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Constraints and Model Uncertainties
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Abstract—This article develops an adaptive neural-network
(NN) boundary control scheme for a flexible manipulator subject
to input constraints, model uncertainties, and external distur-
bances. First, a radial basis function NN method is utilized to
tackle the unknown input saturations, dead zones, and model
uncertainties. Then, based on the backstepping approach, two
adaptive NN boundary controllers with update laws are employed
to stabilize the like-position loop subsystem and like-posture loop
subsystem, respectively. With the introduced control laws, the
uniform ultimate boundedness of the deflection and angle track-
ing errors for the flexible manipulator are guaranteed. Finally,
the control performance of the developed control technique is
examined by a numerical example.

Index Terms—Adaptive neural network (NN) boundary control
(BC), flexible manipulator, input constraints, model uncertainties.

I. INTRODUCTION

THE FLEXIBLE manipulator is receiving increasing atten-
tion from many researchers due to its low weight, high

flexibility, low energy consumption, and so on. However, the
undesired vibration phenomenon in the flexible structure is
often contradictory to the demand for the high-accuracy posi-
tion [1], [2]. Thus, the vibration reduction for the flexible
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manipulator has aroused enormous excitement, and many good
results have been achieved in the past decades [3]–[7]. The
above-mentioned research achievements were mainly aimed
at the discrete-infinite-dimensional dynamic model with some
certain simplifications for flexibility, which may generate con-
trol spillover and destabilize the system. Therefore, effective
control methods should be developed to resolve the above
problems.

The flexible manipulator is described by a distributed
parameter system (DPS). Boundary control (BC) is an effective
strategy for stabilizing a DPS since fewer sensors and actua-
tors are needed [8], [9]. In recent decades, a major advance
has been made in the BC of DPSs. The BC has been employed
to a variety of flexible structures, such as the flapping-wing
micro aerial vehicle [10], [11]; the flexible hose [12], [13]; and
the flexible string [14], [15]. In [16]–[18], the BC technique
has been adopted to restrain the oscillation in a suspension
cable system of a helicopter. The problem of uniform ulti-
mate boundedness (UUB) has been investigated for an axially
moving system in [19]–[21], where BC schemes have been
constructed by using the Lyapunov criteria. In [22]–[24], the
BC has been studied for flexible mechanical systems: with
the proposed control technologies, the deflections have been
pledged to be uniformly ultimately bounded.

Due to the universal approximation ability, the radial
basis function neural-network (RBFNN) method is usually
employed to approximate unknown functions [25]–[37]. A
robust adaptive neural-network (NN) control law has been
derived for a class of multiple-input–multiple-output systems
in [38], where the NN technology has been utilized to
approach an unknown gain function matrix. The problem
of a dynamic surface control has been investigated for a
class of uncertain strict-feedback nonlinear systems in [39],
while the uncertain system function has been approximated
by using RBFNN. For a teleoperation system, the stability
has been analyzed in [40], where the RBFNN technique has
been utilized to compensate for the effects caused by dynam-
ics uncertainties and communication delays. For a class of
time-varying-constrained nonlinear systems, the time-varying
barrier Lyapunov functions has been employed in [41]–[43]
to pledge that constraints are not violated, where NN has
been used to approach the unknown intermediate control
functions. For robotic manipulators [44]–[46], the problem
of UUB has been addressed, where the NN strategy has
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been employed to approximate the unknown system func-
tion. According to the aforementioned articles, many excellent
research results on tackling unknown system uncertainties or
input constraints have been achieved by using the NN tech-
nique, but these research results were all related to ordinary
differential equations. For the DPS described by partial dif-
ferential equations, the technology of NN has been adopted
to approximate unknown system dynamics [6], [47] and input
constraints [48], [49]. However, the mixed effects of unknown
input saturations, dead zones, model uncertainties, and bound-
ary disturbances may enhance the difficulty of the controller
design and stability analysis for the DPS. Although notable
progress in NNs for DPSs has been achieved, no research has
been reported on utilizing an NN technique to tackle the mixed
problem of unknown input saturation, dead zone, and model
uncertainties in flexible manipulator systems, which inspires
our study.

In this article, we consider a flexible manipulator system
with input constraints, model uncertainties, and external dis-
turbances. The control design is divided into two parts: one
is for the like-position loop subsystem and another is for the
like-posture loop subsystem. By employing the Lyapunov prin-
ciple, the adaptive NN BC (ANNBC) laws are introduced for
the like-position loop subsystem and like-posture loop sub-
system, respectively. The main contributions of this article are
summarized as follows.

1) In contrast to [50], the endpoint payload in the flexible
manipulator (i.e., one of the most important skills) is
considered in this article.

2) In [51] and [52], the related parameters of input satu-
ration and input dead zones are supposed to be known,
which are difficult to obtain in many cases. Inspired by
this point, the problem of unknown input saturations,
input dead zones, and model uncertainties is addressed
by using the ANNBC strategy and the backstepping
technique in this article.

3) Based on the derived ANNBC laws, the deflection and
the angular displacement tracking error in the flexible
manipulator system can ultimately remain in a small
compact set.

Notations: R and Rk present the real number and the set
of k-dimensional vectors, respectively. tanh is the hyperbolic
tangent function. A class-K function β(t) : [0, k) → [0,∞)

with β(0) = 0 denotes that it is strictly increasing, where
k > 0. K(t) > 0 illustrates that K(t) is a positive-definite
function. π1 >> π2 represents that π1 is much bigger than π2.
min{b1, b2, . . . , bn} and max{b1, b2, . . . , bn} denote the min-
imum and maximum values between/among b1, b2, . . . , bn,
respectively, n ≥ 2. For ∀a ∈ [0, r] and t belongs to [0,∞),
the abbreviations of system variables are listed in Table I.

