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a b s t r a c t

This study is concerned with a novel adaptive fault-tolerant control design for a flexible Timoshenko
arm considering the effects of actuator failures, backlash-like hysteresis, and external disturbances.
First, the actuator failures and backlash-like hysteresis are integrated together and resolved into
desired control signals and nonlinear errors. Second, these errors and external disturbances are
deemed as composite disturbance terms to be handled with adaptive techniques. Third, adaptive
fault-tolerant controllers with online updates are established to eliminate the shear deformation and
elastic oscillation, lay the arm in a desired angle, counteract the hybrid effects of actuator failures and
hysteresis, and deal with the uncertainty of composite disturbances. Then, based on the Lyapunov’s
stability theory, the proposed strategy guarantees the uniformly bounded stability in the controlled
system. Finally, numerical examples are presented to illustrate the efficacy of the suggested scheme.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Manipulators are extensively applied in aerospace, navigation,
griculture, construction, manufacturing, healthcare and other
ields (Guo, Pan, Zheng, & Yu, 2020; He, Gao, Zhou, Yang, & Li,
020). Flexible manipulators have a wide range of applications
han rigid ones depending on their advantages of lower energy
onsumption, light weight, high efficiency, large operating space,
nd high-speed operation (Goubej, Vyhlídal, & Schlegel, 2020;
hao, He, & Ahn, 2019). In harsh environments and working
onditions, vibration and deformation frequently appear in flex-
ble manipulators, which would produce adverse effects such as
ystem performance deterioration and limited production accu-
acy. Consequently, there is an urgent need to establish effi-
ient control methodologies for dampening vibrations in flexible
anipulators.
Over the past 10 years, many researchers have dedicated

hemselves to seeking various control techniques, such as mode
rder reduction method (MORM) (He et al., 2020) and boundary
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control (Zhao et al., 2019) to restrain vibrations and improve per-
formances in flexible manipulator systems. A finite-dimensional
system represented by ordinary differential equations (ODEs)
is extracted from an infinite-dimensional system described by
partial differential equations (PDEs) with the help of the MORM
method, and spillover instabilities from model truncation will
arise. Boundary control can circumvent the above problem and
is nonintrusively sensed and actuated, thus it is considered to
be an efficient and practical solution. Great strides have been
witnessed in boundary control of flexible manipulators in recent
years (Zhao et al., 2019). To simplify the system analysis, the
research mentioned above concentrated on the elastic oscillation
and angle position without considering the shear deformation in
the flexible link. Provided that the nonlinear coupling of angle
position, shear deformation, and elastic deflection is incorporated
into the system dynamics, significant challenges may be posed
to the design and analysis. Recently, boundary control for flex-
ible Timoshenko manipulators has been significantly developed
in Endo, Sasaki, Matsuno, and Jia (2017), He, He, and Sun (2017)
and Zhao and Ahn (2020). The literature of Endo et al. (2017)
resolved contact-force control issues and explored the exponen-
tial stabilization of controlled systems. In Zhao and Ahn (2020),
vibration suppression and saturation elimination in Timoshenko
manipulators were realized via an antisaturation scheme. The
authors in He et al. (2017) addressed the vibration attenuation
and constraint handling in uncertain Timoshenko manipulators
by constructing an adaptive barrier-based control.
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Hysteresis is a dynamic nonsmooth nonlinearity and generally
found in electronic, magnetic, electromagnetic, biophotoelectric,
and other types of system components (Zhang, Liu, Dai, & Wang,
2020). Nonsmooth hysteresis nonlinearity becomes the key lim-
ited factor in dynamic performance of control systems due to
itself non-differentiability. Neglecting the hysteresis nonlinear-
ity can result in unpredictable inaccuracies or oscillations and
even instability. To efficiently handle the hysteresis, several re-
searchers have focused on developing diverse control techniques
in recent years (Ibrir & Su, 2017; Su, Stepanenko, Svoboda, &
Leung, 2000; Yu, Li, Yu, & Li, 2018). In Yu et al. (2018), an
observer-based adaptive neural control was constructed to sta-
bilize stochastic nonlinear systems considering the effects of
unknown control directions and backlash-like hysteresis. The
authors in Ibrir and Su (2017) and Su et al. (2000) discussed
the adaptive robust control for nonlinear systems influenced
by several kinds of hysteresis inputs. However, note that the
aforesaid research results were limited to control design of finite-
dimensional ODE systems with hysteresis and these approaches
cannot be directly applied to infinite-dimensional PDE systems.

