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Abstract 

This study focuses on an event-triggered control of Takagi-Sugeno (T–S) fuzzy systems. An extended 
dissipativity performance index is introduced, and several kinds of event-triggered control issues, such 
as passivity, H ∞ 

, L 2 − L ∞ 

, and (Q , S, R ) -dissipativity, are solved in a unified framework. By utilizing 
the free-matrix-based double integral inequality in the derivation of a Lyapunov–Krasovskii functional, 
sufficient conditions are provided to ensure that the considered closed-loop system is asymptotically 
stable. These criteria are formulated in terms of linear matrix inequalities. Two numerical examples are 
given to exhibit the improved conservatism and the adequacy of the obtained results. 
© 2020 The Author(s). Published by Elsevier Ltd on behalf of The Franklin Institute. 
This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 

 

 

1. Introduction 

Lately, the outstanding Takagi-Sugeno (T–S) fuzzy model has been perceived as a promi- 
nent and amazing asset in approximating and depicting linear systems. The T–S fuzzy model 
[1] is basically a multi-model methodology in which some linear models are mixed into a
general single model utilizing nonlinear participation capacities. As an outcome, incredible 
exertion has been made to get new results for T–S fuzzy systems [2–5] . Particularly for the
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-S fuzzy systems with time-delay, finding the most extreme delay limits has pulled an im-
ressive consideration. As of late, the T-S fuzzy model methodology has been reached out to
anage linear frameworks with time-delays. Different philosophies have been proposed for

he investigation of the T-S fuzzy systems with time-delay in the wide research point, for
xample H ∞ 

control [6] , L 2 − L ∞ 

control [7] , dissipative analysis [8] , feedback control for
onlinear T–S fuzzy Systems [9] , and H ∞ 

filter design [10] . Based on the T-S fuzzy model,
he mixing of nearby linear frameworks can be exhibited to inexact smooth nonlinear frame-
orks [11–14] . For instance, in [15] , the stability and stabilization with asynchronous output

eedback control for the T-S fuzzy model were investigated. In [16] , the stability problem for
he T-S fuzzy switched system with switched signals was studied. 

The Lyapunov-Krasovskii functional (LKF) approach is a well-examined technique to be
tilized for dependability investigation of the T-S fuzzy frameworks with time-delay [17] .
ome fundamental inequalities, for example, Jensen’s inequality [18] , generalized integral

nequality [19] , and extended reciprocally convex matrix inequality [20] were regularly pre-
ented in the estimation of the derivative of the LKF. The different types of LKF with new
nequalities were refined to diminish the conservatism of delay-dependent stability criteria as
uch as possible. Up to now, the expanded LKF approach has been affirmed to be a viable

nd focused technique and the standard Bessel-Legendre disparity can cover Jensen’s inequal-
ty and Wirtinger’s inequality as unique cases [21,22] . Be that as it may, these strategies in
21,22] were not exhibited for the T-S fuzzy framework with time-delay. All the more criti-
ally, the increased LKF in [21,22] requires all Lyapunov matrix variables to be certain and
he delay dependent LKF was not adequately utilized, which is to an improve the stability
riterion of the T-S fuzzy frameworks with time-delay. 

An event-triggering mechanism has been proposed in the linear control frameworks [23] ,
n which the control task is executed if a state-dependent triggering condition is violated.
he significance of the event-triggering mechanism is that it can essentially diminish the
uantity of control task executions while holding an acceptable closed-loop performance, and
he details can be referred to [24–29] . So as to stretch out the event-triggering mechanism
o the case that the conditions of the plant cannot be quantifiable, in all respects as of late,
utput-based event-triggered control has been proposed to explore the dynamic output control
30] . The problem of event-triggering based on sliding mode control and dissipative control
rameworks were contemplated in [31,32] , respectively. In [33] , an event-triggered consensus
ethod was proposed for the linear multiagent systems with time-varying communication

elays. In [34] , the problem of an event-triggered dynamic output feedback controller for T-S
uzzy systems under asynchronous network communications was concentrated. In any case,
n the one hand, since the characterized event-triggering conditions in [31,32] depend closely
n the instant system output, the system output should be observed constantly. 

As of lately, many works based on stability analysis, controller synthesis, and chan-
el configuration have been engaged in the investigation of event-triggered control frame-
orks. In [35,36] , the authors studied event-triggered control for networked control systems

nd network-based event-triggered H ∞ 

filtering for time delay systems. The event-triggered
cheme is an effective way to keep the balance between the system control performance and
he network communication was bandwidth burden. A dissipative approach for semi-Markov
ump systems with the event-triggered communication is delivered in [37] . The authors in
38] explored an output feedback control of event-triggered Markovian jump systems with
easured output quantizations. Network-based output tracking control for T-S fuzzy systems

sing an event-triggered communication scheme was studied in [39] . The proposed event-
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triggered scheme in networked-based T-S fuzzy systems are important in both theoretical and 

practical view points. Compared with the steady-state behavior of networked T-S fuzzy sys- 
tems over an interval time delay, in practical systems such as communication network systems,
it is very imperative to study the transient performance of the closed-loop system. In [40] ,
a dual-side event-triggered output feedback H ∞ 

control for network-based systems was ex- 
plored. However, only a few studies have been explored concerning the T-S fuzzy framework 

with an event-triggered plan. To the best of authors’ knowledge, up to now, event-triggered 

control of extended dissipativity for T-S fuzzy systems have not been satisfactorily treated 

yet, which still remains an unsolved research subject. 
In this brief, extended dissipative criteria and maximum allowable upper bounds on time 

derivatives of fuzzy premise functions are derived to guarantee the asymptotic stability of the
fuzzy systems with variable sampling. A case study of the inverted pendulum is provided 

to show the applicability of the accomplished criteria. The contributions are stated as fol-
lows: (i) A triggering scheme is introduced to the T-S fuzzy systems with time-varying delay
by choosing suitable design parameters. (ii) The T-S fuzzy system under an event-triggered 

scheme is modeled as a T-S fuzzy time-varying delay system. (iii) Extended dissipativity for
the co-design of both the controller gain and the trigger parameters are obtained in terms of
linear matrix inequalities. Based on the above, extended dissipativity conditions are derived in 

Theorem 1 and we produce controller gain synthesis in Theorem 2 . Lastly, numerical models
are given to demonstrate the adequacy of the proposed conditions. Different from the existing
results [41–44] , a free-matrix-based double integral inequality involved in the LKF, which 

plays a key role in linear matrix inequality and gives a less conservative result, is derived. 
The remainder of this paper is organized as follows. The portrayal of the system model

and the problem to be solved are discussed in Section 2 . Our main results are presented in
Section 3 , where sufficient conditions for the extended dissipativity performances are given 

in terms of LMIs. Numerical examples demonstrate the effectiveness and superiorities of the 
achieved methodology in Section 4 . Finally, concluding discussions and future work are given 

in Section 5 . 
Notation . Throughout this paper, R 

n denotes the n -dimensional Euclidean space. For a
matrix P , P > 0 means that P is a symmetric positive definite matrix. The superscript T
stands for matrix transposition. I represents the identity matrix with appropriate dimension. 
e ν (ν = 1 , 2, ..., 14) are elementary matrices. “sym” stands for “symmetric.” diag{ ·} denotes
the diagonal matrix with diagonal elements. An asterisk ( ∗) in a matrix is used to denote the
term that is induced by symmetry. 

