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1 | INTRODUCTION

Neural networks constitute an effective information-
processing paradigm that can conveniently address many
practice problems, such as real-time pattern recognition,
fault tolerance via redundant information coding, signal
processing, image processing, and adaptive learning [1-7].
Moreover, to achieve design specifications in many prac-
tical applications of neural networks, the full information
on the states of neural networks is often required, which
is sometimes a difficult task. The more practical scenario
is that we have to face the unmeasurable states of neu-
ral networks or only partially available information from
the network outputs in practice. For instance, considering
the external disturbance, the robust conditions have been
presented in many existing works [8-12] under which the
desired estimators can be designed.
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This paper discusses the resilient H,, performance for finite-time boundedness
of neutral-type neural networks with time-varying delays. The presented theo-
retical analysis allows establishing the finite-time bounded of the real response
of a delayed neural networks. In addition, we propose finite-time stability condi-
tions with time-varying delay. By choosing an appropriate Lyapunov-Krasovskii
functional, and employing an auxiliary function-based integral inequality and
Wirtinger's based integral inequality, the sufficient criteria are derived in terms
of linear matrix inequalities. The purpose is to design the system is not only
finite-time bounded with a specified decay rate but also satisfies an H,, perfor-
mance requirement. Theoretical results are tested through a numerical example.

Finite-time boundedness, H,, performance, Neural networks, Resilient

The stability of a time-delay system is always a hot
topic for researchers, see [13,14]. Even many researchers
were more concerned about the stabilizability prob-
lems, for example, see [15-19]. As a result, to obtain
stability criteria of time-delayed systems by using the
Lyapunov theorem, the main efforts were concentrated
on the following two directions: One is to find an
appropriate positive definite functional with a negative
definite-time derivative along the trajectory of the sys-
tem. The other is to reduce the upper bound of the time
derivative of Lyapunov-Krasovskii functional (LKF) as
much as possible by developing various inequality tech-
niques, such as Wirtinger's based integral inequality [20],
free-matrix-based integral inequality [21], relaxed integral
inequalities [22], the generalized free-weighting-matrix
approach [23], Bessel-Legendre inequality [24], recipro-
cally convex approach [25], extended reciprocally convex
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matrix inequalities [26,27], and so on. Dynamical systems
with time-delays and uncertain parameters have been of
considerable interest over the past decades. But, uncer-
tain systems and resilient control of uncertain systems
with time-varying delays are rare [28-32]. Time-delays are
always an important source of system instability and poor
performance [33,34].

As a special class of time-delay neural networks, the
neutral-type time-delayed systems have received atten-
tion in recent years. This time-delayed system contains
time-delays both in its state and in the derivatives of the
states. Moreover, neutral-type time-delayed systems are
frequently encountered in many dynamics, such as auto-
matic control, distributed network system containing loss-
less transmission line, heat exchangers, and population
ecology. Various analysis approaches have been utilized
to find stability criteria and control design conditions for
H,, control of neutral-type systems and neural networks
with time-delays [35-37]. Also, neural information in the
biochemistry reactivity may result in a neutral-type pro-
cess; that is, the involved differential expression includes
not only the derivative term of the present state but also
one of the past state. So, it is natural and reasonable to pay
close attention to neutral-type neural networks with delays
[38,39].

Compared with the widely known asymptotic stabil-
ity, finite-time stability and finite-time boundedness are
different concepts concerning the boundedness of the
states during a fixed time interval, which almost relies
on the transient response. Since many practical appli-
cations require that the state does not exceed a certain
bound in a fixed time interval, e.g., to avoid saturation
or excitation, we focus on the finite-time boundedness
analysis in practical consideration. In recent years, many
results were reported on finite-time boundedness prob-
lems: The relevant concepts of finite-time boundedness
[40], finite-time stabilization [41], and finite-time H,, per-
formance have been revisited in [42-45]. However, accord-
ing to the authors knowledge, resilient H,, performance
for finite-time boundedness of uncertain neural networks
have not been investigated yet.

Motivated by the discussions above, in this paper, we
design an appropriate resilient state feedback controller
such that the closed-loop control system is finite-time
bounded and satisfies the given performance index con-
straints. The main contributions of this paper are sum-
marized as follows: i) A new criterion on the finite-time
boundedness is established for time-delayed neutral-type
neural networks by using the LMI-approach. In the
approach, the key is to find a suitable Lyapunov func-
tion satisfying the derivative condition of the finite-time
boundedness, which is more complicated than that of
asymptotic stability. ii) Another contribution of this paper

is that we present delay-dependent results on both the
finite-time boundedness and finite-time H,, performance
design. Based on the results obtained, a state feedback
controller is designed such that the corresponding system
is finite-time bounded. Finally, an example is provided
to illustrate the efficiency of the proposed method, and
conclusions are drawn.