II. PROBLEM STATEMENT AND PRELIMINARIES

Fig. 1 shows a diagrammatic drawing for a flexible manipu-
lator. The coordinate axis YOZ denotes the inertial coordinate
system while the coordinate axis yOz represents the body-
fixed coordinate system. The system parameters of the flexible
manipulator are given in Table II.

TABLE I
ABBREVIATIONS OF SYSTEM VARIABLES

Fig. 1. Diagrammatic drawing for the flexible manipulator.

TABLE II
PARAMETERS OF FLEXIBLE MANIPULATOR

According to [53], the system equations of a flexible manip-
ulator with external disturbances and uncertainties can be
represented as follows:

μstt(a, t) = −EIwaaaa(a, t)+ f (a, t), for ∀a ∈ (0, r) (1)

under the boundary conditions

Mpstt(r, t) = u1(t)+ d(t)+ EIwaaa(r, t)+�f1 (2)

Imψ̈(t) = u2(t)+ τd(t)+ EIwaa(0, t)+�f2 (3)

w(0, t) = wa(0, t) = waa(r, t) = 0 (4)

where �f1 and �f2 denote the system uncertainties.
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Due to the output limitation of the actuator, the phenomenon
of input saturation exists in many mechanical equipment. Thus,
input saturation is necessary to be considered for the flexible
manipulator and can be described as follows:

�i = sat(κi) =
⎧
⎨

⎩

κMi, if κi ≥ κMi

κi, if κmi < κi < κMi

κmi, if κi ≤ κmi

(5)

where κMi > 0 and κmi < 0 are the unknown upper and lower
saturation levels of the control κi, respectively, i = 1, 2.

Moreover, since the actuator output is insensitive to input in
the particular area around zero, the phenomenon of dead zone
is also considered for the flexible manipulator and presented by

	i = D(�i) =
⎧
⎨

⎩

kri(�i − mri), if �i ≥ mri

0, if mli < �i < mri

kli(�i − mli), if �i ≤ mli

(6)

with mli < 0 and mri > 0 being the unknown dead-zone
ranges, and kli > 0 and kri > 0 being the unknown slope
parameters.

Inspired by [54], let D+ be the right inverse of D which
satisfies D · D+ = I, then

κi = D+(νi) =
⎧
⎨

⎩

νi/kri + mri, if νi > 0
0, if νi = 0
νi/kli + mli, if νi < 0

(7)

with νi being the designed control input.
Thus, according to [54], the problem of input saturation and

input dead zone can be transformed into a new input saturation
problem, and the new input saturation can be described as
follows:

ui = D
(
sat

(
D+(νi)

)) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

kri(κMi − mri)

if νi ≥ kri(κMi − mri)

νi, if kli(κmi − mli)

< νi < kri(κMi − mri)

kli(κmi − mli)

if νi ≤ kli(κmi − mli).

(8)

Define �i = �fi +�ui with �ui = ui − νi, then (2) and (3)
can be changed as

Mpstt(r, t) = ν1(t)+�1 + d(t)+ EIwaaa(r, t) (9)

Imψ̈(t) = ν2(t)+�2 + τd(t)+ EIwaa(0, t). (10)

Letting z1(t) = s(r, t), z2(t) = st(r, t), z3(t) = eψ(t) =
ψ(t) − ψr, and z4(t) = ėψ(t) with ψr denoting a constant
reference signal of the angular displacement, (9) and (10) can
be represented as

ż1(t) = z2(t) (11)

ż2(t) = 1

Mp
{ν1(t)+�1 + d(t)+ EIwaaa(r, t)} (12)

ż3(t) = z4(t) (13)

ż4(t) = 1

Im
{ν2(t)+�2 + τd(t)+ EIwaa(0, t)}. (14)

For the flexible manipulator system described by (1), (4),
and (11)–(14), the control objectives are stated as follows.

1) To compensate for the effects of input constraints, model
uncertainties, and external disturbances.

2) To suppress the vibration of the flexible manipulator.
3) To ensure that the angular displacement of the rigid hub

ψ(t) can track the desired trajectory ψr.
To realize the aforementioned control objectives for the flex-
ible manipulator, the following assumptions and lemmas are
needed.

Assumption 1 [50]: For the external disturbances f (a, t),
d(t), and τd(t), the following conditions are satisfied:

|f (a, t)| ≤ δ1, |d(t)| ≤ δ2, |τd(t)| ≤ δ3 ∀ a ∈ (0, r)

with δ1 > 0, δ2 > 0, and δ3 > 0 being unknown constants.
In addition, for the system uncertainties �f1 and �f2, there

exist unknown positive constants δ4 and δ5 such that |�f1| ≤
δ4 and |�f2| ≤ δ5.

Assumption 2: Although input saturations and input dead
zones are considered in this article, there exist controllers
such that the control targets can be achieved. Moreover, the
absolute values of saturation levels are sufficiently larger than
the absolute values of dead-zone ranges, respectively, that is,
|κMi| >> |mri| and |κmi| >> |mli|, i = 1, 2.

Lemma 1 [55]: For ∀ ξ1(a, t), ξ2(a, t) ∈ R, it follows that:

ξ1(a, t)ξ2(a, t) ≤ ε1ξ
2
1 (a, t)+ 1

ε1
ξ2

2 (a, t)

with ε1 > 0 being a constant.
Moreover, for a first-order continuous differentiable function

η(a, t) with respect to a, under η(0, t) = 0 and ηa(0, t) = 0,
the following inequalities hold:

η2(a, t) ≤ r
∫ r

0
η2

a(a, t)da

η2
a(a, t) ≤ r

∫ r

0
η2

aa(a, t)da.