Actuator faults inevitably occur in various industrial control
processes due to widespread uncertainties and external complex
interferences (Boem, Riverso, Ferrari-Trecate, & Parisini, 2019;
Khalili, Zhang, Polycarpou, Parisini, & Cao, 2018; Liu, Han, Zhao,
& He, 2020; Yang et al., 2020). The existence of faults generally
gives rise to adverse reactions and shut-down of controlled sys-
tems results in technical component damages, and even leads
to production accidents (Dong, Tao, Wen, & Jiang, 2019; Khalili,
Zhang, Cao, Polycarpou, & Parisini, 2020; Wang, Liu, Zhao, & Liu,
2020). Consequently, fault-tolerant control (FTC) has become one
of key control objectives in the course of control design for safety
purpose. For the past few years, fruitful research achievements
on FTC have been achieved for engineering control PDE systems.
In Cao and Liu (2019), adaptive FTC strategies were put forward
to ensure the vibration damping control and eliminate actuator
failures in 3D manipulator systems. However, the FTC design
presented in Cao and Liu (2019) was only available for flexible
Euler manipulator systems, and the method cannot be directly
applied to flexible Timoshenko manipulators with shear defor-
mation. Moreover, the literature (Cao & Liu, 2019) was confined
to eliminating the oscillation and compensating actuator failures,
and the hybrid effects of actuator failures, hysteresis nonlinearity,
and external disturbances was not taken into account during the
design. To the best of our knowledge, although advances in the
study of FTC for flexible manipulators have been significantly
achieved, no research has been reported thus far on developing an
adaptive FTC control for stabilizing flexible Timoshenko manipu-
lators with actuator failures, hysteresis nonlinearity, and external
disturbances, which motivates this research.

Different from the existing results on adaptive control of 1-
dimensional PDEs without coupling (Koga & Krstic, 2020; Wang
& Krstic, 2020), in this paper, we are going to establish an
adaptive FTC for stabilizing and controlling a coupled flexible
Timoshenko arm influenced by actuator failures, backlash-like
hysteresis, and external disturbances. The main contributions
are listed as follows: (i) By incorporating actuator failures and
backlash-like hysteresis and disintegrating the resulting equa-
tions into desired control signals and nonlinear errors, composite
disturbance terms are generated from errors and external distur-
bances. (ii) Three novel adaptive fault-tolerant controllers with
unknown upper-bound updated online are developed to suppress
the shear deformation and elastic oscillation, achieve the joint
angle control, and compensate for the hybrid effects of actuator
failures, backlash-like hysteresis, and uncertainties of composite
disturbances. (iii) The established control schemes can achieve
the boundary-controlled system’s uniformly bounded stability
without simplifying or discretizing infinite-dimensional system
dynamics.
2

Fig. 1. A flexible Timoshenko arm.

2. Problem statement

A vibrating flexible Timoshenko arm system is illustrated in
Fig. 1. Let t and p be independent time and spatial variables.
γ (p, t) describes the elastic deflection of the arm with length s,
inertia per unit length Iρ , mass of unit length ρ, cross-sectional
area B, and bending stiffness EI . α(p, t), θ (t), and θd represent the
rotation of the arm’s cross-section, the hub’s angle position, and
a desired angle position, respectively, with an angle error defined
as e(t) = θ (t) − θd. The displacement x(p, t) is formulated as
x(p, t) = pθ (t)+γ (p, t). τ3(t) denotes the control input torque on
the hub with inertia Ih. τ1(t) and τ2(t) represent the control input
and control torque acting on the tip payload with inertia J and
mass M , respectively. di(t), i = 1, 2, 3 are external disturbances.
We define notations as (⋆)′ = ∂(⋆)/∂p, ˙(⋆) = ∂(⋆)/∂t , (⋆)′′ =

∂2(⋆)/∂p2, and ¨(⋆) = ∂2(⋆)/∂t2.

