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Decentralized robust control of strongly interconnected uncertain systems is addressed in this

paper. The uncertainties we consider here may include parameter uncertainty and input

disturbance that may be nonlinear and (possibly fast) time-varying. We show specially how

both internal and external uncertainties are taken into considerations. This work covers a broad

class of large-scale systems since the current consideration renders all previous settings as

special cases. Stability analysis with the proposed controllers is provided.

disturbance that may be nonlinear and (possibly fast) time-varying. We show specially how

both internal and external uncertainties are taken into considerations. This work covers a broad
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1. Introduction

A large-scale system can be considered as a set
of interconnected subsystems, which is often en-
countered in practical applications, for example,
power networks and transportation systems. The
important trend in control design for these large-
scale systems is decentralized control where the
control law of each subsystem is based only on its
own information. The advantage of this aspect in
controller design is to reduce complexity and a
formidable amount of information transmission
and therefore allows the control implementation
1991) . The research
on decentralized control has been prolific. Impor-

to be more feasible (Siljak

tant and representative work on decentralized
control of large-scale uncertain systems can be
found in Gavel and Siljak (1989), Ikeda and
Siljak (1990) , Ohta et al. (1986)  Sezer and
Siljak (1981), Siljak (1989), and their bibliogra-
phies.

For an uncertain large-scale system, it usually
turns out that each subsystem may possess inter-
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nal uncertainty. Besides, there may be uncer-
tainties in the intercennections. The uncertainties
we consider here may include parameter uncer-
tainty and input disturbance that may be non-
linear and (possibly fast) time-varying - their
realizations are often unknown. It may be also
difficult to acquire their statistical properties a
priori. Therefore a potential approach for han-
dling such uncertainty is to utilize the knowledge
related to its possible bound. The controller
design should then be based on only this knowl-
edge. This is the spirit of the deterministic
approach to uncertain large-scale systems, which
we shall adopt in this paper. A survey of related
work using this approach for centralized control
design can be found in Corless and Leitmann
(1988) .

The past work on decentralized robust control
has been limited to the considerations of non-
linear systems where only weak interconnections
arise (Chen, 1988) ., Once strong interconnections
arise, the above passive analysis may be some-
times overconservative in terms of providing a
quantitative measure of the threshold. Gavel and
Siljak (1989) was among the first to study such
an issue. Adaptive control is constructed, which is
able to suppress the interconnection if its bound is
proportional to the state norm. Later Chen et al.



(1991) proposed a non-adaptive control design
for a setting with cone-bounded interconnection,
which renders the previous bound into a special
case.

The present work extends the setting of Chen et
al. (1991) to arbitrary bound. Loosely speaking,
the previous work considers linear bound and the
current work considers nonlinear bound.

2 Interconnected Systems

Consider a class of uncertain large-scale sys-
tems that are composed of N interconnected sub-
systems S; described by (throughout this paper,
for the sake of brevity, arguments are sometimes
omitted when no confusion is likely to arise)

S 2 )=Flx(t), )+ AF:(x8), 62), £)
+[Blxt), )+ ABLxt),

alt)t)]e

u )+ glx(#), 6dt). t)
xi(to)ZXio (l)
x(O)=[xT(t), x5(t), - - -, xD]"ER",
n:iém (2)

where ;€N, N={1, 2, --+, N}. Here t&R is the
independent variables, x,(f)&R™ is the state, and
u{f)SR™ is the control. Uncertainty in the
system description is modelled by an unknown
ogi(+) R->23,
where the uncertainty bounding set X, CR“is a
known compact set. The known functions £( « ):
R*xXR-R"™ and B,( + ): R*XR—-R™*™ and the
(known or unknown) functions A4f,( « ): R*xX X;
XR->R™, AB{ +): R¥*XX;XR->R™"™ and g;
(+) R*x Y, XR—-R™ are Lebesgue measurable
in f and continuous in other arguments.