Lemma 2 [55]: For ∀ �(t) ∈ R, the following inequality
holds:

|�(t)| − �(t) tanh

(
�(t)

ε2

)

≤ 0.2785ε2

with ε2 > 0 being a constant.
Lemma 3 [38]: For the unknown continuous function

S(Z) : Rm → R, the method of the RBFNN is adopted to
approximate it

S(Z) = ŴTϒ(Z)+ ε

with Z = [z1, z2, . . . , zm]T ∈ Rm being the input of
NN, Ŵ ∈ Rn being the weight vector of NN, ϒ(Z) =
[ϒ1(Z), ϒ2(Z), . . . , ϒn(Z)]T ∈ Rn and ε being the basis func-
tion and the approximation error of NN, respectively. The
optimal weight vector W∗ can be described by

W∗ = arg min
Ŵ∈�s

{

sup
Z∈�r

∣
∣
∣Ŝ

(
Z|Ŵ

)
− S(Z)

∣
∣
∣

}

where �s = {Ŵ|‖Ŵ‖ ≤ K} is a valid field of the vector with
K being a design value, �r is an allowable set of the state
vectors, and Ŝ(Z|Ŵ) = ŴTϒ(Z).

Then, with the optimal weight value, it has

S(Z) = W∗Tϒ(Z)+ ε∗
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where ε∗ is the ideal approximation error satisfying |ε∗| ≤ N̄,
with N̄ being an unknown positive constant.

Lemma 4 [56]: Assume that the first-order continuous dif-
ferentiable function H(θ) > 0 satisfies: 1) the initial value of
H(θ) is bounded; 2) χ1(‖θ‖) ≤ H(θ) ≤ χ2(‖θ‖) with the
functions χ1(‖θ‖) and χ2(‖θ‖) being class-K functions; and
3) Ḣ(θ) ≤ −γ1H(θ) + γ2, with γ1 > 0 and γ2 > 0 being
constants, then θ is uniformly bounded.

Remark 1: Since the coordinate axis yOz is chosen such that
the axis Oy is tangent to the beam at the base, ω(0, t) = 0 and
ωa(0, t) = 0 hold. In addition, ωaa(r, t) = 0 means that the
bending moment of the flexible manipulator at the endpoint
a = r is zero [57].

Remark 2: In this article, the controllability is assumed
to be satisfied, that is, there exists a control scheme such
that the proposed control problems can be solved. Thus, if
the disturbances are unbounded, then the flexible manipulator
system will be uncontrollable. Moreover, in practical engineer-
ing, since the energy of disturbance is bounded, Assumption 1
is reasonable.

Remark 3: In Assumption 2, if the absolute values of sat-
uration levels are equal or less than the absolute values of
dead-zone ranges, the outputs of actuators will be 0 which is
in conflict with the controllability of the flexible manipula-
tor. Hence, the absolute values of saturation levels need to be
sufficiently larger than the absolute values of dead-zone ranges.

III. ANNBC DESIGN AND CONVERGENCE ANALYSIS

In this section, the BC technology is adopted to investi-
gate the convergence of the flexible manipulator system. By
employing the backstepping strategy, the control design is
divided into two parts: one part is developed for the like-
position loop subsystem; and another part is constructed for
the like-posture loop subsystem. Based on the proposed con-
trol laws, the UUB of the closed-loop system can be ensured
for the flexible manipulator.

A. Like-Position Loop Control Design

The backstepping method is adopted to derive the control
law for the like-position loop subsystem of the flexible manip-
ulator. In the following contents, the control design process is
described.

Step 1: First, the following definitions are given by:

�1(t) = z1(t) (15)

�2(t) = z2(t)− ω1(t) = �̇1(t)− ω1(t) (16)

with ω1(t) being a virtual control. The virtual control can be
introduced by

ω1(t) = −h1�1(t)− wa(r, t)+ waaa(r, t) (17)

with h1 > 0 representing a constant. The Lyapunov function
W1(t) is constructed by

W1(t) = 1

2
�2

1(t). (18)

Invoking (16)–(18), the derivative of W1(t) can be calculated as

Ẇ1(t) = �1(t)�̇1(t)

= �1(t)[�2(t)+ ω1(t)]

= −h1�
2
1(t)+�1(t)[−wa(r, t)+ waaa(r, t)]

+ �1(t)�2(t). (19)

Step 2: Choose the Lyapunov function W2(t) as follows:

W2(t) = W1(t)+ Mp

2
�2

2(t). (20)

Considering (12), (16), and (20), it has

Ẇ2(t) = Ẇ1(t)+ Mp�2(t)�̇2(t)

= −h1�
2
1(t)+�1(t)[−wa(r, t)+ waaa(r, t)]

+�1(t)�2(t)+�2(t)

× [
ν1(t)+�1 + d(t)+ EIwaaa(r, t)− Mpω̇1(t)

]
.

(21)

Thus, the like-position loop controller is developed as follows:

ν1(t) = −h2�2(t)− EIwaaa(r, t)+ Mpω̇1(t)−�1(t)

− d(t)−�1 (22)

with h2 > 0 being a constant.
However, d(t) and �1 are unknown, thus they cannot

be applied to control design. To approximate the unknown
variable �1, the RBFNN is adopted due to its universal
approximation ability. The unknown disturbance d(t) can be
tackled with the adaptive technology.

According to Lemma 3, the unknown function �1 can be
described by

�1 = U∗T
1 �1(X1)+ ε∗1 (23)

with U∗
1 and ε∗1 , respectively, being the unknown

ideal weight vector and optimal approxima-
tion error, �1(X1) being the basis function, and
X1 = [�1(t),�2(t), ω̇1(t),wa(r, t),waaa(r, t)].

Since the ideal weight vector U∗
1 is unknown, the updating

law is developed as follows:

˙̂U1(t) = −g1

[
g2Û1(t)−�1(X1)�2(t)

]
(24)

with Û1(t) being the estimation of the unknown constant U∗
1 ,

g1 > 0 and g2 > 0 denoting constants.
In addition, from Lemma 3, there is an unknown con-

stant ε̄∗1 > 0 such that |ε∗1 | ≤ ε̄∗1 . Furthermore, considering
Assumption 1 and defining Dc1(t) = d(t)+ ε∗1 , it derives that
|Dc1(t)| ≤ D̄c1, where D̄c1 is an unknown constant.