2.1. System model

The dynamics of the Timoshenko arm system under consid-
eration in this study is given directly as (He, He, Qin, & Sun,
2018)

ρẍ + Kα′
− Kγ ′′

= 0, 0 < p < s, (1)
Iρ α̈ − K (γ ′

− α) − EIα′′
= 0, 0 < p < s, (2)

α(0, t) = γ (0, t) = 0, (3)
Mẍ(s, t) − Kα(s, t) + Kγ ′(s, t) − d1(t) − τ1(t) = 0, (4)

Jα̈(s, t) + EIα′(s, t) − d2(t) − τ2(t) = 0, (5)

Ihθ̈ (t) + K [

∫ s

0
αdp − γ (s, t)] − d3(t) − τ3(t) = 0, (6)

where K = cBR, R represents the shear modulus, and c denotes a
positive constant concerning the cross-sectional shape.

Remark 1. Unlike the existing results (Endo et al., 2017; Morgul,
1991; Shi, Feng, , & Yan, 2001), in this paper, the modeling of
the Timoshenko arm is relatively complex and difficult given
the coupling of the elastic deformation, shear deformation, an-
gle position, and load dynamics, which is mainly based on the
rotational Timoshenko beam/arm theory. However, considering
the different actual situation, the system model may be slightly
different from the previous works (Endo et al., 2017; Morgul,
1991; Shi et al., 2001). In addition, the proposed approaches
validate the system model through subsequent analysis, proof,
and simulation.

2.2. Actuator Fault and Backlash-Like Hysteresis

In this study, we consider an actuator subject to partial failures
described by

τ (t) = ς v (t), (7)
i i i
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Fig. 2. Backlash nonlinearity.

here 0 < ςi ≤ 1, i = 1, 2, 3 denote the failure extent of
ctuators and vi(t), i = 1, 2, 3 describe ideal control inputs with
o failures.
As shown in Fig. 2, the analytical expression of the backlash

onlinearity (Tao & Kokotovic, 1996; Zhou, Zhang, & Wen, 2007)
s given as

˙ i(t) =

{
ωu̇i(t), if u̇i > 0 and vi(t) = ω(ui(t) − Ari),

or if u̇i < 0 and vi(t) = ω(ui(t) − Ali)
0, otherwise,

(8)

where ω > 0 represents the slope, Ari and Ali denote constant
scalars, ui(t) denotes the control laws to be designed in the
following, i.e., the backlash-like hysteresis input, and the motion
on any inner segment is characterized by u̇i(t) = 0.

According to (8), we consider the flexible Timoshenko arm
system subject to backlash-like hysteresis operator vi(ui(t)), i =

1, 2, 3 defined by

vi(ui(t)) ={
ω(ui(t) − Ari), if u̇i > 0 and vi(t) = ω(ui(t) − Ari)
ω(ui(t) − Ali), if u̇i < 0 and vi(t) = ω(ui(t) − Ali)

vi(ui(t_)), otherwise,
(9)

where vi(ui(t_)) signifies that the backlash-like hysteresis output
vi(ui(t)) keeps its previous value when u̇i(t) = 0.

Invoking Tao and Kokotovic (1996) and Zhou et al. (2007), we
can formulate the hysteresis vi(ui(t)) as

vi(ui(t)) =ηri(t)ω(ui(t) − Ari) + ηli(t)ω(ui(t) − Ali)

+ ηsi(t)usi, (10)

where

ηri(t) =

{
1, if v̇i > 0
0, otherwise (11)

ηli(t) =

{
1, if v̇i < 0
0, otherwise (12)

ηsi(t) =

{
1, if v̇i = 0
0, otherwise. (13)

The generic constant usi in (10) satisfies the following inequal-
ity constraint:

ω(ui(t) − Ari) ≤ usi ≤ ω(ui(t) − Ali). (14)

It can be obtained from (11)–(13) that ηri(t)+ηli(t)+ηsi(t) = 1
holds for all t . Combining (10) and (14), we can rewritten the
hysteresis vi(ui(t)) as

vi(ui(t)) = ωui(t) + σ (ui(t)), (15)

where σ (ui(t)) is denoted as

σ (u (t)) =
i

3

{
−ωAri, if u̇i > 0
−ωAli, if u̇i < 0
ζ (ui(t)), if u̇i = 0,−ωAri ≤ ζ (ui(t)) ≤ −ωAli.

(16)

Remark 2. As stated in Su et al. (2000), σ (ui(t)) has an explicit
solution and is bounded. It is evident that the bound of σ (ui(t))
depends on Ali, Ari, and ω.

