force/moment generated at the platform. Jv in (7) and
Jf in (12) will be used for input–output characterization in Section 3, because they
represent the input–output characteristics, i.e. the translational linear velocity, the
rotational angular velocity, the resultant force and moment of the end-effector with
respect to given leg velocities and exerting forces at the legs. From Jf D .J T

v /¡1,
it can be seen that the two transmissibilities are not independent, i.e. although
the input–output transmissibility of a velocity-Jacobian matrix is good, that of the
associate force-Jacobian matrix may not be good depending on the con� guration of
the platform.
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2.3. The workspace

In this subsection the workspace needed for rolling is brie� y described. In a serial
manipulator, the workspace, as a set of points in 3D space, is generally classi� ed
into a reachable workspace and a dexterous workspace. The reachable workspace is
the set of all points that can be reached by the end-effector in at least one orientation,
whereas the dexterous workspace is the set of all points reachable by the end-
effector in all orientations. However, these de� nitions are not suitable in our case,
because the dexterous workspace does not exist, i.e. it is not possible to rotate the
platform completely upside down.

In this paper, two workspaces are de� ned: the position workspace and the
orientation workspace. First, examining the translational distances and rotational
angles of the work roll in the production line at KwangYang Works, South Korea,
the position workspace, which represents the extent that the center point of the work
roll can reach to, is de� ned as follows:

Ä D
©
.1X; 1Y; 1Z/j ¡ 70 6 1X 6 70; ¡100 6 1Y 6 100; 0 6 1Z 6 150I
unit D mm

ª
; (13)

where 1X; 1Y and 1Z are incremental displacements of the work roll in the
X–Y –Z directions from the static equilibrium con� guration. Also, at a given
position of the roll, the orientation workspace, which represents how far the roll
can rotates, is de� ned as follows:

1 D
©
.µX; µY ; µZ/j ¡ 1:42 6 µX 6 1:42; µY D 0; ¡1 6 µZ 6 1I unit D ±ª

; (14)

where µX; µY and µZ are the rotational angles of the work roll in terms of � xed
angles. Note that the pitching angle is zero in the orientation workspace. Table 1
summarizes 6 d.o.f. of the roll, their speci� cations and their control objectives.

Because the extent of the orientation workspace for rolling is very small, only
the position workspace is mainly considered in the global manipulability analysis
in Section 3. However, the orientation workspace is used in a later stage when
determining the maximum/minimum lengths of six hydraulic cylinders.

3. KINEMATIC OPTIMAL DESIGN

3.1. Manipulability analysis

The focus of this section is to look for the ‘optimal’ kinematic con� guration of the
Stewart platform suitable for rolling process. The issue in this paper is not to � nd
the best structure for rolling, but to determine how to con� gure the Stewart platform
when it is used for rolling. Hence, upon the ful� llment of the desired workspace,
one might want to know how easily the Stewart platform can be manipulated in
terms of transmitting velocity and force [9–13]. That is, it would be desirable to
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Table 1.
The workspace speci� cations used

6 d.o.f. motions Upper and lower Stewart platform Control objectives

Translational Strip moving §70 mm strip tension control
motions direction (surge)

Roll sideward §100 mm uniform wear across the roll
shift (sway)
Strip thickness 150 mm strip thickness control
direction (heave)

Rotational Rotation about the §1:42± strip shape control
motions X-axis (rolling)

Rotation about the N/A N/A
Y -axis (pitching)
Pair crossing §1± uniform thickness across
(yawing) the roll

achieve the rolling objective in the Cartesian space with the use of minimal efforts
in the joint space.