Hence, an ANNBC law for the like-position loop subsystem
of the flexible manipulator is designed as follows:

˙̄̂
Dc1(t) = −ζ1ζ2

ˆ̄Dc1 + ζ2�2(t) tanh

(
�2(t)

ς1

)

(25)

˙̂U1(t) = −g1

[
g2Û1(t)−�1(X1)�2(t)

]
(26)

ν1(t) = −h2�2(t)− EIwaaa(r, t)+ Mpω̇1(t)−�1(t)

− ˆ̄Dc1(t) tanh

(
�2(t)

ς1

)

− ÛT
1 (t)�1(X1) (27)

with ζ1 > 0, ζ2 > 0, and ς1 > 0 being constants, and ˆ̄Dc1(t)
being the estimation of the unknown constant D̄c1.
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Substituting (23) and (27) into (21), and invoking Lemma 2
and |Dc1(t)| ≤ D̄c1, it derives

Ẇ2(t) ≤ −h1�
2
1(t)− h2�

2
2(t)+ ˜̄Dc1(t)�2(t)

× tanh

(
�2(t)

ς1

)

+�2(t)Ũ
T
1 (t)�1(X1)+�1(t)

× [−wa(r, t)+ waaa(r, t)] + 0.2785ς1D̄c1 (28)

where Ũ1(t) = U∗
1 − Û1(t) and ˜̄Dc1(t) = D̄c1 − ˆ̄Dc1(t).

Then, the Lyapunov function is constructed as follows:

WO(t) = W2(t)+ 1

2g1
ŨT

1 (t)Ũ1(t)+ 1

2ζ2

˜̄D2
c1(t). (29)

Invoking (25), (26), (28), (29), and Lemma 1, the derivative
of WO(t) is described as follows:

ẆO(t) = Ẇ2(t)+ 1

g1
ŨT

1 (t)
˙̃U1(t)+ 1

ζ2

˜̄Dc1(t)
˙̄̃
Dc1(t)

≤ −(h1 − π1 − π2)�
2
1(t)− h2�

2
2(t)− g2

2
ŨT

1 (t)

× Ũ1(t)− ζ1

(

1 − 1

π3

)
˜̄D2

c1(t)+ ζ1π3D̄2
c1

+ r

π1

∫ r

0
w2

aa(a, t)da + 1

π2
w2

aaa(r, t)

+ g2

2
U∗T

1 U∗
1 + 0.2785ς1D̄c1 (30)

with π1 > 0, π2 > 0, and π3 > 0 being constants.

B. Like-Posture Loop Control Design

In this section, the BC is investigated by employing the
backstepping strategy for the like-posture loop subsystem of
the flexible manipulator. The control design process is shown
as follows.

Step 1: Define

�3(t) = z3(t) (31)

�4(t) = z4(t)− ω2(t) = �̇3(t)− ω2(t) (32)

where ω2(t) is a virtual control. The virtual control can be
introduced as

ω2(t) = −h3�3(t) (33)

where h3 > 0 denotes a constant. Consider a Lyapunov
function as follows:

W3(t) = 1

2
�2

3(t). (34)

Invoking (32)–(34), the time derivative of W3(t) can be
written as

Ẇ3(t) = �3(t)�̇3(t)

= �3(t)[�4(t)+ ω2(t)]

= −h3�
2
3(t)+�3(t)�4(t). (35)

Step 2: Construct the following Lyapunov function:

W4(t) = W3(t)+ Im

2
�2

4(t). (36)

Quoting (14), (32), and (35) yields

Ẇ4(t) = Ẇ3(t)+ Im�4(t)�̇4(t)

= −h3�
2
3(t)+�3(t)�4(t)+�4(t)

× [ν2(t)+�2 + τd(t)+ EIwaa(0, t)− Imω̇2(t)].

(37)

Therefore, the control law ν2(t) can be designed as

ν2(t) = −h4�4(t)− EIwaa(0, t)+ Imω̇2(t)−�3(t)

− τd(t)−�2 (38)

with h4 > 0 being a constant.
In the same way, the ANNBC technique is employed to

deal with the unknown τd(t) and �2. Invoking Lemma 3, the
unknown function �2 can be presented as

�2 = U∗T
2 �2(X2)+ ε∗2 (39)

where U∗
2 and ε∗2 are the unknown ideal weight vector and

optimal approximation error, respectively, �2(X2) denotes the
basis function, and X2 = [�3(t),�4(t), ω̇2(t),waa(0, t)].

According to Lemma 3, it can be drawn that |ε∗2 | ≤ ε̄∗2 ,
where ε̄∗2 is an unknown positive constant. Similarly, let-
ting Dc2(t) = τd(t) + ε∗2 and invoking Assumption 1, it has
|Dc2(t)| ≤ D̄c2 with D̄c2 > 0 being an unknown constant.
Taking the fact that U∗

2 and D̄c2 are unknown into consider-
ation, an ANNBC law for the like-posture loop subsystem of
the flexible manipulator is given by

˙̄̂
Dc2(t) = −ζ3ζ4

ˆ̄Dc2 + ζ4�4(t) tanh

(
�4(t)

ς2

)

(40)

˙̂U2(t) = −g3

[
g4Û2(t)−�2(X2)�4(t)

]
(41)

ν2(t) = −h4�4(t)− EIwaa(0, t)+ Imω̇2(t)−�3(t)

− ˆ̄Dc2(t) tanh

(
�4(t)

ς2

)

− ÛT
2 (t)�2(X2) (42)

with ˆ̄Dc2(t) and Û2(t) denoting the estimations of the unknown
D̄c2 and U∗

2 , respectively, ζ3 > 0, ζ4 > 0, ς2 > 0, g3 > 0, and
g4 > 0 being constants.