Lebesgue measurable function

Regarding the uncertain system (1), some
structural conditions are imposed on the uncer-
tainty. Standard notation is employed. If the
eigenvalues of a matrix = are real, A,[Z] and
AulZ] (or A,,(Z) and A,(5)) denote the mini-
mum and maximum eigenvalues of 5. Vector
norms are Euclidean and matrix norms are the
thus 2] =

corresponding induced ones;

(5T

Assumption 1, Maching of Uncertainties.
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There exist continuous functions g,( « }: R"x X,
XR->R™, E{+ ) R"X X XR-R"™ ™ and f.(+):
R®"x 3, XxR—-R™ such that

Af,—(xi, 0n H)=BdAxs Ddilxs 04 1) (3)
ABi(xia Gi’ t)zBi(xis t)E{(xi, O t) (4)
gz-(x, Ti» f):Bi(Xi, ll)hi(x’ Tis ¢) (5)

Remark 1. Egs. (3)~(5) impose constraints on
the structure of the uncertain part, A4f,, 4B, and
interconnection, g, once B, is given. These condi-
tions imply that the uncertainty and interconnec-
tion should lie within the range space of input
matrix, [3;. In general, this property can be satis-
fied if B; has high enough rank (i.e., the system
has enough inputs).

3. Proposed Controllers

We first choose a input y,( « ): R%*xR->R" for
the nominal system (i.e., the system in absence of
uncertain part and interconnection) such that the

controlled nominal system is asymptotically sta-
ble.

Assumption 2  There exist a C! functions V;
(+): R"XR~-R. and functions y,,( + ), y2i( * ),
73:( » )1 Ry = Ry, where y,;, 7,; belong to class KR
(see Appendix) and ysbelongs to class K (see
Appendix), such that for all (£, ) &R" xR

7’1:‘(”5“)S Vz(fs f)Sﬁi(”é”) (6)
Wffﬁ’ t) +a‘/‘é§’ D7 (e < —rallzh )

where

fi(& D=fA& DT BAE Dvd& 1) (8)
The following assumption is an additional

condition imposed on the uncertainty and inter-
connection.

Assumption 3, There exists a known constant
or, such that for all (x,, ¢, H)ER"XX;XR

. 1
min ez 3anl Eixs 00 D+ Elee 0 1))

Assumption 4  There exist non-decreasing
continuous functions ¢ - ): R, =R, i, &N
such that for all (x, g, F)ER" X3, XR
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x o DI < Zgullxd)  (10)

max osies;

where
Hi(.x; 05 t):di(xb (o) t)+El(xl7 (oS t)‘
vilxn B+ hilx, 0 1) (1)

The function ¢,( - )in (10) can be determined
from the boundary values of the uncertain param-
eters in of JJ, of(11)

Remark 2. The requirement (9) is to assure
that a given control acts in the desired direction.
In view of the condition (10) | much more general
class of uncertainty and interconnection is consid-
ered in this work. In Han and Chen (1991) | the
interconnection is bounded by a first order
polynomial of |ix;|. In Chen et . (1991),
uncertainty and interconnection are both bound-
ed by first order polynomials. In Shi and Singh
1991y |
nominal system and the interconnection is bound-

the uncertain system has a linear
ed by a ™ order polynomial. The current consid-
eration renders all previous settings as special
cases. Practical examples that fall into the current
class of uncertain systems include, for example,
robot hybrid control where uncertain portion is
bounded by a second order polynomial (Chen
and Pandey, 1990) and continuous stirred tank
reactor (CSTR) control where interconnection is
bounded by an exponential function (Shu et al.,
1989)

Now a class of decentralized robust controllers
are proposed as follows,

iz =vdxs t)+vdxs t) (12)
0ilee )= 3 k1t ps) e 8 D (13)
il =Bl V5 Vil ) (14)
BVI A VO Bl X VT

f 2 27 i

Bl )= [ Vi 7edEd

2 Vo) “f'%{( 7’31‘(61‘)]71%[( o 7’11‘"1)( V;)]z
if ;< 7’2;‘( €:)

(15)
where the positive constants, %; and ¢,, are cho-
sen by a designer, the function #,( - ): R, >R, is
continuous and satisfies

n<re=>n{r)<ndr), Vr, nER,
7:0)>0, » 20=7,(»)>0

In (15) | the notation feg(x) denotes f(g(x)).

