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Abstract—This paper focuses on reinforcement learning (RL)-
based event-triggered optimized adaptive predefined-time con-
trol issue for a two-degree of freedom helicopter system. In
the procedure of recursive design, an enhanced predefined-time
nonlinear disturbance observer is constructed, which not only
enhances the disturbance rejection ability of control system, but
also ensures the convergence property of disturbance estimation
error. Then, a RL-based optimization strategy with actor-critic-
identifier (ACI) structure is incorporated into the predefined-
time dynamic surface control framework, which guarantees
that approximate optimal control can be achieved. In addition,
the communication burden is significantly reduced by using a
switching event-triggered mechanism. By utilizing the developed
controller, it has been confirmed that all signals in the closed-
loop system are practically predefined-time bounded. Finally,
the availability and superiority are demonstrated by simulation
results by the proposed control method.

Index Terms—Optimized adaptive control, predefined-time
disturbance observer, reinforcement learning, switching event-
triggered mechanism, two-degree of freedom helicopter system.

I. INTRODUCTION

Unmanned helicopters, as a significant branch of uncrewed
aerial vehicles, have been widely utilized in various fields
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such as logistics and transportation, battlefield reconnaissance,
and forest fire prevention attribute to its unique advantages
including flexible flight, vertical take-off and landing, and
the ability to hover at fixed points [1]–[4]. Nevertheless,
the helicopter system, as a typical multiple-input multiple-
output (MIMO) nonlinear system, has limited capability of
anti-jamming and inherent model uncertainty that seriously
threatens the flight performance, or even system stability. As
a result, it is essential to enhance the disturbance rejection and
robustness of helicopter flight control system design against
uncertainties and disturbances [5]–[7].

In practical engineering, it is an indisputable fact that the
disturbance is normally difficult to be directly measured. To
resolve this situation, numerous control strategies have been
researched in recent years. For example, disturbance observer-
based tracking control scheme and compensation function
observer-based control approach were proposed to weaken the
impact of disturbances in [8] and [9], respectively. In [10], the
estimation of external disturbances was derived by construct-
ing a second-order disturbance observer. Furthermore, an
improved finite-time multivariable neural network disturbance
observer was proposed in [11] to solve the formation control
issue of multiple uncrewed helicopter systems. Remarkably,
Xie et al. [12] adopted a nonlinear disturbance observer to
estimate the disturbances. Nevertheless, the above-mentioned
documents merely ensure the asymptotic or finite/fixed-time
stability of tracking and estimation errors. As of now, there
is minimal research on predefined-time nonlinear disturbance
observer (PTNDO). Therefore, it is necessary to design a
PTNDO for two-degree of freedom (2-DOF) helicopters. In
addition, it should be emphasized that a common disadvantage
of the above-mentioned results is that they do not take account
of the optimal control issue.

An essential part of optimal control is seeking the solution
to calculation of the Hamilton-Jacobi-Bellman (HJB) equation
[13]. The high nonlinearity characteristic of the HJB equation
makes it impossible to derive an analytical solution due
to the introduction of uncertainty. To address this problem,
finding an approximate solution to the HJB equation online
through a reinforcement learning (RL) was discussed in [14]–
[16]. Nonetheless, RL is a progressive learning procedure
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that unavoidably requires a vast number of training time. To
solve this drawback, the actor-critic algorithm was presented,
which had been analyzed for its convergence in [17]. At
present, some recursive control methods incorporating opti-
mal control strategies [18], [19] have been developed as an
effective solution to ensure the stability of dynamic systems.
Nevertheless, nonlinear dynamics in practical applications
require the processing of a priori knowledge, which makes it
difficult to achieve preassigned control objectives. Fortunately,
some expert systems with universal approximation have been
provided to solve the above-mentioned problems due to
their ability to approximate system uncertainty [20], [21].
Nevertheless, the control schemes in previous studies were
primarily concentrated on time-triggered mechanism, which
may cause the waste of network bandwidth and the increase
of system cost.

The event-triggered mechanism (ETM) [22]–[24] can be
regarded as an effective approach to investigating the control
issues under limited transmission bandwidth. In [24], an
adaptive event-triggered neural control strategy was proposed
for large-scale system. However, it should be emphasized that
the ETM needs to continuously monitor whether events are
triggered or not, which imposes some limitations on practical
applications. To remove this limitation, self-triggering adap-
tive control policies [25], [26] were developed for dynamic
systems, where the next trigger moment can be computed by
means of the current moment information. Additionally, the
influence of excessive control gain on the control amplitude
has to be addressed with a view to obtaining better control
performance. Thus, a decreasing function threshold ETM was
proposed in [27], which avoids large controller impulses.
However, when the control energy is small, the expected
control effect may not be achieved. In this context, in [28], the
authors proposed a switching ETM (SETM) method to weigh
the foregoing strengths. Nevertheless, the control design with
better control behavior for 2-DOF helicopter system (2-
DOFHS) under limited communication consumption has not
been fully investigated yet.