Invoking (7) and (15) gives

τi(t) = ςiωui(t) + ςiσ (ui(t)). (17)

Applying (17) on (4)–(6) yields

Mẍ(s, t) − Kα(s, t) + Kγ ′(s, t) − d1(t) − ς1ωu1(t)

− ς1σ (u1(t)) = 0, (18)
Jα̈(s, t) + EIα′(s, t) − d2(t) − ς2ωu2(t)

− ς2σ (u2(t)) = 0, (19)

Ihθ̈ (t) + K [

∫ s

0
αdp − γ (s, t)] − d3(t) − ς3ωu3(t)

− ς3σ (u3(t)) = 0. (20)

2.3. Preliminaries

We first put forward the following lemmas and assumption:

Lemma 1 (Zhao et al., 2019). Let ν(p, t), ν1(p, t), ν2(p, t) ∈ R with
(p, t) ∈ [0, s] × [0,+∞). The following inequalities are derived for
ψ > 0 and ν(0, t) = 0:

ν1(p, t)ν2(p, t) ≤ ψν22 (p, t) +
1
ψ
ν21 (p, t), (21)

ν2 ≤ s
∫ s

0
ν ′2dp,

∫ s

0
ν2dp ≤ s2

∫ s

0
ν ′2dp. (22)

emma 2 (Polycarpou & Ioannou, 1996). For any ν(s, t) ∈ R, we
ave the following inequality:

≤ |ν(s, t)| − ν(s, t) tanh(ν(s, t)) ≤ a. (23)

here a = 0.2785.

ssumption 1. For dj(t), j = 1 · · · 3, we suppose that there exist
j > 0, j = 1 · · · 3 such that | d1(t) |≤ ϱ1, | d2(t) |≤ ϱ2, and
d3(t) |≤ ϱ3, ∀t ∈ [0,+∞).

. Control design

In this section, the extraneous disturbances and hysteresis
rror are first identified as composite disturbances. Subsequently,
he adaptive FTCs and dynamically updating laws are developed
o stabilize the shear deformation and elastic oscillation, realize
he angle control, and eliminate the hybrid effects of actua-
or failures, hysteresis, and unknown upper-bound of composite
isturbances. The control block diagram is depicted in Fig. 3.

.1. Boundary control

First, we define

i(t) = di(t) + ςiσ (ui(t)). (24)

Invoking (24), (18)–(20) can be rewritten as

ẍ(s, t) − Kα(s, t) + Kγ ′(s, t) − Q1(t) − ς1ωu1(t) = 0, (25)

α̈(s, t) + EIα′(s, t) − Q2(t) − ς2ωu2(t) = 0, (26)

hθ̈ (t) + K [

∫ s

αdp − γ (s, t)] − Q3(t) − ς3ωu3(t) = 0. (27)

0
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Fig. 3. Control block diagram.

Considering 0 < ςi ≤ 1, i = 1, 2, 3, (16), Assumption 1,
nd Remark 1, we can derive that there exist positive constants
im, i = 1, 2, 3 satisfying |Qi(t)| ≤ Qim, i = 1, 2, 3. Then,
i(t), i = 1, 2, 3 can be regarded as composite disturbance terms
o be handled with adaptive techniques. Let Q̃im(t) be the estimate
alues of Q̂im(t) and the estimate errors are defined as Q̃im =

ˆ im − Qim, i = 1, 2, 3.
For ease of design, let qi =

1
ςi
, i = 1, 2, 3, q̂i, i = 1, 2, 3 rep-

esent the estimate values of failure parameters and estimation
rrors are defined as q̃i = q̂i −qi. Then, we construct the auxiliary
ignals ϖ1(t), ϖ2(t), and ϖ3(t) as

1(t) = ẋ(s, t) − α(s, t) + γ ′(s, t), (28)

ϖ2(t) = α̇(s, t) + α′(s, t), ϖ3(t) = e(t) + θ̇ (t). (29)

Now, the following boundary adaptive fault-tolerant
controllers are presented as

u1(t) = q̂1f1(t), u2(t) = q̂2f2(t), u3(t) = q̂3f3(t), (30)

where the auxiliary functions f1(t), f2(t), and f3(t) and adaptive
updating laws are designed as

f1(t) =
1
ω

{−K [α(s, t) − γ ′(s, t)] + M[α̇(s, t) − γ̇ ′(s, t)]

− kϖ1(t) − tanh(ϖ1(t))Q̂1m}, (31)