Notation: The notation used in this paper are as fol-
lows. R" denotes the n-dimensional Euclidean space,
the superscript “I" denotes the transpose, and the
notation P > 0 (> 0) means P is a real symmet-
ric positive definite (semi-definite) matrix, max(P) and
min(P) denote the maximum and minimum eigenval-
ues of matrix P, respectively. I is an identity matrix with
appropriate dimension. diag{a;} denotes the diagonal
matrix with the diagonal elements a;, (i = 1,2, ..., n).
The asterisk * in a matrix is used to denote the term
induced by symmetry.

2 | PROBLEM FORMULATION AND
PRELIMINARIES

Consider the following neutral-type neural networks with
time-varying delays as follows:
()~ Bx(t — p(1)) = —Ax(t) + Wo f (x(1))
+ W1 f (et — 7(t))) + Byu(t) + Dyw(®),
2(8) =Cx(1) + Bou(t) + Dyw(o),
x(t) =), t € [-7M, 01,

(€]

where x(t) = [x1(8),%(0), ... ,x,(H)]T € R" is the state,
u(t) € R!is the control input, w(t) € R™ is the dis-
turbance input which belongs to L,[0, ), z(t) € R? is
the controlled output. f{x(¢)) is the neuron activation func-
tion, ¢(t) is a continuous vector-valued initial function.
A = A+ A@G), Wy = Wo+ AW, Wi = Wi +
AW (t),D; = Dy + ADi(t), E = E + AE@t), C =
C + AC(t), D, = D, + AD,(t) in which A is a posi-
tive diagonal matrix, Wy, W1, By, D1, E, C, B,, and D, are
the weight connection matrices with appropriate dimen-
sions, and AA(t), AWy (t), AW (t), AD:(t), AE(t), AE(t), and
AD,(t) are uncertain real-valued matrices. The variables
7(t) and p(t) represent the time-varying delay and the neu-
tral delays, respectively, and satisfying 0 < 7(¢) < 7, 7(¢) <
1p, and 0 < p(t) < p, p(t) < pp, Where 7, g, tp and pp are
positive constants, and 7, = max{t, p}.
The uncertain matrices satisfy

[AA(®) AWL() AW(t) AE() ADy(9)]
=Fin®[Gr G2 Gz Gi Gs], @)
[AC(t) ADz(t)] = Fon(t) [Gl G4]
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where F,, F,, G1, G», Gz, G4, and G5 are known real matri-
ces with suitable dimension and #(¢) is an unknown real
and possibly time-varying matrix with Lebesgue measur-
able elements satisfying

nT(tn@) < I (3)

In this paper, we design the state feedback controller as
the following form: u(t) = (K + AK(t))x(t), where K €
R" is the gain matrix to be designed and AK(¢) is the

time-varying controller gain which satisfies:
AK(t) = Hi8(DH,, 87 (D)5() < I. €y

The system 1 with the controller 4 can be converted to
the following form

x(t)— BX(t — p(t)) = —Ax(t) + Wo f (x(1))
+ Wi f (x(t — 7(t))) + Biu(®) + Dyw(®),

Z(t) =Cx(t) + Bou(t) + Dyw(t),

x(t) =¢(t), t € [—7,0],

where A = (A+BiK) + (AA(®) + BiAK(®®)) and C =
(C + B,K) + (AC(D) + B, AK(1)).

(5

Assumption 1. The activation functions satisfy the
following condition, for any a = 1,2, ..., n there exist
constants F;, F; such that
F; < W <Ff V x,%€R, x #x,.
1772

For presentation convenience, we denote M; =

diag{F F{,F,F;, ... F,F;},
. F{+F} F;+FF F-+F}
M, = diag{ ‘:1, 2:2,..., ";“}.

Definition 1 [46]. (finite-time boundedness). Given

a positive matrix R > 0, positive constants ¢; > 0,

¢, > 0, (c; > ¢1), and T the neural networks (1) with

u(t) = 0 is said to be finite-time bounded with respect

to (c1, ¢z, T, R, d), if the following inequalities hold:
limsup {x” (to)Rx(to), X" (to)Rx(to) } < 1

73 <ty<0

= xT(H)Rx(t) < ¢y, t € [0, T].