Despite the finite-time control results [29]–[31], which
possess a better steady-state and faster convergence rate, the
settling time depends on a priori knowledge of the initial
value of the system. In order to overcome this difficulty, the
fixed-time convergence concept was proposed and used for
the helicopter systems [32]–[34]. However, the upper bound
of settling time was seriously impacted by system parameters
with regard to fixed time control approach. In this context,
the predefined-time control (PTC) concept that upper bound
of the settling time depends on the adjustable parameters
was presented in [35]. Owing to its advantages, numerous
results focused on the PTC have been developed [36]–[39].
In [37], RL-based predefined-time tracking control design
for nonlinear servo systems was investigated. In [38], the
practically predefined-time (PPT) adaptive fuzzy quantized
control was developed, where the robustness of the closed-

loop system (CLS) was enhanced by a novel stochastic
PTC scheme. Furthermore, the authors in [40] introduced
the hyperbolic tangent function to exclude the singularity
issue while achieving predefined-time convergence. Despite
the significant progress in predefined-time, there are still some
research gaps, especially how to realize the predefined-time
optimal control of 2-DOFHS with disturbance estimation,
which is also a motivation for us to investigate in this study.

Inspired by the aforementioned discussions, this study
presents a RL-based event-triggered adaptive predefined-time
optimal control approach for a 2-DOFHS. The contributions
of this paper are as follows.

1) Distinct from finite/fixed-time control strategies [12],
[31], the salient feature of the PTC is that the settling time can
be precisely specified by an adjustable parameter in advance,
whatever the initial values of the system. Additionally, a
PTNDO is proposed for eliminating the effect caused by the
lumped disturbance, which also guarantee that the estimation
error can converge to zero within a specified time.

2) Compared with the existing recursive control methods
[4], [41], [42], this study proposes an amended dynamic sur-
face control design (DSC) involving a predefined-time filter,
which not only evades the issue of computational complexity
revealed by the traditional backstepping control but also
ensures that the predefined-time convergence characteristic of
the filter error.

3) An optimized predefined-time DSC framework with
ACI structure is established for a 2-DOFHS by utilizing
RL to optimize the scheduled cost function, which ensures
an approximate trade-off between system performance and
control cost can be achieved. In addition, a resource-aware
SETM synthesizing the features of self-triggered mechanism
[25] and decreasing threshold ETM [27] is developed, which
can reduce the consumption of network bandwidth resources
without a substantial performance degradation.

Notations: In this article, tr (·) represents the trace of the
matrix; diag {·} stands for a diagonal matrix; ‖ · ‖ represents
the Euclidian 2-norm; tanh(·) denotes the hyperbolic tangent
function.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

A. Model Description

Fig. 1 depicts a simple diagram of a 2-DOFHS [43]. It can
be observed from Fig. 1 that the pitch angle θ and yaw angle φ
of a 2-DOF helicopter are controlled through thrust forces Fp
and Fy generated by a pair of DC motors with inputs voltage
Vp and Vy . The completeness of this paper, the mathematical
expression of the 2-DOF helicopter model is adopted from
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[44] as follows:

θ̈ =
−Mgla cos θ −Dpθ̇

(Jp +Ml2a)
− Ml2aφ̇

2 sin θ cos θ

(Jp +Ml2a)

+
Fprp

(Jp +Ml2a)
+

KpyFyry
Kyy(Jp +Ml2a)

,

φ̈ =
−Dyφ̇

(Jy +Ml2a cos2 θ)
+

2Ml2aφ̇θ̇ sin θ cos θ

(Jy +Ml2a cos2 θ)

+
Fyry

(Jy +Ml2a cos2 θ)
+

KypFprp
Kpp(Jy +Ml2a cos2 θ)

,

(1)

where φ and θ show the yaw and pitch angles, respectively.
Dy and Dp stand for the friction coefficients acting on yaw
and pitch axes, respectively. Jp and Jy represent the rotary
inertias, la denotes the distance between the fixed frame origin
and the helicopter’s center of gravity, Kpp,Kpy,Kyy, and
Kyp represent the thrust torque constants, M indicates the
helicopter’s total weight, g means the acceleration of gravity.
In addition, the thrusts Fp and Fy , resulting from the rotation
of the motors, act normal to the fuselage at distances rp and
ry from the pitch and yaw axes, respectively. These thrusts
satisfy the equation Fprp = KppVp and Fyry = KyyVy .

a
l

Fig. 1: A simple diagram of the 2-DOF helicopter [43].

Defining G = [G1, G2]T , G1 = [θ, φ]T and G2 = [θ̇, φ̇]T .
Then, the model expression (1) can be rewritten as

Ġ1 =G2,

Ġ2 =H(G) + I(G)u,

y =G1,

(2)

where u = [u1, u2]T = [Vp, Vy]T represent the control inputs;
and H(G) and I(G) are given by

H(G) =

 −Mgla cos(G11)−DpG21−Ml2aG
2
22 sin(G11) cos(G11)

Jp+Ml2a
−DyG22+2Ml2aG22G21 sin(G11) cos(G11)

Jy+Ml2a cos2(G11)

 ,
I(G) =

[
Kpp

Jp+Ml2a

Kpy

Jp+Ml2a
Kyp

Jy+Ml2a cos2(G11)
Kyy

Jy+Ml2a cos2(G11)

]
.

By taking the external disturbance and system uncertainty

into account, the equation (2) is rewritten as
Ġ1 =G2,

Ġ2 =H(G) + I(G)u+D,
y =G1,

(3)

where D denotes the composite disturbance consisting of
system uncertainty and unknown disturbance.