2. System Description and Preliminaries 

Consider the i th principle of the system with fuzzy IF-THEN rules as follows. Plant rule:
IF θ1 ( t ) is M i1 , ..., and θp ( t ) is M ip , THEN 

˙ x (t ) = A i x(t ) + B i w(t ) + C i u(t ) , 

y(t ) = D i x(t ) , (1) 

where i = 1 , 2, ..., r, r is the number of IF-THEN rules of the system. θp ( t ) (p = 1 , 2, ..., s)
are the premise variables vector, where s is the number of premise variables, and M ip (i =
1 , 2, ..., r; p = 1 , 2, ..., s) present the fuzzy sets. x(t ) ∈ R 

n is the state vector, w(t ) ∈ R 

m is
the disturbance, u(t ) ∈ R 

l is the control input, and y(t ) ∈ R 

p is the output of the system. A i 

is a positive matrix, B i , C i , and D i are the parameter matrices with appropriate dimensions. 
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The T-S fuzzy system (1) can be rewritten as follows. 

˙  (t ) = 

r ∑ 

i=1 

h i (θ (t )) 
[ 
A i x(t ) + B i w(t ) + C i u(t ) 

] 
, 

(t ) = 

r ∑ 

i=1 

h i (θ (t )) 
[ 
D i x(t ) 

] 
. (2)

he fuzzy basis functions are given by 

 i (θ (t )) = 

∏ s 
p=1 M ip (θp (t )) ∑ r 

i=1 

∏ s 
p=1 M ip (θp (t )) 

here M ip (θp (t )) represents the grade of the membership of θp ( t ). It can be seen that
 i ( θ ( t )) ≥0 and 

∑ r 
i=1 h i (θ (t )) = 1 . 

The point of acquainting the event generator is to save the limited correspondence asset.
oreover, an event-triggered correspondence plan is acquainted to determine whether the

urrent sampled signal should be transmitted or not. This event-triggered sampling strategy is
ased on periodically sampled data which can be written as follows [45] . 

 x(k + j) d − x(kd )] T �[ x(k + j) d ) − x(kd )] ≤ σx T ((k + j) d )�x((k + j) d ) , (3)

here � is the symmetric positive definite event-weighting matrix to be designed, k ∈ N 

+ ,

= [0, 1) . (k + j) d and kd denote the current sampling data and the latest transmitted data
ith d denoting the sampling period (d = 1 , 2, ... ) while σ is the given event parameter. As
 special case, if σ = 0 in (3) , the inequality (3) is not satisfied for almost all the sampled
tate x((k + j) d ) , and the event-triggered scheme reduces to a periodic release scheme. 

Under the communication scheme (3) , we assume that the release times are t 0 d , t 1 d , t 2 d ,
.., where t 0 is the initial time. � n d = t n+1 − t n d denotes the release period which corresponds
o the sampling period given by the event generator in (3) . In the following, we can deal with
 time-varying networked induced delay δk , where δk is the time from the instant ( kd ) when a
ensor samples a data packet from the plant at the instant when the fuzzy system receives the
ata packet. It is supposed that 0 ≤ δm 

≤ δk ≤ δM 

, where δm 

and δM 

are given scalars satisfying
 ≤ δm 

< δM 

. Therefore, the states x ( t 0 d ), x ( t 1 d ), x ( t 2 d ), ... will arrive at the controller side at
nstants t 0 + δ0 , t 1 d + δ1 , t 1 d + δ2 , ..., respectively. 

If the release interval satisfies t k+1 d − t k d ≤ d + δM 

− δk+1 , time-varying delay for interval
( t ) is defined as follows: 

(t ) = t − t k d, t ∈ [ t k d + δk , t k+1 d + δk+1 ) . 

f the release interval satisfies t k+1 d − t k d > d + δM 

− δk+1 , there always exists a scalar
 M 

satisfying t k+1 d + t k+1 ∈ [ t k d + r M 

d + δM 

, t k d + r M 

d + d + dδM 

) . Define the collection of
ime-varying delays as follows. 
 

 

 

 

 

 

 

 

 

�0 = [ t k d + δk , t k d + d + δM 

) , 

�1 = [ t k d + d + δM 

, t k d + 2d + δM 

) , 
. . . 

�r M = [ t k d + r M 

d + δM 

, t k+1 d + δk+1 ) . 

(4)
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In order to employ event-triggered condition (3) , two piecewise functions δ( t ) and e k ( t ) are
defined as follows: 

δ(t ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

t − t k d, t ∈ �0 

t − t k d − d, t ∈ �1 
. . . 

t − t k d − r M 

d, t ∈ �r M . 

(5) 

e k (t ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

x(t k d ) − x(t k d ) , t ∈ �0 

x(t k d ) − x(t k d + d ) , t ∈ �1 
. . . 

x(t k d ) − x(t k d + r M 

d ) , t ∈ �r M . 

(6) 

From the definition of δ( t ) presented above, one can see that δ(t ) ∈ [ δm 

, d + δM 

) . It follows
from (5) that δm 

≤ δ(t ) ≤ d + δM 

. We define δm 

= δ1 and δM 

+ d = δ2 . From the definition
of e k ( t ), we can write x(t k d ) = e k (t ) + x(t − δ(t )) . Combining (6) and (3) , we have 

e T k �e k (t ) ≤ σx T (t − δ(t ))�x(t − δ(t )) , t ∈ [ t k d + δk , t k+1 d + δk+1 ) . 

Using the control u(t ) = K i x(t ) , t ∈ [ t k d + δk , t k+1 d + δk+1 ) , where K i is the desired con-
troller gains to be determined for each i = 1 , 2, ..., r. We can rewrite (2) as follows. 

˙ x (t ) = 

r ∑ 

i=1 

h i (θ (t )) 
[ 
A i x(t ) + B i ω(t ) + C i K i x(t − δ(t )) + C i K i e k (t ) 

] 
, 

y(t ) = 

r ∑ 

i=1 

h i (θ (t )) 
[ 
D i x(t ) 

] 
, 

x(t ) = φ(t ) , t ∈ [ −δ2 , 0] , (7) 

where φ( t ) is the initial function of x ( t ), and 0 ≤ δ1 ≤ δ( t ) ≤ δ2 . 

Assumption 1. Matrices �1 , �2 , �3 , and �4 satisfy the following conditions: 
(i) �1 = �T 

1 ≤ 0, (ii) �3 = �T 
3 > 0, (iii) �4 = �T 

4 ≥ 0, and (iv) (|| �1 || + || �2 || )�4 = 0.

Definition 1. [46] . For given matrices �1 , �2 , �3 , and �4 satisfying Assumption 1, system
(7) is said to be extended dissipative if the following inequality holds for any T ≥0 and all
ω( t ) ∈ L 2 [0, ∞ ): ∫ T 

0 
J (t ) dt − sup 

0≤t≤T 
z T (t )�4 z(t ) ≥ 0, 

where J (t ) = z T (t )�1 z(t ) + 2z T (t )�2 ω(t ) + ω 

T (t )�3 ω(t ) . 