Definition 2 [43]. Given a positive matrix R > 0, posi-
tive constants T > 0, ¢; > 0and ¢, > Owith ¢, > ¢y, the
neural networks (1) is said to be finite-time bounded
with respect to (ci, ¢z, T, R, d) with a prescribed level
of noise attenuation y > 0, and under a zero initial
condition, it holds that

o 2 ®)z)ds < 7 f, wlOw(dt.

Definition 3 [47]. The neural networks (1) is
said to be finite-time stabilizable with respect to
(c1,¢2, T,R,d), if there exists a controller, u(t) =
(K + AK(t))x(t), t € [0, T], such that the corresponding

closed-loop neural networks is finite-time bounded
with respect to (c1, ¢z, T, R, ).

Lemma 1 [20]. For any constant matrix M > 0, the
following inequality holds for all continuously differen-
tiable function ¢ on [a, b] —» R™":

b-a) [ o"(5)Mp(s)ds
b T b .
= ( 1/, (p(s)ds) M ( /1, (p(S)dS) +3QTMQ,

where Q = /ab @(s)ds — bf—a /ab /as @(0)dOds.

Lemma 2 [48]. Let M > 0 be any constant matrix, and
for given scalars a and b with a < b, the following rela-
tion is well defined for any differentiable function 5 in
[a,b] — R":
b2—q?
2

where Q; = (b — a)n(t) — tt__ab n(s)ds,
Q= -t~ [P nes)ds+ 2 [ [, n(s)dsdo.

L2 AT (OMi(s)dsdd < —QTMQ; — 2QTMQ,,

Lemma 3 [49]. For a positive definite matrix M > 0,
and a differentiable function {x(w)|lu € [a,b]}, the
following inequality holds:

b.rt 1 T 3 T 5 T
fa X (S)MX(S)dS > Eﬂl Mﬂ'l + E”ZMHZ + EESMﬂg,

where m; = x(b)—x(a), = x(b)+x(a)—ﬁ /ab x(s)ds,
73 = x(b) - x(a) + 2 |, ® x(s)ds — (bfl)z [P [ x(s)dsde.

Lemma 4 [50]. Given matrices J, E and © = O7, then
O+EF(t)G+GTFI(H)ET < 0 holds for any F(t) satisfying
FI(O)F(t) < 1, if there exists a scalar ¢ > 0 such that
0+ ¢ 'EET +eG'G < 0.

3 | MAIN RESULTS

3.1 | Finite-time boundedness

In this section, we first provide the finite-time bounded-
ness condition for the following system:

x(t)— Bx(t — p(1)) = —Ax(t) + Wo f (x(1))
+ W1 f (et — (1)) + Dyw(t), (6)

x(t) =¢(t)’ te [_TM’ 0]5
Theorem 1. For given positive scalars T, c;, ¢3, d, T, p,
Tp, pp and a, the system 6 is finite-time bounded if there
exist symmetric positive definite matrices P > 0, Q; > 0
(i=1234,S > 0(¢ = 1,2,3), the appropriate
dimensional matrices Ny, > 0 (k = 1,2, 3,4), and posi-
tive diagonal matrices S; > 0 and S,, > 0 such that the
following LMIs holds:

Q = [Q;;]1ox10 < 0, (7
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e’ (Acy + dAyg) < Aica, (8)

where the elements of Q = [Qj]10x10 are the following
Q= -PA-ATPT+Q+Qy+7S1 —aPi— 1S, - 25, +
28, =1283= =83 - M, S~ NA-ATNT, Qi = ~AT N,
Qs =15+385,+ 385, - ATN], Q= —N, - ATN],
Qs = 28 — 5, + 783 + 285, Qi = 55, — 355,
Qi; = PWy + MS, + NiW, Qis = PW; + N1 W,
Q9 = PE+ NiE, Qg = PD; + N1Dy, Qpp = —(1 -
7p)Q1 — M Sy, Q23 = 0, Qpp = = N3, Q35 = 0, Qp6 = 0,
Q7 = NaWo, Qas = M Sy+ No Wi, Qa9 = N>E, Qi
N3Dy, Q33 = —Q; — %Sz - 252, Q= —N3, Q35 =
28, + 255, Qug = =555, Q37 = N3Wo, Qi = N3 W,
Qs9 = N3E, Qa1 = N3Dy, Qua = Q3 + 7S, — Ny, Qus =
0, Qs = 0, Q7 = NyWp, Qug = NuWi, Quo = NYE,
Q10 = Nuby, Qss = —%51 - 251 - ;—352— 1;052—53—53,
Qs = f;‘2513%4052 + 253, Qs7 = 0, Qs = 0, Qs9 = 0,
Qs10 = 0, Q66 = —gsl - %Sz - 553, Q7 =0,Q65 =0,
Qg9 = 0, Q610 = 0, Q77 = Q4 — S, Qzg = 0, Q9 = 0,
Q710 = 0, Qg5 = —(1 — 7p)Q4 — Sy, Qg9 = 0, Qg19 = O,
Qg9 = —(1 — pp)Q3, L2910 = 0, Q970 = —aX.