2(t) =
1
ω

{−k1ϖ2(t) + EIα′(s, t) − Jα̇′(s, t)

− tanh(ϖ2(t))Q̂2m}, (32)

3(t) =
1
ω

{−k2ϖ3(t) − k3e(t) − Ihθ̇ (t)

− k4θ̇ (t) − tanh(ϖ3(t))Q̂3m}, (33)

˙̂qi = −ϖiωfi − φiq̂i, i = 1, 2, 3, (34)
˙̂
im = ϖitanh(ϖi) − ϕiQ̂im, i = 1, 2, 3, (35)

n which k, k1, k2, k3, k4 > 0 and φi, ϕi > 0, i = 1, 2, 3 denote the
odification terms.

emark 3. The signals in the proposed control laws (30)–(33)
re obtainable during execution. Laser displacement sensors can
e employed to measure γ (s, t), and inclinometers can be used
o measure θ (t), γ ′(s, t), and α(s, t). Moreover, we can exploit
ackward difference algorithms to acquire the signals γ̇ ′(s, t),
γ̇ (s, t), α̇(s, t), α̇′(s, t), and θ̇ (t) with the help of the measured
values. u1(t) can be implemented by designing actuators acting on
a cart which connects to the tip payload (Canbolat, Dawson, Rahn,
& Nagarkatti, 1998), piezoelectric material (ionic polymer metal
composites) (Bandopadhya, Bhattacharya, & Dutta, 2007), the jet
actuator and so on. u (t) can be realized by mounting a motor or
2

4

a piezoelectric material at the free-end of the tip payload. u3(t)
can be achieved by a servo motor to make this link track a desired
angle position.

Remark 4. Different from the backlash-inverse handling ap-
proaches mentioned in Giri, Radouane, Brouri, and Chaoui (2014)
and Giri, Rochdi, Radouane, Brouri, and Chaoui (2013), in this pa-
per, we first integrate the backlash-like hysteresis with actuator
failures and resolve it into desired control signals and nonlinear
errors. Subsequently, adaptive techniques are adopted to handle
composite disturbance terms composed with nonlinear errors
and external disturbances.

Set a Lyapunov candidate function as

G(t) = Gm(t) + Gn(t) + Gp(t) + Go(t), (36)

where

Gm(t) =
1
2
ρ

∫ s

0
ẋ2dp +

1
2
Iρ

∫ s

0
α̇2dp

+
1
2
EI

∫ s

0
α′2dp +

1
2
K

∫ s

0
(γ ′

− α)2dp, (37)

Gn(t) =
1
2
Mϖ 2

1 (t) +
1
2
Jϖ 2

2 (t) +
1
2
Ihϖ 2

3 (t)

+
1
2
(k3 + k4)e2(t), (38)

Gp(t) =ϵρ

∫ s

0
pγ ′ẋdp + ϵIρ

∫ s

0
pα′α̇dp

+ κϵIρ

∫ s

0
αα̇dp, (39)

Go(t) =
ςi

2
q̃2i +

1
2
Q̃ 2
im, i = 1, 2, 3 (40)

with ϵ, κ > 0.

emma 3. The selected function in (36) is a positive definite
unction as

≤δ1[Gm(t) + Gn(t) + Go(t)] ≤ G(t)

≤ δ2[Gm(t) + Gn(t) + Go(t)], (41)

here δ1, δ2 > 0.

Proof. Applying Lemmas 1 to (39) generates

|Gp(t)| ≤[ϵIρs + (κϵIρ + 14ϵρs)s2]
∫ s

0
α′2dp

+ 2ϵρs
∫ s

0
(γ ′

− α)2dp + ϵρs
∫ s

0
ẋ2dp

+ (ϵIρs + κϵIρ)
∫ s

0
α̇2dp ≤ ιGm(t), (42)

here ι =
2ϵmax

(
2ρs, (s + κ)Iρ, [Iρs + (κIρ + 14ρs)s2]

)
min(ρ, Iρ, EI, K )

.