B. Radial Basis Function Neural Networks (RBFNNs)

Considering the continuous nonlinear function F(x) :
Rm → R defined on a compact set Ωx ⊂ Rm, its estimation
can be derived through the RBFNN approximation satisfying

F(x) = WTΦ(x), (4)

where x indicates that the input vector, which satisfies
x ∈ Ωx ⊂ Rm. In addition, W ∈ Rp denotes the weight
vector, and Φ(x) = [Φ1(x), · · · ,Φp(x)]

T represents the basis
function vector that usually is chosen as the Gaussian function
with the following form

Φi(x) = exp

[
− (x− vi)T (x− vi)

ℵ2

]
,

where vi denotes the center of the receptive field, and ℵ > 0
denotes the width of the basis function. Then, one has

F(x) = W ∗TΦ(x) + Ξ(x), (5)

where W ∗ stands for the optimal weight vector, Ξ represents
an approximation error satisfying ‖Ξ(x)‖ ≤ Ξ∗, and Ξ∗ > 0
is a constant. Furthermore, W ∗ can be given as [45]

W ∗ = arg min
W∈Rp

{
sup
x∈Ωx

‖F(x)−WTΦ(x)‖
}
. (6)

C. Preliminaries

Assumption 1. The desired reference signal is a continuous
smooth bounded function when t > 0, and its first-order
derivative is also known.

Lemma 1 [46]: For any A ∈ R, and B > 0, we have

0 ≤ |A| − Atanh(A/B) ≤ 0.2785B.

Lemma 2 [47]: For X1 ∈ R and X2 ∈ R, it has

|X1|Y1 |X2|Y2 ≤ Y1

Y1 + Y2
|X1|Y1+Y2 +

Y2
−Y1
Y2

Y1 + Y2
|X2|Y1+Y2 ,

where Y1 > 0, Y2 > 0, and  > 0.
Lemma 3 [48]: For ℵi ∈ R, i ∈ N+, one has

(
n∑
i=1

|ℵi|
)m
≤

n∑
i=1

|ℵi|m, if 0 < m < 1,(
n∑
i=1

|ℵi|
)m

n1−m ≤
n∑
i=1

|ℵi|m, if m > 1.
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Lemma 4 [49]: For the system Ż = f(t,Z). If there exists a
predefined time Tc > 0 and constant 0 < £ < 1 which makes
the Lyapunov function V (Z) fulfill the following inequality:

V̇ ≤ − π

£Tc
√
ω1ω2

(ω1V
(2−£)/2 + ω2V

(2+£)/2) +N ,

where 0 < N <∞, ω1 and ω2 are positive constants. Addi-
tionally, it is obtained that the system is practically predefined-
time stable under the settling time T < Tmax =

√
2Tc. In

addition, the system solution residual set is denoted by{
lim
t→T
Z | V ≤ min

{(
2£TcN

√
ω1ω2

πω1

) 2
2−£

,

(
2£TcN

√
ω1ω2

πω2

) 2
2+£

}}
.

III. MAIN RESULTS

A. Predefined-Time Nonlinear Disturbance Observer

First, we introduce an auxiliary system as

$̇1 = H(G) + I(G)u+ ρz1, (7)

where z1 = G2 −$1, and ρ > 0 stands for a constant.
In addition, a PTNDO can be designed with the following

form:

D̂ = ρẑ1 + ż1, (8)

where D̂ denotes the disturbance estimation of D, and ẑ1

represents the state estimation of z1 derived by

˙̂z1 = ż1 + q1z̃
1−£
1 tanh

(
q1z̃

2−£
1

b

)
+ q2sig1+£(z̃1), (9)

where z̃1 = z1 − ẑ1 denotes the estimation error,
q1 = A( 1

2 )1−£/2, q2 = Ā2£/2( 1
2 )1+£/2 with

A = πω1

£To
√
ω1ω2

, Ā = πω2

£To
√
ω1ω2

, q1z̃
1−£
1 tanh

(
q1z̃

2−£
1

b

)
=[

q1z̃
1−£
11 tanh

(
q1z̃

2−£
11

b

)
, q1z̃

1−£
12 tanh

(
q1z̃

2−£
12

b

)]T
, and

sig1+£(z̃1) =
[
|z̃11|1+£sgn(z̃12), |z̃12|1+£sgn(z̃11)

]T
, in

which tanh (·) and sgn(·) are the hyperbolic tangent and
sign functions, respectively.
Theorem 1. If the PTNDO (13) in conjunction with
parameter update law (14) is constructed, the disturbance
estimation error (DEE) D̃ = D − D̂ converges within a
specified time To.

Proof. Select the Lyapunov function as

Vo =
1

2
z̃T1 z̃1. (10)

Differentiating (15) and using Lemma 1 yields

V̇o ≤ −
π

£To
√
ω1ω2

(
ω1V

1−£
2

o + ω2V
1+ £

2
o

)
+ 0.557b. (11)

Then, according to (16) and Lemma 4, it can be obtained that
z̃1(t) = 0 when t ≥ To. Further, calculating the DEE D̃ gets

D̃ = D − ρẑ1 − Ġ2 + $̇1 = ρz̃1. (12)

Thus, the convergence of the DEE D̃ can be ensured for t ≥
To. The proof is completed. �

Remark 1. In contrast to existing disturbance observers
presented in [11], [12], the proposed PTNDO guarantees that
the DEE strictly converges into a small area around
the zero within a predefined time. In addition, the
upper bound of the DEE is described by lim

t→To

D̃|Vo ≤

min

{(
2£To0.557b

√
ω1ω2

πω1

) 2
2−£

,
(

2£To0.557b
√
ω1ω2

πω2

) 2
2+£

}
,

which only relates to the parameters £, To, b, ω1, and ω2,
independent of the system’s initial states.