Remark 1 ( [47] ) . The concept of extended dissipativity introduced in Definition 1 contains
a few well-known performance indices as special cases by setting the weighting matrices, 
�n (n = 1 , ..., 4) . For instance, (i) if �1 = −I , �2 = 0, �3 = γ 2 I , �4 = 0, then Defini-
tion 1 refers to the H ∞ 

performance; (ii) if �1 = 0, �2 = 0, �3 = γ 2 I , �4 = I , then Defi-
nition 1 refers to the l 2 − l ∞ 

performance; (iii) if �1 = 0, �2 = I , �3 = γ I , �4 = 0, then
Definition 1 refers to the passivity performance; and (iv) if �1 = Q , �2 = S, �3 = R − αI ,
�4 = 0, then Definition 1 refers to the (Q , S, R ) -dissipative performance. This fact can
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e also seen from Assumption 1 and Definition 1 . Indeed, when ω(t ) = 0, it follows from
efinition 1 that 
 T 

0 
z T (t )�1 z(t ) dt − sup 

0≤t≤T 
z T (t )�4 z(t ) ≥ 0. 

Note from Assumption 1 that �4 ≥0 and �1 ≤0. Thus, the above inequality implies that
he performance index is not less than zero. 

emma 1 ( [48] ) . For a, b ∈ R 

n and M ∈ R 

n×n , the following inequality holds 

a 

T b ≤ a 

T M a + b 

T M 

−1 b. 

emma 2 ( [21] ) . Let N ∈ N , η ∈ R 

m , and x be a continuous and differential function mapping
 a, b] → R 

n . For any matrices Z ∈ R 

n×n > 0 and M ∈ R 

(N+1) n×m , the following inequality
olds: ∫ b 

a 
˙ x T (s) Z ̇  x (s) ds ≤ 2ξT 

N �
T 
N Mη + (b − a) ηT M 

T ̂ Z Mη, 

here �N = 

[ 
πT 

N (0) πT 
N (1) · · · πT 

N (N ) 
] 

T , ̂ Z = diag { 1 Z , 
1 

3Z , · · ·, 1 
(2N+1)Z } , 

ξN = 

{
x T (b) x T (a)] T , N = 0, 

x T (b) x T (a) 1 
b−a ϑ 

T 
0 · · ·, 1 

b−a ϑ 

T 
N−1 , N > 0 

emma 3 ( [49] ) . Let x ( s ) be a continuously differentiable function: [ a, b] → R 

n . If there exist
ositive definite symmetric matrices Z 1 , Z 2 ∈ R 

3 n ×3 n , M ∈ R 

n×n , any matrices Z 3 ∈ R 

3 n×3 n ,

 1 , and N 2 ∈ R 

3 n×n satisfying 

 

 

Z 1 Z 2 N 1 

∗ Z 3 N 2 

∗ ∗ M 

⎤ 

⎦ ≥ 0, 

hen the following inequality holds: 
 b 

a 

∫ β

α

˙ x T (s) M ̇  x (s) d sd α ≥ � 

T �� , 

here � = − 1 
2 d 

2 
[ 
Z 1 + 

1 
6 Z 3 

] 
− sym { N 1 (de 1 − e 2 ) + N 2 (− 1 

2 de 1 − e 2 + 

3 
d e 3 ) } . 

. Main Results 

In this section, the extended dissipativity analysis with event-triggered control of the system
ith varying delay is addressed by employing the free-matrix double and generalized integral

nequalities. Define the following notations: 

ϒ1 (t ) = 

[
x T (t ) x T (t − δ1 ) x T (t − δ2 ) 

]T , 

2 (t, s) = 

[ 
˙ x T (s) x T (s) x T (t − δ1 ) 

∫ t 
s ˙ x T (θ ) dθ

∫ s 
t−δ2 

˙ x T (θ ) dθ
∫ s 

t−δ1 
˙ x T (θ ) dθ

] 
T , 

ξ (t ) = 

[ 
x T (t ) x T (t − δ(t )) x T (t − δ1 ) x T (t − δ2 ) ˙ x T (t − δ1 ) ˙ x T (t − δ2 ) 

1 
δ(t ) −δ1 

ζ1 (t ) 

1 
δ2 −δ(t ) ζ2 (t ) 

1 
(δ(t ) −δ1 ) 

2 ζ3 (t ) 
1 

(δ2 −δ(t )) 2 
ζ4 (t ) 

∫ t 
t−δ1 

x T (s) ds 
∫ t−δ1 

t−δ2 
x T (s) ds ω(t ) e k (t ) 

] 
T , 

ζa (t ) = 

[ 
ζ1 (t ) ζ2 (t ) ζ3 (t ) ζ4 (t ) 

] 
T , 

ζb (t ) = 

[ 
ζ5 (t ) ζ6 (t ) ζ7 (t ) 

] 
T , 
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ζ1 (t ) = 

∫ t−δ1 

t −δ(t ) 
x T (s) ds, 

ζ2 (t ) = 

∫ t −δ(t ) 

t−δ2 

x T (s) ds, 

ζ3 (t ) = 

∫ −δ1 

−δ(t ) 

∫ t 

t+ θ
x T (s) dsdθ, 

ζ4 (t ) = 

∫ −δ(t ) 

−δ2 

∫ t −δ(t ) 

t+ θ
x T (s) dsdθ, 

ζ5 (t ) = 

∫ t 

s 
˙ x T (θ ) dθ, 

ζ6 (t ) = 

∫ s 

t−δ2 

˙ x T (θ ) dθ, 

ζ7 (t ) = 

∫ s 

t−δ1 

˙ x T (θ ) dθ. 

Theorem 1. For given scalars δ1 ≥0, δ2 > 0, and matrices �1 , �2 , �3 , and �4 satisfy-
ing Assumption 1 , system (7) is extended dissipative and satisfies the performance index in
Definition 1 for any admissible time-varying delay 0 ≤ δ1 ≤ δ( t ) ≤ δ2 , if there exist (i) sym-
metric matrices P > 0, Q > 0, R > 0, S > 0, T > 0, and U > 0 with appropriate dimensions, (ii)
matrices X m 

> 0 (m = 1 , 2, ..., 6) , Y n > 0 (n = 1 , 2) , Z l > 0 (l = 1 , 2, ..., 6) , M > 0 with
appropriate dimensions such that the following LMIs hold: ⎡ 

⎣ 

X 1 X 2 Z 3 

∗ X 3 Z 4 

∗ ∗ U 

⎤ 

⎦ ≥ 0, 

⎡ 

⎣ 

X 4 X 5 Z 5 

∗ X 6 Z 6 

∗ ∗ U 

⎤ 

⎦ ≥ 0, (8) 

P − D 

T 
i �4 D i ≥ 0, (9) 

̂ �1 = 

[
�(δ(t ) = δ1 ) 

√ 

δ2 Z 1 

∗ −M 

]
< 0, ̂ �2 = 

[
�(δ(t ) = δ2 ) 