The two Jacobian matrices Jv in (7) and Jf in (12), which are functions of r

(the base radius) and Á (the angle between two adjacent joints), map the joint
velocities and joint forces in the joint space to the linear / angular velocity and the
force/moment of the platform in the Cartesian space, respectively. Therefore, by
con� guring appropriate r and Á, the effect of velocity and force transmissions can
be maximized. To analyze these input–output characteristics, the unit-norm inputs
are often used, i.e. the unit sphere in the joint space is mapped to the Cartesian
space [14]. However, these unit-norm inputs may not represent the actual operating
range of the mechanism because the maximum velocity and maximum force of
individual actuators may differ. Therefore, the normalization of individual actuator
inputs by their maximum is preferred as follows:

OṔ 1D W¡1
l Ṕ ; (15)

Of 1D W ¡1
f f; (16)

where Wl D diag.Pl1 max; Pl2 max; Pl3 max; Pl4 max; Pl5 max; Pl6 max/ and Wf D diag.f1 max;

f2 max; f3 max; f4 max; f5 max; f6 max/ represent the maximum velocities and maximum
forces at six actuators, respectively, and ^ denotes the normalized value.

In this paper, noting that the arrangement of the six hydraulic cylinders is
symmetrical, it is assumed for brevity that the maximum velocities and forces of
all actuators are equal. Thus, Wl and Wf can be taken as diagonal matrices with
proper weightings. Substitution of (15) and (16) into (7) and (12), respectively,
yields:

µ
v

!

¶
D .JvWl/ OṔ ; (17)
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µ
F

M

¶
D .Jf Wf /Of: (18)

By splitting of (17) and (18) into two parts (see Ref. [15]), respectively, in terms of
translational and rotational motions, we can obtain:

µ
v

!

¶
D

"
OJvo

OJ o

#
OṔ ; (19)

µ
F

M

¶
D

"
OJFo

OJMo

#
Of; (20)

where OJvo; OJ o; OJFo; OJMo 2 R3£6 and the subscript ‘o’ denotes ‘output’. Since the
analyses for all four split Jacobian matrices in (19) and (20) can be carried in the
same fashion, a representative notation is used in the sequel.

Now, let Ou and q denote a normalized input and an output, respectively. Then,
(19) and (20) take the following single form:

q D OJo Ou; (21)

where OJo 2 f OJvo; OJ o; OJFo; OJMog; q 2 fv; !; F; Mg, and Ou 2 f OṔ ; Ofg. Since the six
columns of OJo are not linearly independent (i.e. OJ ¡1

o does not exist), Ou for a given q
is not unique. Instead, the minimum norm solution with respect to a given q can be
pursued. Let OJ C

o be the pseudoinverse of OJo [16]. Then:

OuC D OJ C
o q; (22)

where OuC be the minimum norm solution. The pseudoinverse OJ C
o can be obtained

from the singular value decomposition as follows:

OJ C
o D Ho6C

o GT
o ; (23)

where Go D [g1 g2 g3] is the eigenvector matrix of OJo OJ T
o 2 R3£3 and Ho D

[h1 h2 h3 h4 h5 h6] is that of OJ T
o

OJo 2 R6£6. Go and Ho are orthogonal matrices.
Also, 6C

o 2 R6£3 is the transpose of 6o 2 R3£6 which is composed of the reciprocal
singular values of OJo. Because the actuator input vector Ou has been normalized, the
Euclidean norm of Ou should satisfy the following inequality:

kOuk2 D OuT Ou 6 1: (24)

Also, OuC should satisfy (24) because it is the minimum norm solution. Therefore,
the substitution of (22) into (24) yields:

. OuC/T OuC D qT
±

OJ CT

o
OJ C
o

²
q 6 1: (25)

By substituting (23) into (25), we can obtain the following relationship:

qT
±

OJ CT

o
OJ C
o

²
q D qT

¡
Ho6C

o GT
o

¢T ¡
Ho6

C
o GT

o

¢
q
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D
¡
GT

o q
¢T

Á CTX

o

CX

o

!
¡
GT

o q
¢

6 1: (26)

Let ¾1; ¾2 and ¾3 .¾1 > ¾2 > ¾3/ be the singular values of OJo, and let Nq 1D GT
o q

where Nq D [ Nq1 Nq2 Nq3]T . Thus, the following ellipsoid equation is derived:

Nq2
1

¾ 2
1

C Nq2
2

¾ 2
2

C Nq2
3

¾ 2
3

6 1: (27)

Now, (27) is named as the output manipulability ellipsoid for the weighted Jacobian
matrix OJo.