B. Predefined-Time Optimal Control Design with Switching
Event-Triggered Mechanism

First, the error variable e1 and e2 are defined as{
e1 = G1 −Gd,
e2 = G2 − αf ,

(13)

where Gd is the desired trajectory, and αf represents the
output of the predefined-time filter determined by

ξα̇f =− w1S1−£tanh

(
w1S2−£

b1

)
− w2sig1+£(S)

− 1

2
S − ξσ̂2S√

(STS)σ̂2 + Υ2
, (14)

where S = αf − α denotes filter error, αf (0) = α(0),
w1, w2 are positive constants, satisfying w1 = B( ξ2 )1−£/2,
w2 = B̄5

£
2 2£( ξ2 )1+£/2 with B = πω1

£Tc
√
ω1ω2

, B̄ = πω2

£Tc
√
ω1ω2

.
Υ is a positive time-varying parameter.

Noted that the virtual control signal α satisfies the relation-
ship ‖α̇‖ ≤ σ, in which σ ≥ 0 is an unknown constant. The
estimation error can be defined as σ̃ = σ − σ̂. σ̂ denotes the
estimation of parameter σ, which can be given by

˙̂σ = ξ‖S‖ − h1σ̂ − h2σ̂
1+£, (15)

where h1 = B
2

2−£ , and h2 = B̄ (2+£)5
£
2 2

£
2

21+£
2 (1+£)

.

Remark 2. In traditional backstepping control approach, the
number of differential terms increases dramatically with the
increasing of system orders, which is likely to cause the
problem of “explosion of complexity”. The general DSC
strategy overcomes the “explosion of complexity” induced in
recursive control by combining the nonlinear filter with back-
stepping design. However, in the conventional DSC method,
the derivative of the virtual control signal α needs to satisfy
|α̇| = B(·), which limits the design of the virtual control
signals to some extent. In addition, the effect of filter error
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on tracking performance is not compensated accordingly. In
this work, the characteristic of predefined time convergence
is achieved by constructing a nonsingular predefined-time
filter (14), which includes the hyperbolic tangent term and
parameter updating law (15) while achieving filter error
compensation.

Step 1: To obtain the ideal predefined-time optimal virtual
controller α∗, it’s imperative to minimize the cost function
C1 = eT1 e1 + αTα. Thus, the optimal performance index
function J∗1 (e1(t)) can be specified as

J∗1 (e1(t)) = min
α∈Ωx

∫ ∞
t

(
e1(τ)T e1(τ) + α(e1)Tα(e1)

)
dτ

=

∫ ∞
t

(
e1(τ)T e1(τ) + α∗(e1)Tα∗(e1)

)
dτ, (16)

where Ωx denotes the set of all allowed control inputs.
According to Bellman’s optimality algorithm, the associat-

ed HJB equation can be described as

H1

(
e1, α

∗
1,
∂J∗1
∂e1

)
=‖e1‖2 + ‖α∗‖2 +

(
∂J∗1
∂e1

)T
ė1 = 0. (17)

In addition, the optimal virtual controller α∗ can be obtained
by handing ∂H1/∂α

∗ = 0

α∗ = −1

2

∂J∗1
∂e1

. (18)

To achieve the predefined-time optimal control objective,
construct the intermittent cost function as follows:

J0
1 =− 2

(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)
+
∂J∗1
∂e1
− 3e1 + 2Ġd, (19)

where p1 = B
(

1
2

)1−£/2
and p2 = B̄2£5£/2

(
1
2

)1+£/2
.

Further, one can obtain

α∗ =−

(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)
− 1

2
J0

1 −
3

2
e1 + Ġd, (20)

∂J∗1
∂e1

=2

(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)
+ J0

1 + 3e1 − 2Ġd. (21)

However, the term J0
1 is unavailable but continuous. There-

fore, an actor-critic neural network (ACNN) is utilized to
identify J0

1 such that

J0
1 = W ∗Ts1 Φs1(X) + εs1(X), (22)

where W ∗s1 = diag {W ∗s11,W
∗
s12} denotes the ideal weight

matrix, where diag(·) stands for a diagonal matrix. εs1(X)

represents the approximation error vector, which satisfies
‖εs1(X)‖ ≤ ε∗s1 with constant ε∗s1 > 0. Φs1(X) =
[Φs11,Φs12]

T represents the basis function vector with the

input vector X =
[
eT1 , Ġ

T
d

]T
.

Here, the ACNN is used to approximate the cost function
J0

1 online, then one gets

α =−

(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)
− 3

2
e1 −

1

2
ŴT
a1Φs1 + Ġd, (23)

∂Ĵ1

∂e1
=2

(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)
+ 3e1 + ŴT

c1Φs1 − 2Ġd, (24)

where Ŵa1 and Ŵc1 denote the estimation of W ∗s1.
Then, the approximation of the HJB equation
Ĥ1(e1, α,

∂Ĵ1
∂e1

) is given by

Ĥ1 =

∥∥∥∥∥−
(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)

−3

2
e1 −

1

2
ŴT
a1Φs1 + Ġd

∥∥∥∥2

+ ‖e1‖2

+

[
2

(
p1e

1−£
1 tanh

(
p1e

2−£
1

b2

)
+ p2sig1+£(e1)

)
+3e1 + ŴT

c1Φs1 − 2Ġd

]T
× (e2 + S + α− Ġd).