MR <P < AR, Qi< A3R, Q< 4R,
Q3 < AsR, Q4 < AR, S1 < AR, 9
S, < AgR, S3 < A9R, X < AoR,

A= j'min(l_:))’ Ay = Amax(P): A3 = imax(Ql)’ Ay =

}-max(QZ): /1_5 = imax(Q3)x /_16 = Amax(@4)’ {7 = j'max(s‘l),
Ay = Amax(SZ)y Ag = /lmax(S3)’ Ao = AmaX(X)

Proof. Choose the following LKF for the system 6 as

5
V) = ) Vi), (10)
i=1

where
Vi) = x" (OPx(),
Vo) = [ X" OQux(s)ds + [ xT(5)Qax(s)ds,
Va(0) = [ X ()Qs(s)ds
[ L TO()Qa f (X(5))ds,
Vat) = [°, [, xT(5)S1x(s)dsd6
+ [0 [ X7 (9)S:x(s)dsdo,
Vst) = =[5 [7 [ %" (9)S5x(s)dsdo. -

Calculating the time derivatives of the above LKF along
the trajectory of the system 6, we have

V1 = 2xT()Px(t), (11)
Vy =x"(1)(Q1 + Q) x(t) = (1 — p)

X xT(t = T(£)Qux(t — (1)) (12)
—x"(t = H)Qux(t - 7),

V3 =" ())Qax(t) — (1 — pp)x" (¢ — p(1))
X Qax(t — p(1)) + [T (e())Qu f (x(t)) (13)
— FT(t = 7(0)Qa f (x(t = (1)),
V4 =7xT (6)S1x(t) — / t xT(5)S1x(s)ds
-7 . (14)
+ X" (H)SHx(t) — / %7 (5)S,%(s)ds,

t—7

o ’f_z 2-T .
Vs = (5% (053x(D)

-2 0 t
- / / %7 (5)S3%(s)dsd6.
2 Jz Jueo

By applying Lemma 3, we can get,

t
- / xT(5)S,x(s)ds
-7 (16)

1 3 5
<- j7[1T5271'1 - jﬂ{SZHZ - jﬂ'?Sgﬂ'g,.
T T T

(15)

where 71 = x(t) —x(t—7), 7, = x(t) +x(t—7)— % /[ir x(s)ds,

w3 =x(H) —x(t — T) + g ftl_r x(s)ds — g /%o /t-[H9 x(s)dsd@. By
using Lemma 1, we can obtain,

t
- / xT(5)Qqx(s)ds
s

-7

-1( [' ! ' 3
<— </ x(s)ds) Sy (/ x(s)ds> - 1, Si7a,
T -7 -7 T
17)

where 74 = /[[_T x(s)ds — % /_OT /[ie x(s)dsdf. And

%2 0 t
- / / x7(5)S3%(s)dsde
2 T t+6
s ! S3 0 s
e 0 283 7 |’
where 75 = Tx(t) — f[t_T x(s)ds, 7 = —gx(t) - f[t_r x(s)ds +
% /_0f /tie x(s)dsd6. Based on Assumption 1, we obtain

[fa(xa(t)) - Ml;xa(t)] [fa(xa([)) - M;xa(t)] < 0,

(18)

S_

[faCa(t = (D)) = My xa(t — 7())][fa(Xa(t — (D))
—Mx,(t = 7(t)] <0,

where a = 1,2, ...,n, The above equations can be com-
pactly written as follows.

xty 1" [M =M, ][ x0
EO) N I A O
xt—rw) " [Mo-M [ xe-c@) ],
fae—zon| |+ 1 || fee—zon]| =

Then for any positive matrices S, = diag{si,Sz2, ... ,Sn}
and S, = diag{5,%,, ... ,8,}, the following inequalities
hold:

[ X(£) ]T[Mtst —MuSt][ x(0)

<0

= Y

fx@) xS IR
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x(t — 7(0)) M,S,
St — (1)) *

[ x(t — (1))

]

(20)

Fot— ey | SO

On the other hand, for any matrices N, N>, N3, Ny
with appropriate dimensions, it follows that

=2 [x"(ON1 + X" (t - 2() N>
+xT(t = 2(O)N3 + X (N3]
X [=Ax(t) + Wo f (e(8) + Wif (x(t = 7(£)))
+D1w(0) + BX(t — p(1)) — %(1)] .