Remark 3 Notice that the state vector of the
other subsystems, x; is not included in the
proposed controller gz,;(+) in (12) . This implies
that though one subsystem is interconnected with
the other subsystems, only the information of its
own state is utilized in its control design. In other
words, there is no communication needed among
the subsystems for the control to be implemented.
wu: ) 1s and of
saturation-type due to the function g;( - ) in (15)

The control continuous

4. Properties of Systems with
Proposed Controllers

For convenience, we describe the large-scale
system S in a compact form as

S x()=fx, )+4df(x, 0. 1)+[Blx, t)
+4B(x, 0, Hlu(t)+glx, o6, t)
X(to):xo (16)

where
sx1]\;0] T &= Ri’l

N
Lef, ud, ++- . uk]"ER™, m:Elml-
P

[T T
JCo:[xlo, X2gs * "

U

N
o=lol, of, --- ,0k]"ER, l:ZIZZ-

flx, t)z[fl(xls DY foloa )T, <o+,
Flan, H)T]TER?
df(x, d, f)z[dfl(?ﬁ, O1s lL)Ty dfz(%zs 02, l‘)T,
coe Afn(xn, ow, f)T]TER”
B(x, ty=diag{ Bi(x1, t), Bu(xz 1),
-+ By(xy, H)}ER™"
AB(x, o, )T = diag{dBl(.Xla o s
ABAx2, 02y 1), >+ . ABx(xns One t)]ERnxm
gx, o, D=lalx, o, D7 @x, o D7,
o gwlx, ons H)T]TER?
The following definition describes the desired
system behavior.

Definition 1. (Chen, 1986 and 1988; Corless
and Leitmann, 1981 and 1988; Han, 1993) A
feedback control

PO =[pIC )pi( e )y e p+)]T (17)
p ) R"XR-R™, {=12,--. N, renders the



uncertain system S

£ (=f(x, H+df(x, o, D+[Bx, )
+4B(x, o, D]plx, +glx, o, 1)

x () =x0 (18)
practically stable if and only if there exists an s,
>0 such that the following properties hold.

(1) Existence of solutions: The system (18)
possesses a solution x( - ): [#, c0)-R™

(ii) Uniform boundedness: Given any < (0,
co) and any solution x( « ): [ %, c0) > R” of (18) ,
there exists a ()< oo such that |xo| < implies
lx(Ol<d(z) for all t[¢, o).

(ii1) Uniform ultimate boundedness: Given any
and » >, and any y&(0, o), there exists a
finite time T(z, #) such that |x,|<y implies
lx(Of<# for all $=4+T(r, 7).

(iv) Uniform stabity: Given any # >y, there
exists a §(7) >0 such that | x| < §(#) implies ||x
(O< 7 for all ¢ >4,

Theorem 1. Subject to Assumption 1~4 the
uncertain large-scale system (16), under the
decentralized control (12)

u(x’ t)=[U1T(x1, t)’ u;(OCz, t)v"',
uk(xn, O]7

is practically stable.
Proof. See Appendix

Remark 4 The reason why the function g,(-)
in (15) is taken to be of saturation-type is that
the function [y;,( + )] 7'¢%( + ) is not assured to
be well defined on [0, <o), especially at O,
The following assumption addresses a special
class of the bounding functions under which
non-saturation type robust control is also appli-
cable.

Assumption 5. There exist a constant ¢;, and
non-decreasing continuous functions ¢, +): R,
- R, 7, &N, such that

_ N
max a1, 06 DI doot ;73,%
(2 (E2) (19)
for all (x, g, )ER"X 3 XR.

Theorem 2 Subject to Assumption 1~ 3 and
5, under the decentralized control
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u(x$ t):[ulr(xly t)’ ug(ny t)a Y
uﬁ(xN, f)]T
ulxs D=vlx, )+ ovdxs t)

z)i(xi, t)=—%k,-(1+pg,.)“a,-(xi, t)Bz‘(Xi’ l‘)
Bi(%iv t):77i( V)
g BTN VIR (20)

where £,>0, §,&(N, oo), the uncertain large-
scale system (16) is practically stable.