From the above equation, we have

ιGm(t) ≤ Gp(t) ≤ ιGm(t). (43)

We properly choose parameters ϵ and κ to yield

≤ ι1Gm(t) ≤ Gm(t) + Gp(t) ≤ ι2Gm(t), (44)

here ι1 = 1 − ι > 0, ι2 = 1 + ι > 0. Then, we further obtain

≤δ1[Gm(t) + Gn(t) + Go(t)] ≤ G(t)

≤ δ2[Gm(t) + Gn(t) + Go(t)], (45)

here δ1 = min(1, ι1) > 0, δ2 = max(1, ι2) > 0. ■
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emma 4. The derivative of (36) is upper bounded as

˙ (t) ≤ −δG(t) + σ , (46)

here δ, σ > 0.

Proof. The differentiation of (36) is presented as

Ġ(t) = Ġm(t) + Ġn(t) + Ġp(t) + Ġo(t). (47)

mploying (1) and (2), Ġm(t) is deduced as

Ġm(t) =K
∫ s

0
θ̇ (t)αdp − K θ̇ (t)γ (s, t) −

K
2
ẋ2(s, t)

−
K
2

[α(s, t) − γ ′(s, t)]2 −
EI
2
α′2(s, t)

−
EI
2
α̇2(s, t) +

EI
2
ϖ 2

2 (t) +
K
2
ϖ 2

1 (t). (48)

ifferentiating (38) and substituting (4)–(6) and AFT controllers
30), we arrive at

˙ n(t) =ϖ1(t)[K [α(s, t) − γ ′(s, t)] + Q1(t) + ς1ωq̂1f1(t)
− M(α̇(s, t) − γ̇ ′(s, t))] +ϖ2(t)[Q2(t)
+ ς2ωq̂2f2(t) − EIα′(s, t) + Jα̇′(s, t)]

+ ϖ3(t)[Ihė(t) − K [

∫ s

0
αdp − γ (s, t)] + Q3(t)

+ ς3ωq̂3f3(t)] + (k3 + k4)e(t)ė(t). (49)

Using Lemmas 1, Ġp(t) is inferred as

Ġp(t) ≤ −
ϵEI
2

∫ s

0
α′2dp +

ϵρs
2

ẋ2(s, t) + ϵρsϑ2θ̇
2(t)

− κϵEI
∫ s

0
α′2dp − (

ϵρ

2
−
ϵρs
ϑ2

)
∫ s

0
ẋ2dp

− (
ϵIρ
2

− κϵIρ)
∫ s

0
α̇2dp + ϵKs2ϑ3

∫ s

0
α′2dp

+ (
ϵKs
ϑ3

+
ϵKs
2

)[γ ′(s, t) − α(s, t)]2 +
ϵIρs
2
α̇2(s, t)

+ ϵK |κ − 1|s2ϑ4

∫ s

0
α′2dp + κϵEIsϑ5

∫ s

0
α′2dp

+
ϵK |κ − 1|

ϑ4

∫ s

0
(γ ′

− α)2dp +
κϵEI
ϑ5

α′2(s, t)

−
ϵK
2

∫ s

0
(γ ′

− α)2dp +
ϵEIs
2
α′2(s, t), (50)

here ϑ2 ∼ ϑ5 > 0.
Invoking (34) and (35), Ġo(t) is calculated as

˙ o(t) = −ϖ1ς1ωf1q̃1 − ς1φ1q̃1(q1 + q̃1) −ϖ2ς2ωf2q̃2
− ς1φ2q̃2(q̃2 + q2) −ϖ3ς3ωf3q̃3 − ς1φ3q̃3(q̃3 + q3)

+ Q̃1mϖ1tanh(ϖ1) − ϕ1Q̃1m(Q̃1m + Q1m)

+ Q̃2mϖ2tanh(ϖ2) − ϕ2Q̃2m(Q̃2m + Q2m)

+ Q̃3mϖ3tanh(ϖ3) − ϕ3Q̃3m(Q̃3m + Q3m). (51)