(25)

Accordingly, the Bellman residual error E1 is given as

E1 =Ĥ1

(
e1, α,

∂Ĵ1

∂e1

)
−H1

(
e1, α

∗
1,
∂J∗1
∂e1

)

=Ĥ1

(
e1, α,

∂Ĵ1

∂e1

)
. (26)

Based on the optimal principle, the solution α is expected
to ensure that E1 tends to zero gradually. Considering that
the optimal solution is unique, Ĥ1 = 0 is equivalent to the
following equation also holds:

∂Ĥ1

∂Ŵa1

=
1

2
Φs1ΦTs1

(
Ŵa1 − Ŵc1

)
= 0. (27)

Therefore, the positive function is chosen as

E1 =
1

2

(
Ŵa1 − Ŵc1

)T
Φs1ΦTs1

(
Ŵa1 − Ŵc1

)
. (28)

Apparently, the function (27) is equivalent to E1 = 0. Then,
the actor-critic learning laws are proposed as

˙̂
Wa1 =− wa1Φs1ΦTs1

(
Ŵa1 − Ŵc1

)
, (29)

˙̂
Wc1 =− wc1Φs1ΦTs1Ŵc1 −

1

2
Φs1e

T
1 , (30)
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where wa1 and wc1 are the defined learning rates.
Select the following Lyapunov function:

V1 =
1

2
eT1 e1 +

ξ

2
STS +

1

2
σ̃2 +

1

2
tr
(
W̃T
a1W̃a1

)
+

1

2
tr
(
W̃T
c1W̃c1

)
, (31)

where tr(·) represents the trace of the matrix. W̃a1 = Ŵa1−
W ∗s1 and W̃c1 = Ŵc1 −W ∗s1.

The derivative of V1 is

V̇1 =eT1 (e2 + α+ S − Ġd) + ξST (α̇f − α̇)− σ̃ ˙̂σ

+ tr
(
W̃T
a1

˙̂
Wa1

)
+ tr

(
W̃T
c1

˙̂
Wc1

)
. (32)

Substituting (14), (15), (23), (29) and (30) into (32) and
using Lemma 2, one has

V̇1 ≤
1

2
‖e2‖2 −

1

2
‖e1‖2 −

1

2
eT1 Ŵ

T
a1Φs1 − p2‖e1‖2+£

− p1‖e1‖2−£ + h1σ̃σ̂ + h2σ̃σ̂
1+£ − w1‖S‖2−£

− w2‖S‖2+£ + 0.557(b1 + b2)− 1

2
tr
(
W̃T
c1Φs1e

T
1

)
− wa1tr

(
W̃T
a1Φs1ΦTs1

(
Ŵa1 − Ŵc1

))
+ ξΥ

− wc1tr
(
W̃T
c1Φs1ΦTs1Ŵc1

)
. (33)

Utilizing the Young’s inequality, one can obtain

h1σ̃σ̂ ≤ −
h1

2
σ̃2 +

h1

2
σ2. (34)

Based on Lemma 2, we have(
h1σ̃

2

2

)1−£
2

≤ A1(£) +
h1σ̃

2

2
, (35)

where A1(£) = £
2

(
1− £

2

) 2−£
£ .

According to [50], one yields x(y − x)ν ≤ ν
1+ν (y1+ν −

x1+ν) for x ≤ y and 1 < ν. Similarly, we can get

σ̃σ̂1+£ ≤ 1 + £

2 + £

(
σ2+£ − σ̃2+£

)
. (36)

Substituting (34), (35), and (36) into (33) yields

V̇1 ≤
1

2
‖e2‖2 −

1

2
‖e1‖2 −

1

2
eT1 Ŵ

T
a1Φs1 − p2‖e1‖2+£

− p1‖e1‖2−£ + ~1 −
(
h1σ̃

2

2

)1−£
2

− 21+ £
2 h2(1 + £)

2 + £

(
σ̃2

2

)1+ £
2

− w1‖S‖2−£

− w2‖S‖2+£ − 1

2
tr
(
W̃T
c1Φs1e

T
1

)
− wa1tr

(
W̃T
a1Φs1ΦTs1

(
Ŵa1 − Ŵc1

))
− wc1tr

(
W̃T
c1Φs1ΦTs1Ŵc1

)
, (37)

where ~1 = 0.557(b1 + b2) + ξΥ + A1(£) + h1

2 σ
2 +

h2
1+£
2+£σ

2+£.
Step 2: To avoid the unnecessary waste of communication
resources, the following SETM is utilized to achieve the
transmission of control signal in demand

ui(t) = µi(t
i
k), ∀t ∈ [tik, t

i
k+1), i = 1, 2. (38)

tik+1 =

 tik +
υi|µi(t)|+ Λi

max {`i, |µ̇i(t)|}
, |ui(t)| < Li,

inf{t > tik||χi(t)| ≥ Qi, |ui(t)| ≥ Li,
(39)

where ∀t ≥ 0, χi(t) = µi(t)− ui(t), Qi = ζ1e
−ζ2t + ζ3, and

tik+1 denotes the next update time. Moreover, tik+1 > tik, k ∈
N+, 0 < υi < 1, ζ1, ζ2, ζ3, Li, Λi and `i are the positive
constants. Additionally, υi|µi(t)| + Λi stands for the control
signal gap from the moment of two consecutive triggered
moments. In addition, |µ̇i(t)| and `i denote the change ratios
of the control signal gap.

The following two cases are discussed to analyze the
SETM.
Case I: If |ui(t)| < Li, µi(t) is constructed as

µi =− (1 + υi)

(
ûi tanh

(
e2iûi
b3

)
+Λ̄i tanh

(
e2iΛ̄i
b3

))
, (40)

where b3 > 0 and Λ̄i > Λi/(1 − υi), then the time-varying
scales ϕ1i and ϕ2i meet the condition ϕ1i, ϕ2i ∈ [−1, 1].