Proof. See Appendix
5. Specialization to Linear Systems

In this section, we cosider the special case that
the nominal subsystems are linear and time-
invariant.

S xiZAixi-i-dff(x,-, Jis t)+[B;
+ABz’(xi: (oS t)]ui+gi(x s Ois t)
xi b)) =210 21
In Assumption 2, the nominal control is cho-
sen as y;=Jxx; such that A,=A;+ B,J; is Hur-
witz and Lyapunov function is taken as Vix,)=
xTPx; where P,>0 is the unique solution of
Lyapunov equation

PA:+ AP+ Qi=0, Q;>0 (22)

then the bounding functions y,,( - ), 7,(-) and
ys:{ + ) are of quadratic forms

711‘(“961'"):Am(Pi)HXz‘"z
}’21‘(“%1‘”):AM(Pi)”xiuz
7’31'("in|):Am(Qi)”xiHZ (23)
We consider the same class of uncertainty and
interconnection as that of Shi and Singh

(1991) .

Assumption 6, There exist positive constants
&in's such that for all (x, g, )ER"X Y, XR

maxXx oex;

N r
[T{x, o ﬂ”ﬁgéﬁaiz“%”k (24)

Then, two follwing controllers, saturation type
and non-saturation type, are both applicable.
First, the saturation type controller is

welo ) =Joci—gk1 4+ 06) e DBz 1)
(25)
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ai(xe )= B1Pu: (26)
Nuw(P) &l & cave |
WV 570D WE{EW(P{):

s iy V> hu(PIE

wL_ T é’jik '[/1% I
7 Vi) += kidn( Q) €2 jgl[;:"o An( Pt

if Vi<Au(P)er
27)

The non-saturation type controller is

ui (x4 t) =]ixi_%ki(l + o) railxn ) Blxs t)

(28)
Bi(xis f)z 77:'( Vz)
1 i L G Vi 7-
(29)

Here §, is a constant with N < §;< co.

Remark 5. Shi and Singh (1991) also
proposed a robust control for the systems consid-
ered above, whose nominal parts are linear and
time-invariant and interconnections are bounded
by the sum of polynomials of x;|. The proposed
non-saturation type controller (28) is different
from their one. In (28) | @,(x;) is multiplied by g,
(x;) which is a »—1 order polynomial of 1/%%
(x:), but in their control, ¢,(x;) is multiplied by

el

6. Illustrative Example

Consider the coupled inverted double pendu-
lums which are subject to two distinct control
inputs as shown in Fig. 1 (Gavel and Siljak,

Fig. 1

Inverted double pendulums

1989; Chen et al., 1991)  The pendulums are

interconnected through the nonlinear spring
whose reaction force is proportional to a square
of the spring deflection. The position ¢(;)<[0, /]
of the spring is unknown and time-varying.
Furthermore, the payload wm; =12, is also
unknown with g, =, + 4m(t). Here 73, is the
nominal payload and Am.(¢) is the uncertain
payload. Using the state vector x;=(x; x2)7 =(6;
67, i=1,2, the equations of motion are de-

scribed as
S X1=x1

. 1 i
x 122%9611 +Wu1 —sign(xy—xz)e

dz 2
— X111 X
il (xu 21)
Soi Xo1= X2

. 1 i
X 22 =£}X21 +Wu2 —sign(xy —x11)e

ka®
W(le “Xu)z

The controls proposed by Gavel and Siljak
(1989) and Chen ef al (1991) are not applicable
since there is uncertainty 4Jm,(¢) in the control
channel and the interconnection is bounded by a
second order polymonial.

For simulation purpose, we take g=/=1, #,
=1 m;=035, k=1, |dm|<0.1, |dm{<0.1, and
choose the uncertainties as dm;=—0.1, Jm,=0.
1, and g(#)=0,54+0.5 sin(20¢). The system is in
the form of section 5 with

ISR TS

We choose
Ji=[—5 —4], Je=[—-25 2]

[0 1 ] O 1]
1_[—4 —4]’ "’“’[—4 —4

such that all poles of the controlled nominal
system locate at -2
The solutions of the Lyapunov equations are

given by (Q;=1, i=1,2)