Substituting (39) and (42) into (37), and considering
Lemma 2 and |Dc2(t)| ≤ D̄c2, the following is obtained:

Ẇ4(t) ≤ −h3�
2
3(t)− h4�

2
4(t)+ ˜̄Dc2(t)�4(t)

× tanh

(
�4(t)

ς2

)

+�4(t)Ũ
T
2 (t)�2(X2)

+ 0.2785ς2D̄c2 (43)

where Ũ2(t) = U∗
2 − Û2(t) and ˜̄Dc2(t) = D̄c2 − ˆ̄Dc2(t).

Next, the Lyapunov function is constructed as

WI(t) = W4(t)+ 1

2g3
ŨT

2 (t)Ũ2(t)+ 1

2ζ4

˜̄D2
c2(t). (44)

Using (40), (41), and (43), and invoking Lemma 1, it can be
derived that

ẆI(t) = Ẇ4(t)+ 1

g3
ŨT

2 (t)
˙̃U2(t)+ 1

ζ4

˜̄Dc2(t)
˙̄̃
Dc2(t)

≤ −h3�
2
3(t)− h4�

2
4(t)− g4

2
ŨT

2 (t)Ũ2(t)

− ζ3

(

1 − 1

π4

)
˜̄D2

c2(t)+ g4

2
U∗T

2 U∗
2 + ζ3π4D̄2

c2

+ 0.2785ς2D̄c2 (45)

where π4 > 0 is a constant.
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C. Convergence Analysis

Based on the proposed controllers represented by (25)–(27)
and (40)–(42), the stability of the closed-loop system for the
flexible manipulator is summarized as follows.

Theorem 1: Consider the flexible manipulator system
depicted by (1), (4), and (11)–(14). Under the ANNBC laws
which are described by (25)–(27) and (40)–(42), the closed-
loop system of the flexible manipulator is uniformly ultimately
bounded. Moreover, the following conclusions hold.

1) The deflection w(a, t) satisfies limt→∞ |w(a, t)| ≤√
[(2ϑ2r3)/(α1EIϑ1(1 − ϕ))].

2) The tracking error �3(t) of angular displacement ψ(t)
converges to a compact set � = {�3(t)||�3(t)| ≤√

[(2ϑ2)/(ϑ1(1 − ϕ))]} ultimately,
where

ϑ1 = min

{

2h1 − 2π1 − 2π2 + α1EIh2
1(1 − 2π6 − 2π8 − 2π9)

2h2 − α1EI

Mp
, g1g2, 2ζ1ζ2

(

1 − 1

π3

)

2h3 − 4α1EIπ10h2
3 − 4μr2h2

3(α2π12 + α3π14)

2
{
h4 − 2α1EIπ10 − 2μr2(α2π12 + α3π14)

}

Im

g3g4,
α3μ− 2α1

π5
− α2μ− 2α2μr

π12
− 2α3μr

π14

α1μ(1 + ϕ)

2ζ3ζ4

(

1 − 1

π4

)

,
2�

α1EI(1 + ϕ)

}

ϑ2 = g2

2
U∗T

1 U∗
1 + g4

2
U∗T

2 U∗
2 + ζ1π3D̄2

c1 + 0.2785ς1D̄c1

+ ζ3π4D̄2
c2 + 0.2785ς2D̄c2

+
{
α1π5r + α2r2π11 + α3r2π13

}
δ2

1

ϕ = max
{
α2μr + α3μr, α2μr3 + α3μr3

}

min{α1μ, α1EI}
with πh > 0, h = 5, . . . , 14, being constants, � =
(3α3EI/2)− (r/π1)− (α3r3/π13)− (α2r3/π11)− (3α2EI/2)−
α1EIr(π7 + π8).

Proof: The Lyapunov function candidate is constructed as

H(t) = WO(t)+ WI(t)+ H1(t)+ H2(t) (46)

where

H1(t) = α1μ

2

∫ r

0
s2

t (a, t)da

+ α1EI

2

∫ r

0
w2

aa(a, t)da (47)

H2(t) = α2μ

∫ r

0
(r − a)st(a, t)wa(a, t)da

+ α3μ

∫ r

0
ast(a, t)wa(a, t)da (48)

where α1, α2, and α3 denote positive constants; moreover, they
satisfy 1 − ϕ > 0.

Since the function H2(t) is made up of two cross-terms, it is
not straightforward to show that whether it is positive definite
or not. Thus, the process of proof is divided into two steps.

First, the following analysis is introduced to illustrate that H(t)
can be chosen as a Lyapunov function candidate.

Step 1: Considering (48), it derives that

|H2(t)| ≤ α2μr

2

∫ r

0
s2

t (a, t)+ w2
a(a, t)da

+ α3μr

2

∫ r

0
s2

t (a, t)+ w2
a(a, t)da

= α2μr + α3μr

2

∫ r

0
s2

t (a, t)da

+ α2μr + α3μr

2

∫ r

0
w2

a(a, t)da. (49)

According to Lemma 1, it derives that w2
a(a, t) ≤

r
∫ r

0 w2
aa(a, t)da. Thus, the inequality (49) can be rewritten as

|H2(t)| ≤ α2μr + α3μr

2

∫ r

0
s2

t (a, t)da

+ α2μr3 + α3μr3

2

∫ r

0
waa(a, t)da

≤ ϕH1(t). (50)

Then

(1 − ϕ)H1(t) ≤ H1(t)+ H2(t) ≤ (1 + ϕ)H1(t). (51)

Since 1 −ϕ > 0, H(t) is positive definite. Hence, H(t) can be
chosen as a Lyapunov function.

In the sequel, the convergence of the closed-loop system is
analyzed.