Invoking (48)–(51) and using Lemmas 1 and 2 result in

˙ (t) ≤ − (k −
K
2
)ϖ 2

1 (t) − (k1 −
EI
2
)ϖ 2

2 (t) +
ϕ1

2
Q 2
1m

− k2ϖ 2
3 (t) − ψ1ẋ2(s, t) − ψ3α̇

2(s, t) +
ϕ2

2
Q 2
2m

− ψ2[α(s, t) − γ ′(s, t)]2 − ψ4α
′2(s, t) +

ϕ3

2
Q 2
3m

− ψ5

∫ s

ẋ2dp − (k4 − ϵρsϑ2)θ̇2(t) +
ς1φ1 q21
0 2
5

− ψ6

∫ s

0
α̇2dp − ψ7

∫ s

0
α′2dp +

ς2φ2

2
q22 +

ς3φ3

2
q23

− ψ8

∫ s

0
(α − γ ′)2dp − (k3 − Kϑ1)e2(t) −

ς1φ1

2
q̃21

+ 0.2785(Q1m + Q2m + Q3m) −
ς2φ2

2
q̃22

−
ς3φ3

2
q̃23 −

ϕ1

2
Q̃ 2
1m −

ϕ2

2
Q̃ 2
2m −

ϕ3

2
Q̃ 2
3m, (52)

here ϑ1 > 0 and the intermediate parameters are selected such
hat

−
K
2
> 0, k1 −

EI
2
> 0, k3 − Kϑ1 > 0, (53)

ψ1 =
K
2

−
ϵρs
2

≥ 0, ψ2 =
K
2

−
ϵKs
ϑ3

−
ϵKs
2

≥ 0, (54)

3 =
EI
2

−
ϵIρs
2

≥ 0, ψ4 =
EI
2

−
ϵEIs
2

−
κϵEI
ϑ5

≥ 0, (55)

5 =
ϵρ

2
−
ϵρs
ϑ2

> 0, ψ6 =
ϵIρ
2

− κϵIρ > 0, (56)

ψ7 =
ϵEI
2

− ϵKs2ϑ3 − ϵK |1 − κ|s2ϑ4

+ κϵEI − κϵEIsϑ5 > 0, (57)

8 =
ϵK
2

−
ϵK |1 − κ|

ϑ4
−

K
ϑ1
> 0, k4 − ϵρsϑ2 ≥ 0, (58)

σ = 0.2785(Q1m + Q2m + Q3m) +
ϕ1

2
Q 2
1m +

ϕ2

2
Q 2
2m

+
ϕ3

2
Q 2
3m +

ς1φ1

2
q21 +

ς2φ2

2
q22 +

ς3φ3

2
q23 < +∞. (59)

In addition, invoking Lemma 3 and (52)–(59), we derive

Ġ(t) ≤ −δ3[Gm(t) + Gn(t) + Go(t)] ≤ −δG(t) + σ , (60)

where δ3 = min( 2ψ5
ρ
,

2ψ6
Iρ
,

2ψ7
EI ,

2ψ8
K , 2k−K

M ,
2k1−EI

J ,
2k2
Ih
,

2k3−2Kϑ1
k3+k4

,

φ1, φ2, φ3, ϕ1, ϕ2, ϕ3) and δ = δ3/δ2. ■

3.2. Stability analysis

Theorem 1. For the Timoshenko arm system subject to actuator
failures and backlash-like hysteresis described by (1)–(6), (7), and
(9), with the action of boundary adaptive FTCs (30) and updating
laws (34)–(35) proposed in this paper, provided that the constraints
specified in (53)–(59) hold and initial conditions are bounded, we
draw conclusions that the boundary-controlled system is uniformly
bounded.

Proof. We multiply (46) by eδt and then calculate the integration
to obtain the following

Ġ(t)eδt ≤ − δeδtG(t) + σ eδt , (61)

G(t) ≤ G(0)e−δt
+
σ

δ
(1 − e−δt ) ≤ G(0)e−δt

+
σ

δ
. (62)

The use of (41), (37), and Lemma 1, we deduce

K
4s
γ 2(p, t) ≤

K
4

∫ s

0
γ ′2(p, t)dp

≤
K
2

∫ s

0
[γ ′(p, t) − α(p, t)]2dp +

7Ks2

2

∫ s

0
α′2(p, t)dp

≤
7Ks2

EI
Gm(t) ≤

7Ks2

EIδ1
G(t) ≤

7Ks2

EIδ1

[
G(0)e−δt

+
σ

δ

]
. (63)

(62) and (63) further leads to

γ (p, t)| ≤

√
28s3 [

G(0)e−δt +
σ ]
,∀p ∈ [0, s]. (64)
EIδ1 δ
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Fig. 4. Without control.

Fig. 5. With the proposed control (30).