21

p=p=| | °
17— 42— 1 _5_
8 32
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State x1

[ 1 2 3 4 Tire 3
Fig. 2 State history of subsystem |
4 State x2
2 x31
[
x22
-2
Y T 7 3 P R |

Fig. 3 State history of subsystem 2

The control is then obtained as (k,=1, §;=3, /=
1,2)
ur=—5x11—4x12—(0.069x,,+0,017x,,) »
(1.764-12 46 V5 + 118 114)
Uz=—2.5x9—2x22— (0. 152, +0,038x35)
(1.96+16.0 45+ 118.2V;)

where the Lyapunov functions are given by

Vi=1.125x% 40 .25x,202+ 0,156 1%,
Va=1, 125%%1"‘0.25%213622‘?0. 156 X%z

Figs. 2 and 3 represent the controlled system
responses x; and x,, respectively.

6 Conclusions

The focus of the controllers presented in this
work is on the compensation of uncertainty and
strong interconnection among subsystems. We
show specially how both internal and external
uncertainties are taken into considerations. Only
very mild condition is required for the intercon-
nection bound, as the bound can be nonlinear.
This work may cover a broad class of large-scale
systems since the current consideration renders all

previous settings as special cases. The design
proposed here, as compared with other work in
decentralized control, is especially useful as one
intends to tackle strongly interconnected systems.
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Appendix

Definition 1. 1) A function (- ) R,->R,
belong to class K if and only if it is continuous
and satisfies

n<r=7(r)<y(r)Vrn nER.

7(0)=0, » >0=y() >0
2} A function y( « ): R.—> R, belongs to class KR
if and only if it belong to K and lim y(7)=o0.

Proof of Theorem 1, Take the Lyapunov func-
tion candidate for the system (16)

Vi, 1)= gkiqsi( V) (a.1)
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where V, is the Lyapunov function for the
nominal system of ith subsystem and ¢,(-)
belongs to KR and strictly increasing since the
derivative is taken as A.(x; f), thatis,

PV A G X VOF S VO
de(V) | if Vi>yde)

v 7 V)+——[(Vaz(e )] J‘é[(tﬁjﬂm’l)(vi)]z
if Vi< (e

(a.2)

(notice that the derivative is positive.)

First, we consider the case that y;, belong to
class KR, then extend it to the case that y,; belong
to class K. For the former, 7,(V;) in (a.2) is
chosen to be 1.

Subject to (6),

(pie 7’1;‘)(”9&”) < g Vi)<(go 7’2:‘)(”%’”) (a.3)
Since the functions (¢,oy;)( ) and (.o y2.)(+)
are strictly increasing continuous, there exit y,( - ):
R, - R, and y(+): R, >R, which belong to class
KR such that

it follows that

Pl < 2kl dee 7))

< T kb V) (a.4)
7ol = 2l die 72 ()
2§Jk¢(V) (@5)

for any given uncertainty realization, the total
time derivative of 1/ along any trajectory of the
controlled system S under (12) ~ (15) is given by
Vix, t)“?.k (V)

de:
kz av, |

de [
Lyal

Uf+BiHi):|

dp:|
TdVil

ol b
Using the inequality 2gb<a*+ 6% a. b,ER,

dV; dV
ot ax,

an an

(fi+BAL+E)r

A

uMz

i

D)l

Y3i _7k1 d

(a.6)
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kel 2 b= 2 ke B I NN E,

<3 [—kZ[M} e+ |
el 4 Y

(a.7)
Upon introducing (a.7) , one has

¢ —]—\ZN N
V(x; f)S, Zkz dV 73z+ ) lg]]gl(ﬁfz

(a.8)

i=]

N N
= 3| 4G Y508 ]
If Vix: t)>72:(e:), by (a.2)
de; NE&
kz dV 731+7"J§1¢.721
- ki?’si—77’3i[(7’3i° v2r W V)] e
Sl WP YEE @9

From (6) in Assumption 2, it follows that

Yo (VD <l <y 7 V) (a.10)
By (a.10)

7’31’(”xz'||)[(7’3i°7’21'_1)}_12 1 (a.ll)

(o 7y N Vz)2¢n(“x:n) (a.12)