(€3]

Therefore, for given « > 0 and from 11-21, one can
obtain that

V(t) — aV(x(t) — aw’ (OXw(t) < 9T (H)QI(t), (22)
where  97(¢) = xXTexT¢ - z@o)xT¢E -
D" (), x(s)ds™(/°, [ o x(s)dsd®)T £ (e(D) f (xe(t -
()% (¢t = p(t))wT ()] Then we can write that

V) < aVx() + aw’ (H)Xw(t), (23)
Multiplying both sides in 23 by e~* we get

% (e™™V (1) < aw” (OXw(t). (24)

Then integrating inequality 24 0 to t, where t € [0, T], we
get

t
eV () < V() +a / e“wl (s)Xw(s)ds,
0

t
V(t) < e (V(O) +a / e‘”wT(s)Xw(s)ds> , (25)
0

V(t) < e*T (V(0) + Agd) . (26)

Define P = R7Y2pR~Y2 Q; = RY2Q,R7Y?,Q, =
R2Q,R7Y2, Q3 = RY2Q;R7YV2, Q = RYV2QuR7V2,
Sl = R_l/zis_l/z, Sz = R_l/ZSZR_l/Z, S3 = R_1/253R_1/2.

WILEY——¢

On the other hand,

V (X0, 0) =Amax(P)x" (0)Rx(0)
0

+ Amax(Q1) xT(s)Rx(s)ds
—7(0)
0
+ Amar(Q2) [ X" (Rx(s)ds
0
+ Amax(Q3) xT($)Rx(s)ds
—p(0)

+ Amax(Qq) max M, , M;f |?

0
/ xT(s)Rx(s)ds
—7(0)

0 0
+ Amax(S1) / / x7(s)Rx(s)dsdo
-z J0O

0 0
+ Amax(S2) / / xT(s)Rx(s)dsd0
-z Jo

0 0 0
+ Amax(S3) / / / 17 (s)Rx(s)dsdo
-7 Jp 0

< {)«max(P) + f/lmax(él) + f/Imax(QZ)

+ ﬁﬂmax(éﬁ + 7 max IM[_, M;— |2Amax((_24)
=2 =2

T o T < 73 o
+?Amax(sl) + ?Amax(SZ) + Elmax(s3)

x sup {xT(s)Rx(s), X" (s)Rx(s)},

—7,<s<0
V(1) < T (Acy + dA). (27)
Noting that
VX)) 2 Amin(P)XT ()RX(t) = X" (ORX(E).

From 8, we have
xT(ORx(t) < c,. (28)

By Definition 1, the system 6 is finite-time boundedness.
This completes the proof.

3.2 | Finite-time H,, performance

In this section, we consider the following neutral-type
neural networks with disturbance:

x(t)— Bx(t — p(t)) = —Ax(t) + Wo f (x())
+ Wi f (x(t = (1)) + Dyw(0),

2(t) =Cx(t) + Dow(t),

x(t) =¢(1), t € [—71,0],

Theorem 2. For given positive scalars T, c;, 3, d, T, p,
Tp, pp and a with a prescribed level of noise attenuation
y > 0. The system 29 is finite-time bounded if there exist
symmetric positive definite matrices P > 0, Q; > 0 (i =
1,2,3,4), S; > 0 (j = 1,2,3), appropriate dimensional

(29)
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matrices N, > 0 (k = 1,2,3,4), and positive diagonal We have
matrices S; > 0 and S, > 0 such that the following LMIs r r
holds: e T / Z'(HzHdt < / e~ zT(Hz(0)dt
0 0
_ 5. ¢ (36)
Q= & C <0, (30) 2 ! —at., T 2 ! T
x =1 <y e "w (Hw(tdt <y w' (Hw(t)dt.
0 0
eT (Acr + dirg) < A, (31) By Definition 2, the system 29 is finite-time bounded

with respect to (1, ¢, T, R, d) and with a prescribed level of

where the elements of Q; = [Q1;;l10x10 are the following noise attenuation y > 0. This completes the proof.