The above development is summarized as follows. For all possible normalized
inputs satisfying kOuk 6 1, the maximum output is achieved in the direction of
the � rst singular vector g1 of Go which corresponds to the maximum singular
value ¾1. Therefore, the maximum magnitude of output is ¾1 and in order to
achieve this maximum output, the input Ou should be applied in the direction of
h1 D OJ C

o .¾1g1/. Similarly, the minimum output is achieved in the direction of the
third singular vector g3 of Go which corresponds to the minimum singular value
¾3. The magnitude of this output is ¾3 and the applied input Ou in this case is
h3 D OJ C

o .¾3g3/. Therefore, the output range for all inputs satisfying kOuk 6 1
becomes:

¾3 6 kqk 6 ¾1: (28)

Finally, let qd be the desired output and ¹ be the maximum input– output

transmissibility in that direction de� ned by Nq 1D ¹GT
o qd. Then, the maximum

transmissibility ¹ is obtained by substituting the above relationship into (27) as
follows:

¹ D
³

Nq2
d1

¾ 2
1

C Nq2
d2

¾ 2
2

C Nq2
d3

¾ 2
3

´¡1=2

; (29)

where Nqd
1D GT

o qd.
Intuitively, the manipulability can be de� ned as how easily and uniformly the end-

effectors are able to move in arbitrary directions. To analyze the manipulability of
the mechanism, the manipulability ellipsoid is the most intuitive and useful measure.
It can be made by mapping a unit sphere in the input space to the output space
through the Jacobian matrix. The major and minor axes of the ellipsoid indicate
the directions in which the platform can move most and least easily, and the ease
is proportional to the principal axis length. Also, the magnitude and direction of
the major and minor axes can be obtained from the singular value decomposition as
described above. If the ellipsoid is larger and more circular, then the platform has
faster velocity, larger forces and more uniform motion.
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First, the volume of an output manipulability ellipsoid (MEV) and the condition
number (CN) for a given weighted Jacobian matrix are de� ned as follows [17]:

MEV
1D ¼

º
2

0.1 C º
2 /

ºY

iD1

¾i; (30)

CN
1D ¾max

¾min
; (31)

where º is the dimension of the manipulability ellipsoid and 0.¢/ is the gamma
function. The condition number represents the directional characteristics of the
weighted Jacobian matrix. The larger the condition number is, the severer the
directional characteristic. The larger the volume of the manipulability ellipsoid is,
the greater the total output for a given input. Therefore, it is desirable to have a
small condition number and a large volume. Therefore, both MEV and CN must be
combined for a kinematic optimal design.

Now, the new manipulability measure is de� ned as follows:

¸.Jo/
1D Manipulability Ellipsoid Volume of Jo

Conditon Number of Jo
D

MEV.Jo/

CN.Jo/
: (32)

Then, for the split weighted Jacobian matrices, individual manipulability measures
can be de� ned as follows:

¸1
1D MEV. OJvo/

CN. OJvo/
: Translational Velocity Manipulability (TVM);

¸2
1D MEV. OJ o/

CN. OJ o/
: Rotational Velocity Manipulability (RVM);

¸3
1D MEV. OJFo/

CN. OJFo/
: Force Manipulability (FM);

¸4
1D MEV. OJMo/

CN. OJMo/
: Moment Manipulability (MM),

where subscripts v; !; F and M represent the translational velocity, the rotational
angular velocity, force and moment, respectively. Note that all above manipula-
bilities are local, i.e. the value will be different at each point in the workspace.
Therefore, integrating it over the entire workspace, the global manipulability can be
de� ned as follows:

3i D
R

Ä
¸i.rb; Áb; Áp/ dÄR

Ä
dÄ

; i D 1; 2; 3; 4; (33)

where Ä; ¸i and 3i represent the entire workspace, the local manipulability
measure and the global manipulability, respectively. Recall that rb; 2Áb and 2Áp

represent the base radius, angle between two joints on the base and that on
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the platform, respectively. The platform radius was excluded because it can be
determined by the size of a work roll.

Finally, it is noted that if the translational velocity manipulability is large, then
the translational motion of the mechanism is fast and furthermore the response
characteristics is uniform throughout the workspace. Similarly, if the force/moment
manipulability is large, the mechanism can resist large external disturbance and the
resistance characteristics are isotropic.