√ 

δ2 Z 1 

∗ −M 

]
< 0, (10) 

where 

� = sym { �T 
0 P�1 } + �T 

2 Q�2 − �T 
3 Q�3 + �T 

3 R�3 − �T 
4 S�4 + (δ2 − δ1 )e 

T 
d Te d 

+ 

(δ2 − δ1 ) 
2 

2 

e T d U e d + e T 2 σ�e 2 + sym { �T 
5 S�6 + �T 

7 S�6 + Z 1 Y 1 + Z 2 Y 2 } 
− �T 

8 �2 �8 − �T 
9 �3 �9 + �T 

10 �1 �10 − 2�T 
10 �2 �11 − 2�T 

11 �3 �11 , 

�0 (δ1 ) = 

[ 
e T 1 e T 2 e T 3 ] 

T , 

�1 = 

[ 
e T d e T 5 e T 6 ] 

T , 

�2 = 

[ 
e T d e T 1 e T 3 0 e T 1 − e T 4 e T 1 − e T 3 ] 

T , 

�3 = 

[ 
e T 5 e T 3 e T 3 e T 1 − e T 3 e T 3 − e T 4 0] T , 

�4 = 

[ 
e T 6 e T 4 e T 3 e T 1 − e T 4 0 e T 4 − e T 3 

] 
T , 

�5 = 

[ 
e T 1 − e T 3 δ1 e 

T 
7 δ1 e 

T 
3 δ1 (e 

T 
1 − e T 11 ) δ1 (e 

T 
11 − e T 4 ) δ1 (e 

T 
11 − e T 3 ) 

] 
T , 
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V

V
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V
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�6 = 

[ 
0 0 0 e T d − e T 6 − e T 5 

] 
T , 

�7 = 

[ 
e T 3 − e T 4 (δ2 − δ1 ) e 

T 
12 (δ2 − δ1 ) e 

T 
3 (δ2 − δ1 )(e 

T 
1 − e T 12 ) 

(δ2 − δ1 )(e 
T 
12 − e T 4 ) (δ2 − δ1 )(e 

T 
12 − e T 3 ) 

] 
T , 

�8 = 

[ 
e T 1 e T 7 e T 9 ] 

T , 

�9 = 

[ 
e T 1 e T 8 e T 10 ] 

T , 

�10 = 

[ 
D 

T 
i e 

T 
1 ] 

T , �11 = 

[ 
e T 13 ] 

T , 

�2 = −1 

2 

δ2 (t ) 
[ 
X 1 + 

1 

6 

X 3 

] 
− [ δ1 e 1 − e 6 ] Z 3 [ δ1 e 1 − e 9 ] 

T 

− [ −1 

2 

δ1 e 1 − e 7 + 3 e 9 ] Z 4 [ −1 

2 

δ1 e 1 − e 7 + 3 e 9 ] 
T , 

�3 = −1 

2 

(δ2 − δ1 ) 
2 (t ) 

[ 
X 4 + 

1 

6 

X 6 

] 
− [(δ2 − δ1 ) e 1 − e 8 ] Z 5 [(δ2 − δ1 ) e 1 − e 8 ] 

T 

− [ −1 

2 

(δ2 − δ1 ) e 1 − e 8 + 3 e 10 ] Z 6 [ −1 

2 

(δ2 − δ1 ) e 1 − e 8 + 3 e 10 ] 
T , 

Y 1 = 

⎡ 

⎣ 

e 1 − e 3 
e 1 + e 3 − 2e 7 

e 1 − e 3 + 6 e 7 − 12e 9 

⎤ 

⎦ , Y 2 = 

⎡ 

⎣ 

e 3 − e 4 
e 3 + e 4 − 2e 8 

e 3 − e 4 + 6 e 8 − 12e 10 

⎤ 

⎦ , 

e d = A i e 1 + B i e 13 + C i K i e 2 + C i K i e 14 , 

 = diag { M, 3M, 5M} 
e ν = [0 n×(ν−1) n I n×n 0 n×(14−ν) n ] T , where ν = 1 , 2, ... 14. 

roof. For system (7) , the following Lyapunov-Krasovskii functional is considered. 

 (x(t )) = V 1 (x(t )) + V 2 (x(t )) + V 3 (x(t )) + V 4 (x(t )) + V 5 (x(t )) , (11)

here 

 1 (x(t )) = ϒT 
1 (t ) P ϒ1 (t ) , 

 2 (x(t )) = 

∫ t 

t−δ1 

ϒT 
2 (t, s) Qϒ2 (t, s) ds, 

 3 (x(t )) = 

∫ t−δ1 

t−δ2 

ϒT 
2 (t, s) Rϒ2 (t, s) ds, 

 4 (z(t )) = 

∫ −δ1 

−δ2 

∫ t 

t+ θ

˙ x T (s) S ̇  x (s) d sd θ, 

 5 (z(t )) = 

∫ t−δ1 

t−δ2 

∫ t 

θ

∫ t 

γ

˙ x T (s) T ˙ x (s) d sd θd γ . 

alculating the derivative of (11) along system (7) , we obtain 
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˙ 
 1 (t ) = 2ϒT 

1 (t ) P 

˙ ϒ1 (t ) , (12) 

˙ 
 2 (t ) = ϒT 

2 (t , t ) QϒT 
2 (t , t ) − ϒT 

2 (t, t − δ1 ) Qϒ2 (t, t − δ1 ) 

+ sym 

( ∫ t 

t−δ1 

ϒT 
2 (t, s)dsQ 

)∂ϒ2 (t, s) 

∂t 
, (13) 

˙ 
 3 (t ) = ϒT 

2 (t, t − δ1 ) RϒT 
2 (t, t − δ1 ) − ϒT 

2 (t, t − δ2 ) Qϒ2 (t, t − δ2 ) 

+ sym 

( ∫ t−δ1 

t−δ2 

ϒT 
2 (t, s)dsR 

)∂ϒ2 (t, s) 

∂t 
, (14) 

˙ 
 4 (t ) = (δ2 − δ1 ) e 

T 
d T e d −

∫ t−δ1 

t−δ2 

˙ x T (s) Z ̇  x (s) ds, (15) 

˙ 
 5 (t ) = 

(δ2 − δ1 ) 
2 

2 

e T d U e d −
∫ t−δ1 

t−δ2 

∫ t 

θ

˙ x T (s) U ˙ x (s) dsdθ, (16) 

where 

ϒ2 (t , t ) = 

[ 
˙ x T (t ) x T (t ) x T (t − δ1 ) ζ T 

b (t ) 
] 

T , 

ϒ2 (t, t − δ1 ) = 

[ 
˙ x T (t − δ1 ) x T (t − δ1 ) x T (t − δ1 ) ζ T 

b (t ) 
] 

T , 

ϒ2 (t, t − δ2 ) = 

[ 
˙ x T (t − δ2 ) x T (t − δ2 ) x T (t − δ1 ) ζ T 

b (t ) 
] 

T , ∫ t 

t−δ1 

ϒ2 (t, s) ds = 

[ 
x T (t ) − x T (t − δ1 ) δ1 ζ

T 
1 (t ) δ1 x 

T (t − δ1 ) δ1 ζ
T 
b (t ) 

] 
T , 

∫ t−δ1 

t−δ2 

ϒ2 (t, s) ds = 

[ 
x T (t − δ1 ) − x T (t − δ2 ) (δ2 − δ1 ) ζ

T 
2 (t ) (δ2 − δ1 ) x 

T (t − δ1 ) 