Step 2: Combining (1) and (47), and applying Lemma 1,
the following is obtained:

Ḣ1(t) = α1

∫ r

0
st(a, t){−EIwaaaa(a, t)+ f (a, t)}da

+ α1EI
∫ r

0
waa(a, t)waat(a, t)da

≤ −α1EIst(r, t)waaa(r, t)+ α1EIst(0, t)

× waaa(0, t)+ α1EIwaa(r, t)sat(r, t)

− α1EIwaa(0, t)sat(0, t)

− α1EI
∫ r

0
waa(a, t)saat(a, t)da

+ α1

π5

∫ r

0
s2

t (a, t)da + α1π5

∫ r

0
f 2(a, t)da

+ α1EI
∫ r

0
waa(a, t)waat(a, t)da. (52)

Considering the fact that s(a, t) = aψ(t) + w(a, t), thus
saat(a, t) = waat(a, t), and invoking −st(r, t)waaa(r, t) =
1
2�

2
2(t) − 1

2 s2
t (r, t) − h2

1
2 �

2
1(t) − 1

2 w2
a(r, t) − 1

2 w2
aaa(r, t) −

h1st(r, t)�1(t) − st(r, t)wa(r, t) + wa(r, t)waaa(r, t) −
h1�1(t)wa(r, t) + h1�1(t)waaa(r, t), w(0, t) = wa(0, t) =
waa(r, t) = 0, (31)–(33) and Lemma 1, it derives

Ḣ1(t) ≤ α1EI

2
�2

2(t)− α1EI

2
w2

a(r, t)− α1EI

(
1

2
− 1

π9

)

× w2
aaa(r, t)− α1EIh2

1

(
1

2
− π6 − π8 − π9

)

×�2
1(t)− α1EI

(
1

2
− 1

π6
− 1

π7

)

s2
t (r, t)
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+ α1

π5

∫ r

0
s2

t (a, t)da + α1π5

∫ r

0
f 2(a, t)da

+ α1EIr(π7 + π8)

∫ r

0
w2

aa(a, t)da + α1EI

π10

× w2
aa(0, t)+ 2α1EIπ10�

2
4(t)+ 2α1EIπ10h2

3

× �2
3(t)+ α1EIwa(r, t)waaa(r, t). (53)

Quoting (48), the derivative of H2(t) is presented by

Ḣ2(t) = α2μ

∫ r

0
(r − a)stt(a, t)wa(a, t)da

+ α2μ

∫ r

0
(r − a)st(a, t)wat(a, t)da

+ α3μ

∫ r

0
astt(a, t)wa(a, t)da

+ α3μ

∫ r

0
ast(a, t)wat(a, t)da

= Ḣ21(t)+ Ḣ22(t)+ Ḣ23(t)+ Ḣ24(t) (54)

where

Ḣ21(t) = α2μ

∫ r

0
(r − a)stt(a, t)wa(a, t)da (55)

Ḣ22(t) = α2μ

∫ r

0
(r − a)st(a, t)wat(a, t)da (56)

Ḣ23(t) = α3μ

∫ r

0
astt(a, t)wa(a, t)da (57)

Ḣ24(t) = α3μ

∫ r

0
ast(a, t)wat(a, t)da. (58)

Utilizing (1) and (55) and using Lemma 1 and wa(0, t) =
waa(r, t) = 0, the following is obtained:

Ḣ21(t) = α2

∫ r

0
(r − a)wa(a, t){−EIwaaaa(a, t)+ f (a, t)}da

≤
(
α2r3

π11
+ 3α2EI

2

) ∫ r

0
w2

aa(a, t)da − α2rEI

2

× w2
aa(0, t)+ α2rπ11

∫ r

0
f 2(a, t)da. (59)

According to Lemma 1, s(a, t) = aψ(t) + w(a, t),
w(0, t) = 0, (31)–(33), and (56), the following is obtained:

Ḣ22(t) = α2μ

∫ r

0
(r − a)st(a, t)

[
sat(a, t)− ψ̇(t)

]
da

≤ α2μ

(
1

2
+ r

π12

) ∫ r

0
s2

t (a, t)da + 2α2μr2π12

× �2
4 + 2α2μr2π12h2

3�
2
3. (60)

Applying (1), (57), and Lemma 1 and invoking wa(0, t) =
waa(r, t) = 0, the following is obtained:

Ḣ23(t) = α3

∫ r

0
awa(a, t){−EIwaaaa(a, t)+ f (a, t)}da

≤ −α3EIrwa(r, t)waaa(r, t)− α3

(
3EI

2
− r3

π13

)

×
∫ r

0
w2

aa(a, t)da + α3rπ13

∫ r

0
f 2(a, t)da. (61)

Invoking (31)–(33), (58), s(a, t) = aψ(t) + w(a, t), and
Lemma 1, the following holds:

Ḣ24(t) = α3μ

∫ r

0
ast(a, t)

[
sat(a, t)− ψ̇(t)

]
da

≤ α3μr

2
s2

t (r, t)− α3μ

(
1

2
− r

π14

) ∫ r

0
s2

t (a, t)da

+ 2α3μr2π14h2
3�

2
3(t)+ 2α3μr2π14�

2
4(t). (62)

Substituting (59)–(62) into (54), the following is obtained:

Ḣ2(t) ≤ −
(

3α3EI

2
− α3r3

π13
− α2r3

π11
− 3α2EI

2

)

×
∫ r

0
w2

aa(a, t)da

−
(
α3μ

2
− α3μr

π14
− α2μ

2
− α2μr

π12

)

×
∫ r

0
s2

t (a, t)da + 2μr2h2
3(α2π12 + α3π14)�

2
3

+ 2μr2(α2π12 + α3π14)�
2
4

− α2rEI

2
w2

aa(0, t)− α3EIrwa(r, t)waaa(r, t)

+ (α2rπ11 + α3rπ13)

∫ r

0
f 2(a, t)da

+ α3μr

2
s2

t (r, t). (63)