3.2. Determination of kinematic parameters

As an initial con� guration of the work roll, let the distance between O and o be
d D [0 0 0:8]T . Let the rotation matrix R be the identity matrix. Then, the position
and orientation of the work roll can be expressed using the quantity deviated from
the initial con� guration.

Figures 7–10 show the 3D plots of the four global manipulabilities as functions
of the base radius rb and the joints angle 2Áb. Figures 11 and 12 are the 2D contours
of Figs 7 and 8, respectively. The ranges of rb and 2Áb that maximize the four
global manipulabilities are summarized in Table 2. As remarked in Table 2, it
can be said that the global translational and rotational velocity manipulabilities are
less important than the global force and moment manipulabilities for the case of
a rolling mill. This is because an abrupt change of the strip thickness or the pair-
crossing angle, i.e. a tracking problem, is not necessary. Instead, immediate control
of the rolling force and moment may be needed. Therefore, in this paper, among the
four manipulabilities introduced, the global force and moment manipulabilities are
focused on in selecting the link parameters.
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For the computation of Figs 7–10, the following ranges of two kinematic
parameters have been searched.

0 < 2Áb < 60±;

1620 6 rb 6 2850 mm:

The 0± angle between two neighboring joints means that the two hydraulic cylinders
are overlapped at one point and the 60± angle between two neighboring joints results
in a singular con� guration [5, 6]. Therefore, the angles of 0 < 2Áb < 60± have been
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considered. The fact that the length of a roll is 1620 mm implies that rb > 1620 mm.
Also, rb 6 2850 mm comes from the fact that the width of a stand is limited by
2850 mm. Because all the above values were taken for demonstration purpose, they
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can be modi� ed at a later stage to re� ect the actual conditions. If the base radius
and platform radius become identical, the moment manipulability is maximized.

Figure 12. 2D contours of the global moment manipulabilitymeasure.

Table 2.
Link parameters optimized by the force manipulability measure

rb (mm) 2Áb (±) Remark

Global force manipulability 1800–2200 30–45 important
Global moment manipulability 1620–1950 37.5–44 important
Global translational velocity 2850 60 relatively less important
manipulability
Global rotational angular velocity 2850 60 relatively less important
manipulability

Table 3.
Final speci� cations based upon kinematic optimization

Platform Base Angle between joints Minimum length Maximum length
radius radius of leg of leg
.rp/ .rb/ .2Áb D 2Áp/ .lmin/ .lmax/

1620 mm 1900 mm 41± 907.7 mm 1269.3 mm
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In summary, d and rp are given; rb and 2Áb have been determined by kinematic
optimal design. Therefore, bi and pp

i can be determined from d; rp; rb and 2Áb.
Note also that a point in the orientation workspace can be characterized the rotation
matrix R. Therefore, by varying R in (3), the maximum or minimum length of
individual legs can be calculated. The � nal values determined by kinematic analysis
are gathered in Table 3. Finally, it is remarked that the recommended values of the
base radius and the angle between two neighboring joints are 1800–1950 mm and
37.5–44±, respectively.

4. DYNAMIC OPTIMAL DESIGN

4.1. Dynamic analysis

The objective of this section is to determine the maximum force needed in the
actuator, and therefore the size of a hydraulic cylinder and the dimension of a
universal joint can be determined. For a dynamic optimal design using the structure
determined in Section 3, the Plücker coordinates [18] are introduced. With the use
of the Plücker coordinates, the input force at a hydraulic cylinder and its moment
can be easily represented in the platform coordinate. In Fig. 13, let li be BiPi and
lpi be the vector li in the platform coordinates. Also, let mi be the moment vector
perpendicular to the plane made by li and the origin O. The moment vector mi is
de� ned as follows:

mi
1D bi £ pi; i D 1; 2; : : : ; 6: (34)

Also, the following relationships hold:

mi D bi £ li D pi £ li; i D 1; 2; : : : ; 6: (35)

The Plücker coordinates are de� ned, using (3) and (34), as follows:

si D [lix liy liz mix miy miz];

where lix ; liy and liz are three components of the vector li and mix ; miy and miz

are three components of the moment vector mi . Let the normalized vector of li be
Oli D li=klik and the normalized moment of mi be Omi D mi=klik, respectively. Then,
the normalized Plücker coordinates become as follows:

Osi D [Olix Oliy Oliz Omix Omiy Omiz]:

The reason for the normalization of the Plücker coordinates is because Oli becomes
the unit vector along the line BiPi , therefore its scalar multiplication represents the
force vector along the line and thus the vector Omi is the moment about the origin of
a unit force acting along the line [19].