Therefore, one has

ui =
µi − ϕ2iΛi
1 + ϕiiυi

. (41)

In light of (41) and Lemma 1, one has e2iui ≤ −|e2iûi| +
0.557b3.
Case II: If |ui(t)| ≥ Li, µi(t) is constructed as

µi = −
(
ûi tanh

(
e2iûi
b3

)
+ ζ4 tanh

(
e2iζ4
b3

))
, (42)

where b3 > 0 and ζ4 ≥ ζ1 + ζ3, and ϕ3i is the time-varying
scale satisfying ϕ3i ∈ [−1, 1].

Therefore, one has

ui = µi − ϕ3iQi. (43)

Based on −ϕ3iQi ≤ ζ1 + ζ3 ≤ ζ4 and Lemma 1, one has
e2iui ≤ −|e2iûi|+ 0.557b3.

Considering the derivative of e2, one has

ė2 = H(G) + I(G)u+D − α̇f . (44)

Thereafter, the RBFNN is adopted to estimation the
F(Q) = H(G) with the input vector Q =

[
GT1 , G

T
2

]T
. Thus,

one obtains

F(Q) = W ∗TΦ(Q) + ε(Q), (45)
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where ε(Q) denotes the approximation error and satisfies
‖ε(Q)‖ ≤ ε∗, and ε∗ > 0 is a unknown constant.

Similarly, the optimal performance function can be charac-
terized as

J∗2 (e2(t)) = min
u∈Ωx

∫ ∞
t

(
e2(τ)T e2(τ) + u(e2)Tu(e2)

)
dτ

=

∫ ∞
t

(
e2(τ)T e2(τ) + u∗(e2)Tu∗(e2)

)
dτ. (46)

Whereafter, the associated HJB equation can be expressed as

H2

(
e2, u

∗,
∂J∗2
∂e2

)
=‖e2‖2 + ‖u∗‖2 +

(
∂J∗2
∂e2

)T
ė2 = 0. (47)

Based on ∂H2/∂u
∗ = 0, one has u∗ = − 1

2I
T ∂J

∗
2

∂e2
. Similarly,

the intermittent cost function is constructed as

J0
2 =

[
−2

(
p3e

1−£
2 tanh

(
p3e

2−£
2

b4

)
+ p4sig1+£(e2)

)
+IIT

∂J∗2
∂e2
− 4e2 − 2D̂ − 2

(
W ∗TΦ(Q) + ε(Q)

)
+2α̇f ] , (48)

where p3 = B
(

1
2

)1−£/2
, and p4 = B̄2£4£/2

(
1
2

)1+£/2
.

Afterward, one can further obtain

u∗ =I−1

[
−

(
p3e

1−£
2 tanh

(
p3e

2−£
2

b4

)
+p4sig1+£(e2)

)
− 1

2
J0

2 − D̂ − 2e2

−W ∗TΦ(Q)− ε(Q) + α̇f
]
, (49)

∂J∗2
∂e2

=(IT )−1I−1

[
2

(
p3e

1−£
2 tanh

(
p3e

2−£
2

b4

)
+p4sig1+£(e2)

)
+ J0

2 + 4e2 + 2D̂
+2
(
W ∗TΦ(Q) + ε(Q)

)
− 2α̇f

]
. (50)

By applying an ACNN to function J0
2 yields

J0
2 = W ∗Ts2 Φs2(Q̄) + εs2(Q̄), (51)

where Q̄ =
[
QT , D̂T ,ST , eT2

]T
stands for the input vector,

εs2(Q̄) is the approximation error satisfying ‖εs2(Q̄)‖ ≤ ε∗s2.
By employing actor-critic laws to train J0

2 online yields

û =I−1

[
−

(
p3e

1−£
2 tanh

(
p3e

2−£
2

b4

)
+p4sig1+£(e2)

)
− 1

2
ŴT
a2Φs2(Q̄)

−2e2 − D̂ − ŴTΦ(Q) + α̇f

]
, (52)

ˆ∂J2

∂e2
=(IT )−1I−1

[
2

(
p3e

1−£
2 tanh

(
p3e

2−£
2

b4

)

+p4sig1+£(e2)
)

+ ŴT
a2Φs2(Q̄) + 4e2

+2D̂ + 2ŴTΦ(Q)− 2α̇f

]
, (53)

where Ŵ denotes the estimated value of W ∗. In addition,
Ŵa2, Ŵc2 denote the esimate values of W ∗s2.

Based on the aforementioned steps, the actor-critic learning
laws and estimated parameter are designed as

˙̂
W =ΦeT2 − %Ŵ , (54)

˙̂
Wa2 =− wa2Φs2ΦTs2

(
Ŵa2 − Ŵc2

)
, (55)

˙̂
Wc2 =− wc2Φs2ΦTs2Ŵc2 −

1

2
Φs2e

T
2 , (56)

where %, wa2 and wc2 are the defined parameters.
Select the following Lyapunov function:

V2 =
1

2
eT2 e2 +

1

2
tr
(
W̃T
a2W̃a2

)
+

1

2
tr
(
W̃T
c2W̃c2

)
+

1

2
tr
(
W̃T W̃

)
, (57)

where W̃ = Ŵ −W ∗, W̃s2 = Ŵs2 −W ∗s2 with s = a, c.
Using (52), (54)-(56), and the Lemma 3, V̇2 is

V̇2 ≤− wa2tr
(
W̃T
a2Φs2ΦTs2

(
Ŵa2 − Ŵc2

))
− %tr

(
W̃T Ŵ

)
− wc2tr

(
W̃T
c2Φs2ΦTs2Ŵc2

)
− 1

2
tr
(
W̃T
c2Φs2e

T
2

)
− 1

2
eT2 Ŵ

T
a2Φs2 − p3‖e2‖2−£

− p4‖e2‖2+£ − ‖e2‖2 + ~2, (58)

where ~2 = 0.557(2b3 + b4) + 0.2785b3(I11 + I12 + I21 +
I22) + 1

2‖ε
∗‖2 + 1

2‖D̃‖
2.