€=[C00000000D,],

Q) =-PA-ATP" + Qu+Q+785 —abi- =S 3.3 | Resilient finite-time H,, performance
~38,+ 28, ~ 78, — £8, - M,S, - \yA - ATNT,

O =-ATN], Qu=:5+25+:15-A"N],
Qu=-M-ATN], Q=38 - 35 +75+ 15,
Qo= 55— 355 Qup = PWy + M, S, + MWL,

In this section we consider the uncertain neural networks
with time-varying delays:

s = P, + N\ W, a0 = PE+ M, ()~ Bi(t — p()) = —Ax(t) + Wo f (x(1))

Qo =PDy + NiDy,  Qp =—(1-7p)Q1 — M;S,. + Wlf(x(t —7(1))) + Biu(®) + Dlw(t),

923 =0, A924_= —NZ, st 95 Q_ZE» =0, N - A (37)

927 = N.2W0, st_= Musu + J\/2W1, Q29 =_N2E, Z(t) =Cx(t) + Bzu(t) + Dzw(t)’

Q10 = Nle, Q33 =—-0Q, — g%Sz - 252» Qs = —N3, x(t) =¢(t)’ t € [—tm,0],

5:235 = f%sz + gs_zs Q6 = _1-__2_527 Qs = N3W,, Th 3. F . iti I T dz 5

Oy = NaWi, Q= N Oy = N3D,. eorem 3. ‘or given pO.Sl ive scalars > ¢y, €2, d, Ti s

Qu=0;+7S, - N,, Qus= 0, Qu =0, Qu=N,W, Tp, pp and a with a prescribed level of noise attenuation

Qus = ./\f4W1 Q= ME, Quo=ND,, y > 0. The neural networks under state feedback con-
3 12 180

Qs = —'51 _Sé(;Sl T—Sz — 3555 ) troller 37 is finite-time bounded if there exist symmetric

Qs6 = Sl +35+ 385 05=0. Q5=0, Q5 =0, positive definite matrices P > 0, Q; > 0 (i = 1,2,3,4),

5:2510 = 0 _966 = —1251 725052 —j%ss, Q7 =0, .
968 =0, 969 =0, Qelo =0, Qp=Q-5, _Q78 =0,
Q9=0, £7,0=0, 988 =—1-1p)Qs— Sy, g9 =0,

S; > 0( = 1,2,3), appropriate dimensional matrices
Nk > 0 (k = 1,2, 3,4), and positive diagonal matrices

Qu0=0, Qoo=—(1—=pp)Qs, Qo1o=0, Qo0 = 2L S; > 0, S, > 0 such that the following LMIs holds:
2C Y1 aYa Y oYy
Proof. By the following similar derivatives in Theorem #* I —oI 0 0 0
1, we have * ok k=l 00
’ ’ ® k% % —ol 0
. T % ok ok * *  —opl
Vit e(t)) —aV () + 2z (H)z() (32) % % % " " %
=y wl (Hw(r) < 9T (HQI() < 0. ook
0O k% % % % %
L * * k *
* %k * *k *k *k
Define N -
03Ys Y7 04Ys Yo 05Yi0 O
0 0 0 0 0 0
J = rwiOw) - 2" (Oz(). (33) o 0 0 0 0 0
0 0 0 0 0 0
Multiplying 33 by e~%, we have, 0O 0 o0 o 0 0
—osI 0 0 0 0 0 |<o,
d ot * —o3] O 0 0 0
a{e V(D) < e J@). (34) * ¥ —o4d O 0 0
* * *  —o4l O 0
. . 3 . * * * * —osI 0
Integrating this inequality on [0, T] yields ) ) ) ) v —osl
. _
0<e V() < / e~ J(tdt. (35)
0

e’ (Acy + d/llo) < ¢y, (39)
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where the elements of [£]0x10 are the following.

£, =-AX+BL-XAT+L"B' + Q1 + Q, + 75,

—aX — 15, - 25,4+ 38, - 225, - T8 - M,$,

~N\A+LB, —ATNT +B'L, £, =-ANT +L"BI,
S53=18+ 25, +385, - NTAT + LTBI,

Liu=-N —ATN] +L7B], %;5=235-%5,

+2855+ 285, T =58, -35, Zp=Wo+MS
+NiWo,  Zig= Wi+ NiWi,  Zi =E+NE,

Z110 =Dy + N1Dy, _ £y =—-(1-%)Q — M,S,, _
i"23 =0, i:24 = —-/‘fb 225 = 9, 226 =0, _227 = -/‘/2W0,
Lps = M, S, + NoWy,  Zp = NLE, 2510 = NaDy,
£3=-Q, - %S‘z - %Sz, 3y =N,

I35 = %Sz + ;—ggza T3 = —2—232, 2y = N3Wo,

T35 = N3Wh, 239_= N3E,  Z30 = N3Dy, _
Lu=Q+15 - N, _245 0, Z4=0, Z4y=NW,
= N4W1, S0 =N4E, Zyo=N,D,

L5 =—25 - 25, - Esz - 55 -5-35;,

S5 = —s1 + 35, + 25, T =0, £5=0

S5=0, Sgo=0, Se=-25 - 20525,

267 =0, z68 =0, 269 =0, z_:610 =0, 277 = Q4 Sn
278 =0, i:79 =0, 2710 =0, 288 =-(1- TD)Q4

Z89 =0, 2810 =0, i99 =-(1- PD)st E910 =0,
Z1010 =-y,

Cl_[C+B2K00000000D2].