Similarly, the following can be finally derived

α(p, t)| ≤

√
2s
EIδ1

[
G(0)e−δt +

σ

δ

]
,∀p ∈ [0, s] (65)

|e(t)| ≤

√
2

(k3 + k4)δ1

[
G(0)e−δt +

σ

δ

]
. (66)

. Simulations

We carried out numerical simulations adopting finite differ-
nce approximation method to demonstrate the efficacy and
alidity of the suggested controllers in this study. The system
arameters used for simulations were shown as follows: EI =

0 Nm2, s = 1.0 m, Iρ = 1.0 kgm, J = 0.1 kgm2, M = 2.0 kg,
ρ = 1.0 kg/m, K = 2.0 N, Ih = 1.0 kgm2, and θd = π/3 rad.
The system initial conditions were appropriately described as
γ (p, 0) = α(p, 0) =

p
2s , γ̇ (p, 0) = α̇(p, 0) = 0, and θ (0) =

π/3 + 0.1 rad.
The disturbances imposed on the system are provided as

d1(t) = d2(t) = (sin(10π t) + cos(3π t))/4, d3(t) = cos(3π t).
Fig. 4 displays the spatiotemporal response of the considered

arm system in the free vibration, namely, τ1(t) = τ2(t) = τ3(t) =

0. When the presented adaptive FTC schemes are imposed on the
studied system with the setting of design parameters as: k = 30,
k1 = 55, k2 = 150, k3 = 300, k4 = 1, φi = ϕi = 0.001, i = 1, 2, 3,
ω = 1.5, Ar1 = 0.5, Al1 = Al3 = −0.3, Ar2 = 0.1, Al2 = −0.1,
A = 0.3, and actuator failures occur at 1 second with fault
r3

6

Fig. 6. Control input in (30). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

parameters as ς1 = 0.2, ς2 = 0.5 and ς3 = 0.3, Fig. 5 (a)
and (b) depict the 3D representation of the arm system. Fig. 5(c)
shows the time history of the angle position. The responses of
the presented control force and torques are portrayed in Fig. 6.
The black solid line, the red line and the blue line indicate the
actuator output, ideal control input and the designed control law,
respectively. From the black and blue lines in the each subfigure,
we can see that the actuators τ1, τ2 and τ3 respectively lose 80%,
50%, 70% of their effectiveness at 1 s.

To further validate the control performance, we also provide
the comparison with the existing approach proposed in He et al.
(2018) formulated as

τ1(t) = − kϖ1(t) − K [α(s, t) − γ ′(s, t)]

+ M[α̇(s, t) − γ̇ ′(s, t)] − sgn(ϖ1(t))ϱ1, (67)

2(t) = − k1ϖ2(t) + EIα′(s, t) − Jα̇′(s, t)

− sgn(ϖ2(t))ϱ2, (68)

3(t) = − k2ϖ3(t) − k3e(t) − Ihθ̇ (t)

− k4θ̇ (t) − sgn(ϖ3(t))ϱ3, (69)

here k, k1, k2, k3, k4 > 0. When the design parameters are
selected as k = 30, k1 = 55, k2 = 150, k3 = 300, and k4 = 1, the
esponses of the arm system are depicted in Figs. 7–8.

The simulation results in Fig. 5 indicate that the suggested
daptive FTC can effectively restrain the arm’s vibration and shear
eformation and ensure the angle control despite the existence
f actuator failures, hysteresis nonlinearity, and exogenous dis-
urbances, which acquires a better control performance than the
xisting control in (67)–(69); and the hysteresis nonlinearity is
learly reflected in the control inputs. In a word, we arrive at a
onclusion that the established control strategy can achieve the
scillation and angle control as well as handle the hybrid effects
f actuator failures and hysteresis nonlinearity in the Timoshenko
rm system with an excellent performance.

. Conclusion

The boundary stabilization of flexible Timoshenko arm sys-
ems subject to actuator failures, hysteresis nonlinearity, and
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Fig. 7. With the existing control (67)–(69).

Fig. 8. Control inputs.

xogenous disturbances has been addressed in this study. The
ew adaptive fault-tolerant control with unknown upper-bound
ynamically updated online has been established for stabilizing
ibration, achieving angle positioning, and eliminating actuator
ailures, backlash-like hysteresis and uncertainties of composite
isturbances. The direct Lyapunov approach has been exploited
o demonstrate the stability in the controlled system. In the end,
imulation studies based on finite difference approximation ap-
roach have been employed to illustrate the control performance
f the derived algorithm. Future interests lie in the experimental
alidation for Timoshenko arm systems.
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