× (δ2 − δ1 ) ζ
T 
b (t ) 

] 
T , 

∂ϒ2 (t, s) 

∂t 
= 

[ 
0 0 0 

˙ ζ T 
b (t ) 

] 
T , 

˙ ζb (t ) = 

[ 
˙ x T (t ) − ˙ x T (t − δ2 ) − ˙ x T (t − δ1 ) 

] 
T , 

and 

˙ 
 (t ) = ξT (t )�0 ξ (t ) −

∫ t−δ1 

t−δ2 

˙ x T (s) Z ̇  x (s) ds −
∫ t−δ1 

t−δ2 

∫ t 

θ

˙ x T (s) U ˙ x (s) dsdθ, (17) 
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here 

0 = 2 

⎡ 

⎣ 

x(t ) 
x(t − δ1 ) 

x(t − δ2 ) 

⎤ 

⎦ 

T P 

⎡ 

⎣ 

x(t ) 
x(t − δ1 ) 

x(t − δ2 ) 

⎤ 

⎦ + 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t ) 
x(t ) 

x(t − δ1 ) 

0 

x(t ) − x(t − δ2 ) 

x(t ) − x(t − δ1 ) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

T Q 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t ) 
x(t ) 

x(t − δ1 ) 

0 

x(t ) − x(t − δ2 ) 

x(t ) − x(t − δ1 ) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

−

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t − δ1 ) 

x(t − δ1 ) 

x(t − δ1 ) 

x(t ) − x(t − δ1 ) 

x(t − δ1 ) − x(t − δ2 ) 

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

T Q 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t − δ1 ) 

x(t − δ1 ) 

x(t − δ1 ) 

x(t ) − x(t − δ1 ) 

x(t − δ1 ) − x(t − δ2 ) 

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

+ 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t − δ1 ) 

x(t − δ1 ) 

x(t − δ1 ) 

x(t ) − x(t − δ1 ) 

x(t − δ1 ) − x(t − δ2 ) 

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

T R 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t − δ1 ) 

x(t − δ1 ) 

x(t − δ1 ) 

x(t ) − x(t − δ1 ) 

x(t − δ1 ) − x(t − δ2 ) 

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

−

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t − δ2 ) 

x(t − δ2 ) 

x(t − δ1 ) 

x(t ) − x(t − δ2 ) 

0 

x(t − δ2 ) − x(t − δ1 ) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

T R 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

˙ x (t − δ2 ) 

x(t − δ2 ) 

x(t − δ1 ) 

x(t ) − x(t − δ2 ) 

0 

x(t − δ2 ) − x(t − δ1 ) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

+(δ2 − δ1 ) e T d T e d + 

(δ2 −δ1 ) 
2 

2 e T d U e d + sym { �T 
5 S�6 + �T 

7 S�6 } , 
0 = sym { �T 

0 P�1 } + �T 
2 Q�2 − �T 

3 Q�3 + �T 
3 R�3 − �T 

4 S�4 + (δ2 − δ1 )e T d Te d 
+ 

(δ2 −δ1 ) 
2 

2 e T d U e d + sym { �T 
5 S�6 + �T 

7 S�6 } . 
emma 2 and (15) yield ∫ t−δ1 

t−δ2 

˙ x T (s) T ˙ x (s) ds = −
∫ t−δ1 

t −δ(t ) 
˙ x T (s) T ˙ x (s) ds −

∫ t −δ(t ) 

t−δ2 

˙ x T ( s) T ˙ x ( s) ds 

≤ ξT (t )�1 (δ(t )) ξ (t ) , (18)

here �1 (δ(t )) = sym {Z 1 Y 1 + Z 2 Y 2 } − (δ(t) − δ1 ) Z 1 M 

−1 Z 

T 
1 − (δ2 − δ(t)) Z 2 M 

−1 Z 

T 
2 . By

emma 3 , the following inequality is obtained. ∫ t−δ1 

t−δ2 

∫ t 

θ

˙ x T (s) U ˙ x (s) d sd θ = −
∫ t−δ1 

t −δ(t ) 

∫ t 

θ

˙ x T (s) U ˙ x (s) d sd θ −
∫ t−δ1 

t−δ2 

∫ t 

θ

˙ x T (s) U ˙ x (s) d sd θ

≤ −ϑ 

T 
1 (t )�2 ϑ 1 (t ) − ϑ 

T 
2 (t )�3 ϑ 2 (t ) 

≤ ξT (t ) 
(

− ϑ 

T 
1 (t )�2 ϑ 1 (t ) − ϑ 

T 
2 (t )�3 ϑ 2 (t ) 

)
ξ (t ) 

≤ ξT (t )[�2 + �3 ] ξ (t ) , (19)

here 



7706 S. Shanmugam and K.-S. Hong / Journal of the Franklin Institute 357 (2020) 7696–7717 

 

V

V

 

V

 

 

 

ϑ 1 (t ) = [ x T (t ) , 1 
δ(t ) −δ1 

∫ t−δ1 

t −δ(t ) x 
T (s) ds, 1 

(δ(t ) −δ1 ) 2 

∫ −δ1 

−δ(t ) 

∫ t−δ1 

t+ θ
x T (s) dsdθ ] T , 

ϑ 2 (t ) = [ x T (t ) , 1 
δ2 −δ(t ) 

∫ t −δ(t ) 
t−δ2 

x T (s) ds, 1 
(δ2 −δ(t )) 2 

∫ −δ(t ) 
−δ2 

∫ t−δ(t ) 
t+ θ

x T (s) dsdθ ] T . 
Combining (12) –(19) with the condition on Schur complement lemma [48] , the following

inequality is obtained. 

ξT (t )�ξ (t ) < 0. (20) 

It is clear that the membership function 

∑ r 
i=1 ω i θ (t )) = 1 and ω i θ ( t )) ≥0. Finally, we obtain 

˙ 
 (x(t )) < 

r ∑ 

i=1 

ω k (θ (t )) ξT (t ) ̃  �1 , 2 ξ (t ) < 0. (21) 

By the event-triggered condition, we can get 

˙ 
 (x(t )) − J (t ) < 

r ∑ 

i=1 

ω k (θ (t )) ξT (t ) ̂  �1 , 2 ξ (t ) < 0, (22) 

where J (t ) = y T (t )�1 y(t ) + 2y T (t )�2 ω(t ) + ω 

T (t )�3 ω(t ) . �
According to Definition 1 , we need to prove that the following inequality holds for matrices

�1 , �2 , �3 , and �4 with the zero initial condition V (0) = 0. ∫ t 

0 
J (s) ds ≥ V (t ) . (23) 

Meanwhile, 

 (t ) ≥ x T (t ) P x(t ) > 0. (24) 

We also have ∫ t 

0 
J (s) ds ≥ x T (t ) P x(t ) . (25) 

To prove that system (7) is extended dissipative, Definition 1 should be satisfied. To satisfy
(22) , the following inequality should hold: ∫ T f 

0 
J (t ) dt − sup 

0≤t≤T f 

y T (t )�4 y(t ) ≥ 0. (26) 

According to, the extended dissipativity criteria can be described: (i) �4 = 0 if the H ∞ 

performance, the passivity, and the strictly (Q , S, R ) − γ dissipativity conditions are satisfied.
(ii) �4 > 0 if the L 2 = L ∞ 

performance conditions are provided. 