(i=1,234), 5
(k=1,23,4, S,

LetK = P'L, X =P, Q; =XQX"
XSXT (j=1,23), Ni=XNXT
XSXT,and S, = XS, XT.

Proof. Replace A by (A + BK) + (AA(t) + B;AK()), C
by (C + BoK) + (AC(t) + B,AK(t)), Wy by Wy + AW,(1),
W1 by Wi + AW,(t), D, by D, + AD, (1), Eby E + AE(1),
D, by D, + AD,(t) in 30, we get

A Ql E
Q_[* _I]<0 (40)
O
We can rewrite equation 40 as follows.
Q="%+A¥ <0 (41)

where the elements of ¥ = [¥;;]10x10 and ¥ = [¥;;]10x10

are the following.

¥y, = —P(A +BK) — (A + BIK)TPT +0Q
+Q, + 7S, — aP; — —Sz - —Sz + SQ - TZS3 - —S3

“M,S,— Ny (A+BiK)— (A+ BlK)Tj\/T
Y=-(A+BK)'N], ¥;3= 252 + %Sz + § S,
—(A+BlK) .A/3T, @14=—_N1_(A+B1K)TA/‘T

lPlS = —Sz - ZSZ + 783+ 553, l1116 = ?S S3,

3

V., = PWy + M, S, + \1W,, P53 =PW; + MW,
¥,y =PE+ NE, Y0 =PD,+ N\D,

and

¥ = -1 -7)Q —MS,, ¥5=0, _ Wy = —No,
Pps =0, Py=0 Wy=NW, Py=MS, +N, W,
Wy = M2E, W= N3D;, Wi =-Q,— isz - zsz,
Py =-N;, Py = %Sz + gsz, Wy = —2—252,
l?37 = N3Wy, Wy = Ngwl, li’3,9_= N;E, ‘_i’slo = N3Dy,
Yy =Q3+ 175, —_./\f4, Wis =0, Wy=0 Yy= NaW,
Py = J\f4W1, Wy = NyE, Wy = NyDy,
Pss = ——51 - 25 - Esz 58,55 - 55,
Py = s1 + @sz + 255, ‘P57 =0, P5=0, P5=0
Wsio = 0 lIJ66 = ——51 7,25052 - %Sa, Ye; =0,
Wes =0, Weo=0, Ws0=0, ¥y, =Q—S, ¥p=0,
\?79 =0, lP_710 =0, Yyp=-(1 —_TD)Q4 - Sui Wy =0
?810 =0, Yoo=-1-pp)Qs, W¥o10=0, Yio10=—r"1,
C,=[C+BK00000000D,]|.
¥, =-pP (AA(t) + BiAK(t)) — (AA(f) + BiAK(1)T
PHQl+Qz+fsl—ap,-—§SZ—§S2
+= SZ—T S3 ——S3 M,S,;
—J\fl (AA(t) + Bl AK(t)) — (AA(t) + BiAK(1)T
NT, ‘Pu = —(AA®D) + B, AK(t)' NT,
P, = -s2 + s2 + S2 — (AA(D) +B1AK(t))TN3T,
W, = — N — (A + BAK(t)'N], 5 =0,
P =0, ;= PAW,(0) + M,S, + N1 AW, (1),
Wi = PAW;(8) + NAW, (1), W19 = PAE(t)
+MNAE(), ‘i’no = PAD;(t) + N1AD;(b),
li122 =0, li123 =0, li’24 =0, li’25 =0, li’26 =0,
li'27 NLAW, (1), A‘i}zs =M,S, + Jy'zAwl(t), A
‘P29 = J\szE(t) ‘P210A= NoDy, W3 =0, ¥y =0,
‘?35 =0, lFse. =0, ¥y = N3AW0(07
\?33 = N3AW, (1), lI:39 = NsAEA'(t), A
\?310 = N3AD(b), lAP44 =0, Y45 =0 W4=0,
lf’47 = Ny AW, (1), AlP48 = Ny AW, (1), .
l?49 = J\/4A€(t), ‘P410A= J\/4AD1(E)7 Wss =A0,
l}"56 =0, ‘%’57 =0, l1‘58 =0, l£’59 =0, lst =0,
‘?66 =0, lgm =0, ?68 =0, lf’e& =0, \11610 =0,
\?77 =0, \?78 =0, lI"A79 =0, 1PA710 =0, “PASS =0,
Wg9 =0 Ws10=0, Yoo =0, Wo0=0, Wip=0,
— AC(t) + AB,K(t) 0 ... 0 AD,(t)
G, = ~——
A YO + YIHOYs + YT (0T,
+XYIn(OY; + YI6() Y6+ Y 6(0)Ys @)
+YIn®OYs + Yen()Y, + YI6() Y10
+YT8(0) Y,
Y, =[F/PT000000000],
Y,=[-G, 00000 G, G G4 Gs ]|,
v o [FINTFINT FINTFINT ’
| 6times
Y,=[-G100000G, G; G Gs ]|,
Ys = [HI(WNT +PT) HTN'T HTNT
HIN/ 000000,
Yo¢=|[-BiH, 000000000],
Y,=[Ff000000000],
Ys=[-G1 00000000 Gs]|,
Yo=|{H 000000000],