Note that this holds for both Vi(x; #)> y.(e:)
and Vix, t)<y.(e,). It follows that

~ s NV Bl o 1 N VIP

+¥§%£0 (a.13)
=
Consequently, if Vi(x;, t)> r.(e.),
N
kl gﬁ[‘;‘ }’31+%}"§1¢§i£_k1’?’3i (3.14)

I Vixs < 70(e0),

do: N
kz dV }’31+—2_§¢le

_ki?’Si_%TYM[(7’31‘(51‘)]71]‘:%1[((/{;'{0 7171

(VoF+5 52 (a.15)
By (a.10), it follows that

(gio i NV = |2 (a.16)

¢ji(||xl'")£(¢ﬁ°7’11‘_107’21')(61') (a.17)
Upon introducing (a.16) and (a.17), if Vi(x,,

t) < 7’2:'(6:'),

N
kl g?; 73 +ﬂ2 ¢’le

S‘ki73i 27/ (E ) 2731¢J1(”x1||)+ct (a I8)

where

=3 B gaoni e n)e)f (.19)

For any x& R”, without losing generality, we can
consider that

I/i(-xiy t)>7’2i(€i)a l=]a 25 e 5q (320)
Vilxs D<re), i=qg+1, g+2,-++ N
(a.21)
Then, by (a.14) and (a.18)
N l

. < N N
Ve DS {Zhont Y 3~

(a.22)

Since all functions on the right-hand-side of (a.
23) (except the last constant term) are continuous
and strictly increasing, it follows that there exists
a strictly increasing continuous function y( « ):
R.—R. such that

N N N

(3.23)
Finally, it turns out that for all (x, /)€R*XR

Vix, )< —nlx])+C (a.24)

where

N
CZEC;‘

i=4q+1

(a.25)

In -other words, 77 is negative definite as ||x| is
sufficiently large.

If y;; belongs to class K, it is not guaranteed
that in y(]|x[) in (a.23) goes to infinity as ||x||
goes to infinity. Then, it may happen that the
limity of y4(||x|) is less than C. In this case, if we
choose 7,(+) in (a.2) to be a function that belongs
to class KR, this problem can be cleared.

In view of Corless and Leitmann (1981) and
Chen (1988) By (a.4), (a.5), and (a.24) , Theo-
rem | has been proved.

Proof of Theorem 2. This analysis is similar

with that of Theorem 1. In view of (a.6)
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Vix )5 B0 — po— g ke G alf

+ olad +Hlah 2748 | (a.26)
Using the inequality 206 < 4%+ %% a. b,<R,

de ”01“273J¢u Zkz dV ”01”5 202 yst ‘/’u

Sl L]
N 2 . N j—
— ok L el ‘?,j 2
(a.27)
Upon using (a.27) in (a.26)
N . N
Vix 05— 2k Byt 2957
U NN ddi Ny e
I R S A
+ Gk Bt |
(a.28)

By (20) (5 V) is taken to be 1),
N N N
~ St B3R s
N _ NS
2 ki ,a;?; 73t ys,-zl&st 'l
By (20) (5 V. is taken to be 1),

N N
_Ekz g?} Y3z g

=1 LI=1

—¢3%) } ék i V3i

2

2 Y3 zgj

(a.29)

The inequality in (a.29) is due to the fact that
(e W VP~ szjzz(“JCz”) >0 Van t
(a.30)
The argument is similar to (a.10) ~(a.12) , The
second term of the right-hand side of (a.28) is
bounded by a constant as shown in the following:

3= Pl

N2 _ .
BN+ Fookr T
72

<SP0 (a.31)
2(1 4 )
0
Then, by combining (a.28) , (a.29), and (a.31),
one has
. N _
Vi, )< “'Eki'}’s:‘(”?ﬁ”)'{" C
<—yllx+C (2.32)
where
Ce du’ (a.33)

and the strictly increasing continuous function y,
( ) which belongs to class KR can be chosen

C=—>Pu (a.33)

A=)

and the strictly increasing continuous function y,

VLDV UL LYy LIV LWL UL L UWULGLILL L LULLU YYD

(see the proof of Theorem 1) .