Case 1. When �4 = 0, we have ∫ T f 

0 
J (t ) dt = sup 

0≤t≤T f 

y T (s)�4 y(s) , T f ≥ 0. 

Then system (7) can be deduced to perform H ∞ 

, (Q , S, R ) -dissipativity and the passivity. 

Case 2. When �4 > 0, we have, from Assumption 1 , that �1 = 0, �2 = 0, and �3 > 0, where-
upon we obtain ∫ t 

0 
J (s) ds = 

∫ t 

0 
w 

T (s)�3 w(s) ds. (27) 
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⎣
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hen for any t ≥0, T f ≥0, T f ≥ t , 0 ≤ t ≤T f , for all t ∈ [0, T f ], we have 
 T f 

0 
J (s) ds > 

∫ t 

0 
J (s) ds ≥ x T (t ) P x(t ) > 0. 

rom (9) we obtain 

 T f 

0 
J (s) ds ≥ x T (t ) P x(t ) ≥ y T (t )�4 y(t ) . (28)

inally, we obtain 

 T f 

0 
J (t ) dt − sup 

0≤t≤T 
y T (t )�4 y(t ) ≥ 0. (29)

s discussed above, system (7) is said to be extended dissipative in the sense of Definition 1 .
his completes the proof. 

In the following, a criterion is proposed to design the feedback gain K i under the event-
riggered condition (3) from Theorem 1 . 

heorem 2. For given scalars δ1 ≥0, δ2 > 0, and matrices �1 , �2 , �3 , and �4 sat-
sfying Assumption 1 , system (1) under the event-triggered condition (3) and gain ma-
rix K i = Y X 

−1 is extended dissipative and satisfies the performance index in Definition
 for any admissible time-varying delay 0 ≤ δ1 ≤ δ2 , if there exist (i) symmetric matrices
 > 0, ̂ Q > 0, ̂ R > 0, ̂ S > 0, ̂ T > 0, and 

̂ U > 0 with appropriate dimensions, (ii) matriceŝ 

 m 

> 0 (m = 1 , 2, ..., 6) , Y n > 0 (n = 1 , 2) , ̂ Z l > 0 (l = 1 , 2, ..., 6) , M > 0 with appro-
riate dimensions such that the following LMIs hold: 
 

 ̂

 X 1 ̂ X 2 ̂ Z 3 

∗ ̂ X 3 ̂ Z 4 

∗ ∗ ̂ U 

⎤ 

⎦ ≥ 0, 

⎡ 

⎣ ̂

 X 4 ̂ X 5 ̂ Z 5 

∗ ̂ X 6 ̂ Z 6 

∗ ∗ ̂ U 

⎤ 

⎦ ≥ 0, (30)

 − D 

T 
i (t )�4 D i ≥ 0, (31)

1 = 

[
�(δ(t ) = δ1 ) 

√ 

δ2 ̂  Z 1 

∗ − ̂ M 

]
< 0, �2 = 

[
�(δ(t ) = δ2 ) 

√ 

δ2 ̂  Z 1 

∗ − ̂ M 

]
< 0, (32)

here 

� = sym { �T 
0 P �1 } + �T 

2 Q�2 − �T 
3 Q�3 + �T 

3 R�3 − �T 
4 S�4 + (δ2 − δ1 ) e 

T 
d T e d 

+ 

(δ2 − δ1 ) 
2 

2 

e T d U e d + e T 2 σ�e 2 + sym { �T 
5 S�6 + �T 

7 S�6 + Z 1 Y 1 + Z 2 Y 2 } 
− �T 

8 �2 �8 − �T 
9 �3 �9 + �T 

10 �1 �10 − 2�T 
10 �2 �11 − 2�T 

11 �3 �11 , 

�0 = 

[ 
e T 1 e T 2 e T 3 ] 

T , 

�1 = 

[ 
e T d e T 5 e T 6 ] 

T , 

�2 = 

[ 
e T d e T 1 e T 3 0 e T 1 − e T 4 e T 1 − e T 3 ] 

T , 

�3 = 

[ 
e T 5 e T 3 e T 3 e T 1 − e T 3 e T 3 − e T 4 0] T , 
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�4 = 

[ 
e T 6 e T 4 e T 3 e T 1 − e T 4 0 e T 4 − e T 3 

] 
T , 

�5 = 

[ 
e T 1 − e T 3 δ1 e 

T 
7 δ1 e 

T 
3 δ1 (e 

T 
1 − e T 11 ) δ1 (e 

T 
11 − e T 4 ) δ1 (e 

T 
11 − e T 3 ) 

] 
T , 

�6 = 

[ 
0 0 0 e T d − e T 6 − e T 5 

] 
T , 

�7 = 

[ 
e T 3 − e T 4 (δ2 − δ1 ) e 

T 
12 (δ2 − δ1 ) e 

T 
3 (δ2 − δ1 )(e 

T 
1 − e T 12 ) 

(δ2 − δ1 )(e 
T 
12 − e T 4 ) (δ2 − δ1 )(e 

T 
12 − e T 3 ) 

] 
T , 

�8 = 

[ 
e T 1 e T 7 e T 9 ] 

T , 

�9 = 

[ 
e T 1 e T 8 e T 10 ] 

T , 

�10 = 

[ 
D 

T 
il e 

T 
1 ] 

T , �11 = 

[ 
e T 13 ] 

T , 

�2 = −1 

2 

δ2 (t ) 
[ ̂ X 1 + 

1 

6 

̂ X 3 

] 
− [ δ1 e 1 − e 5 ] ̂  Z 3 [ δ1 e 1 − e 8 ] 

T 

− [ −1 

2 

δ1 e 1 − e 6 + 3 e 8 ] ̂  Z 4 [ −1 

2 

δ1 e 1 − e 6 + 3 e 8 ] 
T , 

�3 = −1 

2 

(δ2 − δ1 ) 
2 (t ) 

[ ̂ X 4 + 

1 

6 

̂ X 6 

] 
− [(δ2 − δ1 ) e 1 − e 7 ] ̂  Z 5 [(δ2 − δ1 ) e 1 − e 7 ] 

T 

− [ −1 

2 

(δ2 − δ1 ) e 1 − e 7 + 3 e 9 ] ̂  Z 6 [ −1 

2 

(δ2 − δ1 ) e 1 − e 7 + 3 e 9 ] 
T , 

Y 1 = 

⎡ 

⎣ 

e 1 − e 2 
e 1 + e 2 − 2e 6 

e 1 − e 2 + 6 e 6 − 12e 8 

⎤ 

⎦ , Y 2 = 

⎡ 

⎣ 

e 2 − e 3 
e 2 + e 3 − 2e 7 

e 2 − e 3 + 6 e 7 − 12e 9 

⎤ 

⎦ , 

e d = A i e 1 + B i e 10 + C il Ke 2 + C i Ke 14 , ̂ M = diag { M, 3M, 5M} , and 

e ν = [0 n×(ν−1) n I n×n 0 n×(14−ν) n ] 
T , where ν = 1 , 2, ..., 14. 