Yio=[-B.H,000000000].
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Using Lemma 4, the above inequality 42 is equivalent to
the following inequality

W=Y+0,Y Y] +07'YIY, +0,Y5Y]
+ QEIYIY‘; + 03Y5Y§ + OlegYﬁ + 04Y7YZ (43)

+ QzlYng + OSYng + Qs_lY{OYIO <0.

By using Schur complement Lemma,

YC Y1 oY Y3 02Xy Ys
#« = —o1I O 0 0 0
¥ x % —oiI O 0 0
* k% * —0f O 0
* ok % * * —o] O
* k% * % *  —o3]
* ok % * * * *
* k% * * * *
* % % * * * *
* % % * * * *
I * * * *
- | (44)
03Ys Y7 04Yg Yo 05Y10o
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 <0,
-0zl O 0 0 0
% —o4l O 0 0
* % —o4 O 0
* * * —osI O
* * * *  —0sl
pre and post multiplying 44 by diag

(X, LLLLLLLLLLLLLLLLILIILI} respectively, we
get 38. By Definition 3, the system 37 is finite-time
bounded, which completes the proof.

4 | NUMERICAL EXAMPLE
In this section we present a numerical example to illustrate
the correctness and feasibility of the obtained results.

Example 1. Consider the neural networks with
time-varying delays 37 with the following values.

(125 0 —0.2 4.5

A=l 10]’ Wo=104 —o01|"
0.2 0.2 2 0

W1= 1 03:|7 B1= 1> D1= 1]

[1.8 0 —-0.01 0.02
C=1o 28]|" BZ_[O.I ] Dz—[0.03]’

1

F1=F2=[0 , Gi=[101], G,=[0502],
G3=[0203], G4=02, Gs=01 7=06,
p=09, 7,=03, p=02d=0.03, T =5,
¢ =13, ;=123  a=0.02

TABLE 1 Calculated y,,;, for different values of 7

7 0.6 0.7 0.8 0.9 1.0
Ymin 0.5610 0.6942 0.7380 0.7946 0.8651

TABLE 2 Calculated maximum upper bound of 7 for
different y

Ymm 1.0 2.0 3.0 4.0 5.0
7 08651 14215 20316 2.8744 3.2145

0.3 T T T T T T T

0.2

0.1

X(t)
¢

L e ]

01 7 1

02, J

0.3 . . . . . . . .

t/sec

FIGURE1 State trajectories of neural networks in Example 1
[Color figure can be viewed at wileyonlinelibrary.com]

The activation function and the time-varying delay are
taken as fix) = (1)/@)(x+ 1| — |x — 1|) and z(¢t) = 0.3 +
0.3 cos(t), respectively. Then, it is obvious that, 7 = 0.6 and
7p = 0.3.

Then, by solving LMI 38, the control gain matrix can be
found as

K=P'L=[-08721 —0.2346 ] .

Our purpose is to design a uncertain neutral-type neu-
ral networks is finite-time bounded with H,, prescribed
attenuation level y = 0.5610. The guaranteed optimal
H,, performance level y > 0 for different values of
fixed time-delay upper bound 7 is shown in Table 1. Also
for different values of y > 0, by solving the LMI con-
dition, we obtain values of time-delay upper bound 7,
which are given in Table 2. Figure 1 and Figure 2 rep-
resents different value of the time response of the state
vector x(t).
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5 | CONCLUSIONS
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