C. Stability Analysis

Theorem 2. Consider 2-DOFHS (2) under Assumption 1.
If the optimized adaptive control strategy including the
predefined-time filter (14), parameter update law (15), virtual
controller (23), identifier AC laws (29)-(30) and (54)-(56),
the SETM (39), and the predefined-time controller (52) are
adopted, the following properties can be ensured:
• All signals in the CLS are practically predefined-time

bounded;
• The tracking errors evolve to a small region around the

zero within a predefined time;
• Zeno behavior can be evaded.

Proof. Select the Lyapunov function as

V = V1 + V2. (59)

In view of Ŵai − Ŵci = W̃ai − W̃ci, differentiating (59)
yields

V̇ ≤− p1‖e1‖2−£ − p2‖e1‖2+£ − p3‖e2‖2−£

− p4‖e2‖2+£ − w1‖S‖2−£ − w2‖S‖2+£
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−
(
h1σ̃

2

2

)1−£
2

− 21+ £
2

2 + £
h2(1 + £)

(
σ̃2

2

)1+ £
2

−
2∑
i=1

waitr
(
W̃T
aiΦsiΦ

T
si

(
W̃ai − W̃ci

))
−

2∑
i=1

1

2
‖ei‖2

−
2∑
i=1

wcitr
(
W̃T
ciΦsiΦ

T
siŴci

)
−

2∑
i=1

1

2
tr
(
ŴT
ciΦsie

T
i

)
−

2∑
i=1

1

2
eTi W̃

T
aiΦsi − %tr

(
W̃T Ŵ

)
+ ~1 + ~2. (60)

Applying Young’s inequality results in

waitr
[
W̃T
aiΦsiΦ

T
si

(
W̃ai − W̃ci

)]
≤− wai

2
tr
(
W̃T
aiΦsiΦ

T
siW̃ai

)
+
wai
2

tr
(
W̃T
ciΦsiΦ

T
siW̃ci

)
(61)

− 1

2
tr
(
ŴT
ciΦsie

T
i

)
− 1

2
eTi W̃

T
aiΦsi

≤1

4
tr
(
ŴT
ciΦsiΦ

T
siŴci

)
+

1

2
‖ei‖2

+
1

4
tr
(
W̃T
aiΦsiΦ

T
siW̃ai

)
(62)

− %tr
(
W̃T Ŵ

)
≤− %

2
tr
(
W̃T W̃

)
+
%

2
tr
(
W ∗TW ∗

)
(63)

In addition, one has

wcitr
(
W̃T
ciΦsiΦ

T
siŴci

)
=
wci
2

(
tr
(
W̃T
ciΦsiΦ

T
siW̃ci

)
+ tr

(
ŴT
ciΦsiΦ

T
siŴci

)
−tr

(
W ∗Tci ΦsiΦ

T
siW

∗
ci

))
(64)

By defining λΦsi
min > 0 as the minimum eigenvalue of matrix

ΦsiΦ
T
si and choosing the suitable defined scales such that

(wci − wai)λ
Φsi
min/2 > 1, (2wai − 1)λΦsi

min/4 > 1, (2wci −
1)/4 > 0, (%/2) > 1 hold, it follows from (60)-(64) that

V̇ ≤− p1‖e1‖2−£ − p2‖e1‖2+£ − p3‖e2‖2−£

− p4‖e2‖2+£ − w1‖S‖2−£ − w2‖S‖2+£

−
(
h1σ̃

2

2

)1−£
2

− 21+ £
2 h2(1 + £)

2 + £

(
σ̃2

2

)1+ £
2

−
2∑
i=1

tr
(
W̃T
aiW̃ai

)
−

2∑
i=1

tr
(
W̃T
ciW̃ci

)
− tr

(
W̃T W̃

)
+ ~3 (65)

where ~3 = ~1 + ~2 +
∑2
i=1

(
wciλ

Φsi
mintr

(
W ∗Tci W

∗
ci

))
/2 +(

%tr
(
W ∗TW ∗

))
/2.