Proof. The proof follows the same line as Theorem 1 . Define X = P 

−1 , then, pre and post
multiplying (10) with diag{X, X, X, X, X, X, X, X, X, X, X, X, I, I}, respectively, and defining
new matrix variables ̂ Q = X QX, ̂ R = X RX, ̂ S = X SX, ̂ T = X T X, ̂ U = X U X, ̂ X n = X X n X 

(n = 1 , 2, ..., 6) , ̂ Z n = X Z n X (n = 1 , 2, ..., 6) , ̂ M = X M X in (32), we can readily reach
(32). That is, if (30)-(32) holds, the closed loop system (1) is extended dissipative under the
event triggered condition (2). �
Remark 2. In Theorem 1 , the extended dissipativity investigation model, which unifies the
L 2 − L ∞ 

performance, passivity, dissipativity, and H ∞ 

performance, is proposed for T-S fuzzy 

system system (7). The investigation method in Theorem 1 demonstrates a technique for the
comparing execution issues. 

Remark 3. In Theorem 1 and Theorem 2 , a large number of variables in our LMIs were used,
which is more than that in [41–44] . These variables increase the computational complexity. 
However, the process to gain the feasible solution just needs a few seconds by using the
MATLAB toolbox [50] . Besides, according to Table 2 , it is easy to see that the stability
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h  
riteria obtained in this study are less conservative than the existing ones. Therefore, it is
orthy to reduce the conservation of stability criteria for a few more seconds. Our target of

urther study is to get better stability conditions for less variables. 

emark 4. Theorem 1 and 2 give a new condition for the extended dissipativity of the
ystems as the event-triggered scheme is implemented. As can be seen from derivation, free-
atrix-based integral inequalities were implemented in its deduction, which may bring some

onservatism to some extent. It should be mentioned that the LMI technique has been widely
pplied to tackle various time-delay problems in control theory and applications. As the size
f LMI gets bigger, e.g., the LMIs (8)-(10) and (30)-(32), there may be a key issue of its
omputational complexity. Fortunately, due to the fast speed of current computer processing
nd the case that controllers may not require online solving, its application is still very
onvenient. In general, the research on complexity and solution of a high dimensional LMI
s an issue of concern and also an active topic in the field. 

. Numerical Examples 

To show the advantage of our method, two examples for the effectiveness and reduced
onservatism are provided in this section. 

xample 1. Consider the well-examined case of balancing an inverted pendulum on a cart,
ee [51] . The pendulum angle ( x 1 ) and the angular velocity ( x 2 ) satisfy 

˙  1 (t ) = x 2 , 

˙  2 (t ) = 

g sin (x 1 ) − amlx 2 2 sin (2x 1 ) / 2 − a cos (x 1 ) u 

4l/ 3 − aml cos 2 (x 1 ) 
+ w 

here g = 9 . 8 is the gravity constant, u is the control force applied to the cart, w is the
xternal disturbance which is assumed to be w = cos (2πt ) , 2 l is the length of the pendulum,
 = 1 / (m + M) , where m is the mass of the pendulum and M is the mass of the cart. This
onlinear system can be depicted by a fuzzy model as in [51] with two IF-THEN rules: Let
 = 1 , 2. Consider the accompanying plant principles for the invented pendulum: 

Plant Rule 1: IF θ1 ( t ) is M i1 , θ2 ( t ) is M i2 , ..., and θp ( t ) is M ip (i.e., IF x 1 is about 0),
HEN 

˙  (t ) = h 1 (θ (t )) 
[ 
A 1 x(t ) + B 1 ω(t ) + C 1 u(t ) 

] 
, 

(t ) = h 1 (θ (t )) 
[ 
D 1 x(t ) 

] 
. 

lant Rule 2: IF θ1 ( t ) is M i1 , θ2 ( t ) is M i2 , ..., and θp ( t ) is M ip (i.e., IF x 1 is about ±π /2),
HEN 

˙  (t ) = h 2 (θ (t )) 
[ 
A 2 x(t ) + B 2 ω(t ) + C 2 u(t ) 

] 
, 

(t ) = h 2 (θ (t )) 
[ 
D 2 x(t ) 

] 
. 

The membership functions are h 1 (θ (t )) = (1 − 1 / 1 + e −7(x 1 −π/ 4) )(1 / 1 + e −7(x 1 + π/ 4) ) and
 2 (θ (t )) = 1 − h 1 (θ (t )) . In order to illustrate the use of Theorem 2 , we assume the fuzzy
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Table 1 
Minimum γ for fixed δ1 = 0. 06 and different values of δ2 in Example 1 . 

δ2 

Method 0.1 0.2 0.3 0.4 0.5 
H ∞ 

Performance 0.1134 0.1071 0.0844 0.0140 0.0022 
l 2 − l ∞ 

Performance 0.2286 0.1751 0.1307 0.0433 0.0164 
Passivity 0.1501 0.1281 0.1136 0.0440 0.0075 
Dissipativity 0.0121 0.0116 0.0088 0.0013 0.0009 

 

 

 

 

 

 

 

 

 

 

 

time-delay model considered here as follows: 

A 1 = 

[
0 1 

17 . 29 0 

]
B 1 = 

[
0 

1 

]
C 1 = 

[
1 0 

]
, D 1 = 

[
1 0 

]
, 

A 2 = 

[
0 1 

12. 63 0 

]
, B 2 = 

[
0 

1 

]
, C 2 = 

[
1 0 

]
, D 2 = 

[
0 1 

]
. 

(1) H ∞ 

Performance : Let �1 = −I 2 , �2 = 0, �3 = γ 2 I 2 , and �4 = 0. The extended dissi-
pativity reduces to the standard H ∞ 

performance. Utilizing Theorem 2 , the permissible least
H ∞ 

performance γ can be obtained for fixed σ = 0. 2, δ1 = 0. 06 and δ2 = 0. 5 . The relation
between γ and δ2 (for fixed δ1 ) is demonstrated in Table 1 . Then, we can get the unknown
matrices with gain matrices K 1 and K 2 , and the trigger matrix � as follows. 

P = 10 

5 ×
[

2. 2673 −1 . 9147 

−1 . 9147 1 . 6956 

]
, Q = 10 

5 ×
[

0. 9718 0. 2700 

0. 2700 8 . 5700 

]
, R = 

[
0. 3622 0. 1423 

0. 1423 4. 1175 

]
, 

S = 10 

4 ×
[

1 . 0444 0. 0191 

0. 0191 0. 1814 

]
, T = 10 

7 ×
[

1 . 1573 0. 0220 

0. 0220 0. 0005 

]
, 

K 1 = 

[
1 . 03612 0. 0274 

]
, K 2 = 

[
1 . 0876 0. 2347 

]
, � = 10 

12 ×
[

2. 4363 −0. 0000 

−0. 0000 0. 1704 

]
. 

(2) L 2 − L ∞ 

Performance : Let �1 = 0, �2 = 0, �3 = γ 2 I 2 , and �4 = I 2 . The extended
dissipativity becomes the l 2 − l ∞ 

performance. For given σ = 0. 2, δ1 = 0. 06 and δ2 = 0. 5 , the
minimum estimation of γ is obtained as given in Table 1 by solving the LMIs in Theorem 2 .
We can get the unknown matrices with gain matrices as follows. 