Quoting (30), (45), (46), (53), and (63) and considering
Assumption 1 and α1EIwa(r, t)waaa(r, t)− α3EIrwa(r, t)
×waaa(r, t) ≤ [(|α1EI − α3EIr|)/π15]w2

a(r, t) + π15|α1EI −
α3EIr|w2

aaa(r, t), the following inequality is derived:

Ḣ(t) ≤ −
{

h1 − π1 + α1EIh2
1

(
1

2
− π6 − π8 − π9

)

− π2

}

× �2
1(t)−

{

h2 − α1EI

2

}

�2
2(t)− g2

2
ŨT

1 (t)

×Ũ1(t)− ζ1

(

1 − 1

π3

)
˜̄D2

c1(t)

−
{

h3 − 2α1EIπ10h2
3 − 2μr2h2

3(α2π12 + α3π14)
}

× �2
3 −

{
h4 − 2α1EIπ10 − 2μr2(α2π12 + α3π14)

}

× �2
4(t)− g4

2
ŨT

2 (t)Ũ2(t)− ζ3

(

1 − 1

π4

)
˜̄D2

c2(t)

−
{
α3μ

2
− α2μ

2
− α1

π5
− α2μr

π12
− α3μr

π14

}

×
∫ r

0
s2

t (a, t)da

−
{

3α3EI

2
− 3α2EI

2
− r

π1
− α1EIr(π7 + π8)

−α2r3

π11
− α3r3

π13

} ∫ r

0
w2

aa(a, t)da

−
{

α1EI

(
1

2
− 1

π6
− 1

π7

)

− α3μr

2

}

s2
t (r, t)

−
{

α1EI

(
1

2
− 1

π9

)

− π15|α1EI − α3EIr| − 1

π2

}

× w2
aaa(r, t)−

{
α1EI

2
− |α1EI − α3EIr|

π15

}
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× w2
a(r, t)−

{
α2rEI

2
− α1EI

π10

}

w2
aa(0, t)+ g2

2

× U∗T
1 U∗

1 + g4

2
U∗T

2 U∗
2 + ζ1π3D̄2

c1 + 0.2785ς1D̄c1

+ ζ3π4D̄2
c2 + 0.2785ς2D̄c2

+
{
α1π5r + α2r2π11 + α3r2π13

}
δ2

1

≤ −ϑ1H(t)+ ϑ2 (64)

where the following conditions hold:

h1 − π1 − π2 + α1EIh2
1

(
1

2
− π6 − π8 − π9

)

> 0 (65)

h2 − α1EI

2
> 0, 1 − 1

π3
> 0, 1 − 1

π4
> 0 (66)

h3 − 2α1EIπ10h2
3 − 2μr2h2

3(α2π12 + α3π14) > 0 (67)

h4 − 2α1EIπ10 − 2μr2(α2π12 + α3π14) > 0 (68)
α3μ

2
− α1

π5
− α2μ

2
− α2μr

π12
− α3μr

π14
> 0, � > 0 (69)

α1EI

(
1

2
− 1

π6
− 1

π7

)

− α3μr

2
≥ 0 (70)

α1EI

(
1

2
− 1

π9

)

− 1

π2
− π15|α1EI − α3EIr| ≥ 0 (71)

α1EI

2
− |α1EI − α3EIr|

π15
≥ 0,

α2rEI

2
− α1EI

π10
≥ 0 (72)

with π15 > 0 being a constant.
From (64), the following holds:

d
(
H(t)eϑ1t

)

dt
≤ ϑ2eϑ1t (73)

furthermore

H(t) ≤ H(0)e−ϑ1t + ϑ2

ϑ1
. (74)

According to Lemma 1, it derives that

α1EI

2
w2(a, t) ≤ r3α1EI

2

∫ r

0
w2

aa(a, t)da. (75)

Invoking (46)–(48), (51), (74), and (75), it has

α1EI

2
w2(a, t) ≤ H(0)e−ϑ1tr3

1 − ϕ
+ ϑ2r3

ϑ1(1 − ϕ)
. (76)

Thus, when t → ∞

|w(a, t)| ≤
√

2ϑ2r3

α1EIϑ1(1 − ϕ)
. (77)

Quoting (34), (36), (44), (46), (51), and (74) yields

1

2
�2

3(t) ≤ H(t)

1 − ϕ

≤ H(0)e−ϑ1t + ϑ2
ϑ1

1 − ϕ
(78)

then, when t → ∞

|�3(t)| ≤
√

2ϑ2

ϑ1(1 − ϕ)
. (79)

That is, the tracking error �3(t) of angular displacement
ψ(t) converges to a compact set � = {�3(t)||�3(t)| ≤√

[2ϑ2/(ϑ1(1 − ϕ))]} ultimately.
Remark 4: The design parameters hq1 , q1 = 1, 2, 3, 4,

in (27) and (42) should take the system model parameters, 1−
[(max{α2μr + α3μr, α2μr3 + α3μr3})/(min{α1μ, α1EI})] >

0 and the inequalities (65)–(72) into consideration, that is,
the designs for hq1 are motivated by the completeness of the
stability conditions. Moreover, the parameters ζq2 , gq3 , ς1, and
ς2 in (25), (26), (40), and (41) need to be designed based on
experiences, q2, q3 = 1, 2, 3, 4.

IV. NUMERICAL SIMULATION

In this section, we consider the flexible manipulator system
given by (1), (4), and (11)–(14). A numerical simulation is
performed to check the control performance of the derived
ANNBC laws (25)–(27) and (40)–(42). The parameters of the
flexible manipulator are given by: r = 1.0 m, EI = 2.0 N ·m2,
μ = 0.2 kg/m, Mp = 0.25 kg, and Im = 0.4 kg·m2. The
external disturbances are described as follows: f (a, t) = (1.2+
0.4 sin(0.1π t) + 0.2 sin(0.2π t) + 0.1 sin(0.4π t))a/10, d(t) =
1.0 + 0.2 sin(0.1t)+ 0.3 sin(0.3t)+ 0.4 sin(0.5t), and τd(t) =
1.0 + 0.2 sin(0.1t)+ 0.3 sin(0.3t)+ 0.4 sin(0.5t).