In Fig. 13, since lpi D pp
i ¡ bp

i and bi D d C Rbp
i , the following holds:

lpi D pp
i C RT .d ¡ bi/; i D 1; 2; : : : ; 6: (36)
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Figure 13. Plücker coordinates: solid line for the base and dotted line for the Platform.

By using the normal matrix property of R, i.e. RT R D I :

lpi D RT Rpp
i C RT .d ¡ bi/ D RT .Rpp

i C d ¡ bi/ D RT li : (37)

Noting that lpi £ Olpi D 0 and lpi D RT li; Omp
i can be derived as follows:

Omp
i D pp

i £ Olpi D
£
lpi C RT .bi ¡ d/

¤
£ Olpi

D lpi £ Olpi C RT .bi ¡ d/ £ Olpi D RT .bi ¡ d/ £ RT Oli (38)

D RT
£
.bi ¡ d/ £ Oli

¤
D RT

£
.bi £ Oli/ ¡ .d £ Oli/

¤
:

Also, with bi £ Oli D Omi; .38/ can be written as:

Omp
i D RT

£
Omi ¡ .d £ Oli/

¤
: (39)

Finally, the normalized Plücker coordinates vector can be represented with respect
to the platform coordinates as follows:

Osp
i D

£Olp
ix

Olp
iy

Olp
iz Omp

ix Omp
iy Omp

iz

¤
:

Now, we assume that the mass and the mass moment of inertia of the actuators are
relatively small compared with those of the platform including the rolls. Then, they
can be ignored. Also, we assume that the input forces are generated by the pressure
difference along the rod of the hydraulic cylinder. Figure 14 depicts a simpli� ed
structure of the platform. Let lw and lb be the length of the work and backup rolls,
respectively. Let t be the thickness of the platform, and r1 and r2 be the radius of
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Figure 14. The platform structure used for dynamic optimization.

the work and backup rolls, respectively. Then, the force and moment equilibrium
equations are:

Fp
G C Fp

E C
6X

iD1

Fp
i D ma; (40)

¿
p
E C

6X

iD1

¿
p
i D Ip® C ! £ .Ip!/; (41)

where m is the total mass of the platform structure (m D mp C mb C mw, where mp

is the platform mass, mb is the backup roll mass and mw is the work roll mass), a
denotes the translational acceleration of the platform, Fp

G represents the weight of
the platform, Fp

E denotes the external force on the platform including the vertical
rolling force, the impact force due to the entrance of the strip and the tensile force
along the strip, and Fp

i denotes the input force at the ith actuator with magnitude
fi in the direction Oli . Also, ¿

p
E represents the resultant external torque, ¿

p
i are the

torques due to the actuating forces, ® represents the angular acceleration of the
platform, ! denotes the rotational angular velocity of the platform. Finally, Ip is
the mass moment of inertia of the platform in the platform coordinates given by:

Ip D

2

4
Ixx ¡Ixy ¡Ixz

¡Ixy Iyy ¡Iyz

¡Ixz ¡Iyz Izz

3

5 ;
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where Ixy D Iyx D 0; Ixz D Izx D 0 and Iyz D Izy D 0. This is due to the fact that
the platform structure is symmetric about the x –z plane and the y –z plane with
respect to the origin o of the moving frame located in the center of the platform
bottom. Also,

Izz D 1

2
mp

®®pp
i

®®2 C 1

12
mb.3r2

2 C l2
b / C 1

12
mw

¡
3r2

1 C l2w
¢
;

Iyy D 1

12
mp

¡
3
®®pp

i

®®2 C t2
¢

C mp

³
t

2

´2

C 1

2
mbr2

2 C mb.t C r2/2 C 1

2
mwr2

1 ;