P = 10 

8 ×
[

7 . 4866 −6 . 3528 

−6 . 3528 5 . 6500 

]
, Q = 10 

9 ×
[

0. 3207 0. 0901 

0. 0901 2. 8531 

]
, R = 

[
0. 1185 0. 0468 

0. 0468 1 . 3575 

]
, 

S = 10 

12 ×
[

3 . 4234 0. 0658 

0. 0658 0. 5960 

]
, T = 10 

12 ×
[

3 . 8858 0. 0736 

0. 0736 0. 0017 

]
, 

K 1 = 

[−0. 5563 0. 1275 

]
, K 2 = 

[−1 . 4396 0. 5763 

]
, � = 10 

15 ×
[

7 . 9471 0. 0004 

0. 0004 0. 6202 

]
. 

(3) Passivity : When �1 = 0, �2 = I 2 , �3 = γ I 2 , and �4 = 0, the passivity performance is
obtained. For σ = 0. 2, δ1 = 0. 06 , and δ2 = 0. 3 , the different value of γ is obtained as listed
in Table 1 by solving the LMIs in Theorem 2 with a different value of upper bound δ2 . Then,
we can get the unknown matrices with gain matrices K 1 and K 2 , and the trigger matrix � as
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Fig. 1. State responses of system (1) . 
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P = 10 

8 ×
[

7 . 1465 −6 . 4113 

−6 . 4113 6 . 0355 

]
, Q = 10 

9 ×
[

0. 3062 0. 0741 

0. 0741 2. 9729 

]
, R = 

[
0. 1137 0. 0373 

0. 0373 1 . 3763 

]
, 

S = 10 

7 ×
[

3 . 3026 0. 0860 

0. 0860 0. 6291 

]
, T = 10 

10 ×
[

4. 2897 0. 0786 

0. 0786 0. 0018 

]
, 

 1 = 

[
0. 0027 0. 3467 

]
, K 2 = 

[
1 . 6954 0. 7561 

]
, � = 10 

15 ×
[

9 . 1241 0. 0005 

0. 0005 1 . 3401 

]
. 

4) Dissipativity : Let �1 = −7 I 2 , �2 = I 2 , �3 = 3 I 2 , and �4 = 0. If the LMIs in (30) –(32)
re feasible, then system (1) is ( �1 , �2 , �3 )-dissipative. When �3 = R − γ , the performance
educes to (�1 , �2 , R ) − γ -dissipative, where γ denotes the level of dissipativity. The
arious estimations of admissible maximum dissipativity level are shown in Table 1 , from
hich it can be observed that the smaller the upper bound of delay δ2 is, the larger the
issipativity level is. The simulation results are shown in Figs. 1 - 5 . Fig. 1 shows the state
esponses of system (1) . Fig. 2 shows the responses of the closed-loop control effort u ( t ).
ig. 3 shows the angle displacement of the pendulum from the vertical. Fig. 4 shows the
ngular velocity of the pendulum, and Fig. 5 shows that the position of the cart. 

P = 10 

5 ×
[

5 . 0607 −4. 2527 

−4. 2527 3 . 7438 

]
, Q = 10 

6 ×
[

0. 2166 0. 0625 

0. 0625 1 . 9009 

]
, R = 

[
0. 7963 0. 3242 

0. 3242 9 . 0438 

]
, 

S = 10 

4 ×
[

2. 3002 0. 0418 

0. 0418 0. 3935 

]
, T = 10 

7 ×
[

2. 5642 0. 0488 

0. 0488 0. 0011 

]
, 

 1 = 

[
1 . 2049 0. 8461 

]
, K 2 = 

[
2. 0012 0. 9415 

]
, � = 10 

12 ×
[

5 . 2393 −0. 0001 

−0. 0001 0. 3660 

]
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Fig. 2. The closed-loop control force u ( t ). 

Fig. 3. The angle displacement of the pendulum from the vertical. 

 
Example 2. Consider the T-S fuzzy system (7) with time-varying delay and the following
rules [41–44] : Plant Rule 1: IF θ ( t ) is ±π /2, THEN 

˙ x (t ) = h 1 (θ (t )) 
[ 
A 1 x(t ) + B 1 ω(t ) + C 1 K (t − δ(t )) + C 1 Ke k (t ) 

] 
, 

y(t ) = h 1 (θ (t )) 
[ 
D 1 x(t ) 

] 
. 

IF θ ( t ) is 0, THEN 

˙ x (t ) = h 2 (θ (t )) 
[ 
A 2 x(t ) + B 2 ω(t ) + C 2 K (t − δ(t )) + C 2 Ke k (t ) 

] 
, 
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Fig. 4. The angular velocity of the pendulum. 

Fig. 5. The cart position response. 

y

w

A

A

(t ) = h 2 (θ (t )) 
[ 
D 2 x(t ) 

] 
. 

here 

 1 = 

[−2 0 

0 −0. 9 

]
B 1 = 

[
0 

0 

]
C 1 = 

[−1 . 5 1 

0 −0. 75 

]
, D 1 = 

[
0 0 

]
, 

 2 = 

[−1 0 

−1 −1 

]
, B 2 = 

[
0 

0 

]
, C 2 = 

[−1 0 

1 −0. 85 

]
, D 2 = 

[
0 0 

]
. 
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Fig. 6. State responses of initial conditions. 

Table 2 
Maximum allowable upper bound δ2 for four different lower bounds of δ1 in Example 2 . 

δ1 0.2 0.4 0.6 0.8 Method 

0.7945 0.8487 0.9316 1.0325 [41] 
1.141 1.150 1.72 1.209 [42] 

δ2 1.1639 1.1734 1.1994 1.2532 [43] 
1.3101 1.3116 1.2999 1.2674 [44] 
1.7410 1.8628 2.0433 2.5410 Theorem 1 

 

 

 

 

 

 

The membership functions for above Rules 1 and 2 are h 1 (θ (t )) = sin 

2 (θ (t )) , h 2 (θ (t )) =
cos 2 (θ (t )) , where θ (t ) = x 1 (t ) . For different values of δ1 , the admissible maximum upper
bound of δ2 obtained from [41–44] and that of Theorem 1 in this paper are compared in
Table 2 . As shown in Table 2 , the maximum allowable upper bounds are larger than those
obtained form [41–44] . With the initial state conditions [1 , −1] T , Fig. 7 demonstrates the
reproduction aftereffects of the state responses of the T-S fuzzy system (7) . It shows from the
simulation results (Fig. 7) that the admissible maximum allowable upper bound of δ2 listed 

in Table 2 are capable of guaranteeing asymptotical stability of (7) . 

5. Conclusion 

In this study, an event-triggered control problem has been proposed through the extended 

dissipativity of a T-S fuzzy model. By picking a novel Lyapunov-Krasovskii functional, cri- 
teria for the extended dissipativity were derived based on free-matrix-based double integral 
inequality. The numerical examples were presented to illustrate the proposed methodology. 
The obtained results were less conservative than the existing ones. The control performance 
was demonstrated with an inverted pendulum through analyzing the stability and stabilization 

issues. As further works, dynamic output-feedback controller and adaptive boundary control 
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52–55] , event-triggered control system [56,57] , and adaptive event-triggered communication
cheme will be sought to obtain a better control and communication performance. 
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