The saturation levels κM1 = 2.1, κM2 = 2.1, κm1 = −2.1,
and κm2 = −1.95, the dead-zone ranges mli = −0.1 and
mri = 0.1, and the slope parameters kli = 1.0 and kri = 1.0,
i = 1, 2. The model uncertainties are considered as follows:
�f1 = −0.2EIwaaa(r, t) and �f2 = −0.2EIwaa(0, t). The
reference signal of the angular displacement is ψr(t) = 0.6
rad.

The initial values of the flexible manipulator are described
by w(a, 0) = 0, ẇ(a, 0) = 0, and ψ(0) = 0. The simulation
results are listed by two scenarios.

Scenario I: With the proposed ANNBC.
The radial basis functions of RBFNN are chosen as

Gaussian functions described as [39]

�1(X1) = [�11, �12, . . . , �19]T (80)

�2(X2) = [�21, �22, . . . , �29]T (81)

where �1j = exp([(−(X1 − cj)
T(X1 − cj))/(b2

j )]) and �2k =
exp([(−(X2 − xk)

T(X2 − xk))/y2
k]) with cj and xk denoting the

center of the neural cell of the jth hidden layer and kth hidden
layer, respectively, and bj and yk being the width of the neural
cell of the jth hidden layer and kth hidden layer, respectively,
j, k = 1, 2, . . . , 9.

The design parameters of the ANNBC scenario are given
by ζ1 = 0.001, ζ2 = 1.0, ζ3 = 0.001, ζ4 = 1.0, g1 = 2.0,
g2 = 0.2, g3 = 1.0, g2 = 0.5, ς1 = 0.01, ς2 = 0.01, h1 = 0.1,
h2 = 15, h3 = 3.0, and h4 = 5.0.

Under the ANNBC scheme depicted by (25)–(27)
and (40)–(42), the response curves of the closed-loop system
for the flexible manipulator are shown by Figs. 2–5. Fig. 2
shows the deflection w(a, t) of the flexible manipulator.
Specifically, when a = r/2 and a = r, the simulation curve
is given by Fig. 3. Fig. 4 exhibits the angular displacement
tracking error �3(t) of the flexible manipulator, which is fol-
lowed by the designed ANNBC inputs and actuator outputs in
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Fig. 2. Deflection w(a, t) of the flexible manipulator with the ANNBC.

Fig. 3. Deflection of the flexible manipulator at a = r/2 and a = r with the
ANNBC.

Fig. 4. Angular displacement tracking error �3(t) with the ANNBC.

Fig. 5. Control laws with the ANNBC.

Fig. 5. The solid line and dotted line denote the actuator out-
puts ui(t) and the designed ANNBC inputs νi(t), respectively,
i = 1, 2.

Fig. 6. Deflection w(a, t) of the flexible manipulator with a PD control.

Fig. 7. Deflection of the flexible manipulator at a = r/2 and a = r with a
PD control.

From Figs. 2–5, it is obvious that the deflection w(a, t) and
angular displacement tracking error �3(t) can converge to a
small neighborhood of origin quickly. Thus, the performance
robustness of the closed-loop system for the flexible manipula-
tor against input constraints, model uncertainties, and external
disturbances is strong with the developed ANNBC.

Scenario II: With a PD control.
The PD control is introduced as follows:

u1(t) = −l1z1(t)− l2z2(t) (82)

u2(t) = −l3z3(t)− l4z4(t) (83)

with l1 > 0, l2 > 0, l3 > 0, and l4 > 0 representing constants.
The design parameters are listed as follows: l1 = 2.0, l2 = 10,
l3 = 30, and l4 = 5.0.

Under the PD control, the simulation response curves of
the flexible manipulator are given by Figs. 6–9. Fig. 6 is the
dynamic figure of the deflection w(a, t). Concretely, Fig. 7
shows the deflection curves at a = r/2 and a = r of the
flexible manipulator. The angular displacement tracking error
�3(t) is represented by Fig. 8. Fig. 9 presents the actuator
outputs ui(t) and the designed control laws νi(t) by adopting
the PD control, i = 1, 2.

Comparing Figs. 2–4 with Figs. 6–8, respectively, it can be
seen that the control performance by employing the introduced
ANNBC is better than that of the PD control. It mainly reflects
in the following two aspects.

1) In comparison to a PD control, the deflection w(a, t) and
angular displacement tracking error �3(t) can converge
to a smaller neighborhood of the origin by using the
ANNBC.
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Fig. 8. Angular displacement tracking error �3(t) with a PD control.

Fig. 9. Control laws with a PD control.

2) In contrast to a PD control, it takes less time to be con-
vergent to a small neighborhood of the origin with the
ANNBC.

In short, the validity of the proposed ANNBC is proved
in accordance with the aforementioned simulation results.
Meanwhile, comparing with a PD control, better control
performance can be achieved by using the ANNBC for the
considered flexible manipulator system.

V. CONCLUSION

The ANNBC laws have been derived for the flexible
manipulator with input nonlinearities, model uncertainties, and
external disturbances in this article. The problem of input
saturation and input dead zone has been transformed into a
new problem of input saturation. For unknown model uncer-
tainties and new saturation errors, the technology of RBFNN
has been utilized to approximate them. With the outputs of
RBFNN and the strategy of the backstepping, the ANNBC
laws have been designed to restrain vibration and to track
the desired angular displacement of the flexible manipulator.
The validity of the developed ANNBC has been verified by
numerical simulation. In the future, the deflection suppression
and angular displacement tracking control will be addressed
for a 3-D flexible manipulator and an axially moving flexible
manipulator [58], [59].
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