C mw.t C 2r2 C r1/2

Ixx D
1

12
mp

¡
3
®®pp

i

®®2 C t2
¢

C mp

³
t

2

´2

C 1

12
mb

¡
3r2

2 C l2b
¢

C mb.t C r2/2

C 1

12
mw

¡
3r2

1 C l2
w

¢
C mw.t C 2r2 C r1/

2:

Here, assuming that the material of the platform, backup roll and work roll is steel,
½s is 7850 kg/m3. Then,

m D mp C mb C mw D 9:8445 £ 104 kg and

Ip D

2

64
1:0916 0 0

0 2:2397 0

0 0 2:7290

3

75 £ 105 kg m2;

can be assumed. Now, (40) and (41) can be represented as follows:

£Olp1 Olp2 Olp3 Olp4 Olp5 Olp6
¤
f D

6X

iD1

Fp
i D ma ¡ Fp

G ¡ Fp
E; (42)

£
Omp

1 Omp
2 Omp

3 Omp
4 Omp

5 Omp
6

¤
f D

6X

iD1

¿
p
i D Ip® C ! £ .Ip!/ ¡ ¿

p
E: (43)

Finally, (42) and (43) can be combined into a single equation by using the Plücker
coordinates as follows:

U f D E; (44)

where: U D
µ Olp1 Olp2 Olp3 Olp4 Olp5 Olp6

Omp
1 Omp

2 Omp
3 Omp

4 Omp
5 Omp

6

¶
2 R6£6

and

E D
µ

ma ¡ Fp
G ¡ Fp

E
Ip® C ! £ .Ip!/ ¡ ¿

p
E

¶
2 R6£1:

U is determined from the kinematic structure, f is the input forces on the hydraulic
cylinders and E contains external forces, inertia forces, gravity forces, external
torques and inertia torques.
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Table 4.
Final speci� cations based upon dynamic optimization

Hydraulic Hydraulic cylinder Hydraulic cylinder Universal joint Yoke Yoke
cylinder outer diameter outer diameter cross axis width thickness
rod (mm) (mm) diameter (mm) (mm) (mm) (mm)

364 789.6 653.4 343 686 152

4.2. Determination of dynamic parameters

Once the maximum force is estimated, the universal joint needed for the connection
of the base and a cylinder can be designed. The forces and torques generated in a
rolling process are assumed as follows:

The vertical rolling force is 4000 ton, the external force is 100 ton and the external
torque due to the external force is 100 £ 2:965 ton m. We also assume that the
velocity and the acceleration of the platform are 1 m/s and 1 m/s2, respectively, and
that the angular velocity and the angular acceleration of the platform are 1 rad/ s and
1 rad/s2, respectively. It is noted that the roll torque is not included as an external
torque of the platform.

Now, by using (44), the maximum force is estimated to be 1250 ton. This is the
maximum force that a hydraulic cylinder has to resist. The � nal speci� cations of
the parts of a hydraulic cylinder and a universal joint based upon the above analysis
are listed in Table 4. The detailed mechanical design procedures in Table 4 are all
skipped due to the length of the paper and are an easy task for mechanical engineers.
The sole purpose of Table 4 is just to give an idea on how large a cylinder and an
universal joint should be.

5. CONCLUSIONS

This paper has investigated a feasibility study on a new parallel-type rolling mill
utilizing two Stewart platforms. The main objective of this new rolling mill is
to provide an integrated control of the strip thickness, even wear across the roll,
strip tension, uniform thickness across the strip and strip shape. For a given
platform radius, the base radius and the angle between two adjacent joints of
the base /platform were determined by maximizing the global force manipulability
measure newly de� ned, which is the ratio of the manipulability ellipsoid volume and
the condition number of the force-Jacobian matrix de� ned in the entire workspace.
Then, the determined kinematic structure was used to decide the capacity of
hydraulic actuators through the dynamic design. As future research, because Áb D
Áp among the three design variables frb; Áb; Ápg has been assumed in this paper, a
further investigation using different values of Áb and Áp would be interesting. The
proposed method is generic in the sense that it can be applied to any situation where
the output needs to be maximized for the given inputs.
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