Furthermore, one has

−tr
(
W̃T W̃

)
≤−

(
tr

(
W̃T W̃

2

))1−£
2

−

(
tr

(
W̃T W̃

2

))1+ £
2

+ ℘ (66)

−
2∑
i=1

tr
(
W̃T
siW̃si

)
≤−

(
2∑
i=1

tr

(
W̃T
siW̃si

2

))1−£
2

+ ℘s

−

(
2∑
i=1

tr

(
W̃T
siW̃si

2

))1+ £
2

(67)

where ℘ = £
2

(
1− £

2

) 2−£
£ +

(
W̄
2

)1+ £
2

, ℘s =

£
2

(
1− £

2

) 2−£
£ +

2∑
i=1

(
W̄si

2

)1+ £
2

,
∣∣∣∣∣∣tr( W̃T W̃

2

)∣∣∣∣∣∣ ≤ W̄ ,

and
∣∣∣∣∣∣tr( W̃T

siW̃si

2

)∣∣∣∣∣∣ ≤ W̄si with s = a, c.
By choosing the suitable defined scales, one can ensure

the relationship £Tc
√
ω1ω2 ≥ max

{
ω1π, 9

£/2ω2π
}

holds.
Then, substituting (66) and (67) into (65) and using Lemma
3 yields

V̇ ≤− p1‖e1‖2−£ − p2‖e1‖2+£ − p3‖e2‖2−£

− w1‖S‖2−£ − p4‖e2‖2+£ − w2‖S‖2+£

−
(
h1σ̃

2

2

) 2−£
2

− 2
2+£
2 h2(1 + £)

2 + £

(
σ̃2

2

) 2+£
2

− ω1π

£Tc
√
ω1ω2

(W̃T W̃

2

) 2−£
2

+

(
2∑
i=1

W̃T
aiW̃ai

2

) 2−£
2

+

(
2∑
i=1

W̃T
ciW̃ci

2

) 2−£
2


− 9

£
2 ω2π

£Tc
√
ω1ω2

(W̃T W̃

2

) 2+£
2

+

(
2∑
i=1

W̃T
aiW̃ai

2

) 2+£
2

+

(
2∑
i=1

W̃T
ciW̃ci

2

) 2+£
2

+ ℘̄

≤− π

£Tc
√
ω1ω2

(
ω1V

1−£
2 + ω2V

1+ £
2

)
+ ℘̄ (68)

where ℘̄ = ~3 + ℘+ ℘a + ℘c.
Consequently, it is obtained from (68) and Lemma 4 that

the 2-DOF helicopter system is practically predefined-time
stable. Furthermore, the tracking error will converge to a
sufficiently small region, i.e.,

∆ =

{
lim
t→Tp

e | V ≤ min

{(
2£Tc

√
ω1ω2

πω1

) 2
2−£

,

(
2£Tc

√
ω1ω2

πω2

) 2
2+£

}}
(69)

within a predefined-time Tp that satisfies Tp < Tmax =
√

2Tc.
Furthermore, in the light of the Lyapunov function of V, V1
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and V2, we can get the filter error s and the estimation error
σ̃, W̃ , W̃ai and W̃ci are all bounded in predefined-time.

Remark 3. From a theoretical point of view, the desirable
tracking performance depends on the defined scales £, Tc, ω1,
and ω2. The minimum upper bound settling time of the system
can be given in advance by tuning the control parameter
Tc, and the decrease of Tc leads to a smaller settling time
and convergence region. In addition, to enhance convergence
accuracy and rate, £, ω1, and ω2 could be selected as small
as possible. However, it should be noticed that the decrease
of the design parameters £, ω1, ω2, Tc will cause the increase
of control gain. Thus, the tuning of design parameters needs
to make a compromise between the convergence region and
control gain through the trial-and-error tactic.

Furthermore, following the SETM (39), one has

d

dt
|χ(t)| = d

dt

√
χ2(t) ≤ χ̇(t)sgn(χ(t)) ≤ |µ̇(t)| ≤ J

where ∀t ∈ [tk, tk+1], J > 0 stands for a constant. According
to the initial state χ(tk) = 0, yields limt→tk+1

χ(tk+1) = J̄ ,
and

J̄ = max

{
υi|µi(t)|+ Λi

max {`i, |µ̇i(t)|}
, ζ1e

−ζ2t + ζ3

}
.

Then, it is further obtained that

χ(tk+1)− χ(tk)

tk+1 − tk
≤J ,

and T ∗ = tk+1 − tk ≥ J̄
J , in which T ∗ is trigger interval.

In accordance with J̄ > 0 and J > 0, we can get T ∗min =
J̄ /J > 0. This also confirms that Zeno behavior can be
excluded. �

IV. SIMULATION RESULT

In this section, some simulation results are presented to
demonstrate the validity and superiority of the proposed
control method. The model parameters of 2-DOFHS [42] are
displayed in Table I.

TABLE I: MODEL PARAMETERS

Symbol Value Unit Symbol Value Unit

M 1.0750 kg g 9.8 m/s2

Dp 0.0071 N/V Dy 0.022 N/V
la 0.002 m Kpp 0.0011 N·m/V

Kpy 0.0021 N·m/V Kyp −0.0027 N·m/V
Kyy 0.0022 N·m/V Jp 0.0215 kg·m2

Jy 0.0237 kg·m2

Feasibility verification: For the investigated 2-DOFHS,
the defined parameters are set as ξ = 1, ω1 = ω2 =
1,£ = 2/59, Tc = 2, To = 1, wa1 = wa2 = 3, wc1 =
wc2 = 10, b = b1 = b2 = b4 = 0.01, b3 = 0.1, ρ =
0.5, % = 3,Υ = 0.1 × e−5t, υ1 = υ2 = 0.7,Λ1 =

0 5 10 15 20 25 30
-0.5

0

0.5

0 5 10 15 20 25 30
Time(s)

-0.2

0

0.2

Fig. 2: The trajectories of θ, φ and θd, φd.

Λ2 = 0.1, L1 = L2 = 3, `1 = `2 = 20, ζ1 = 0.9, ζ3 =
0.8, ζ2 = 0.01, Λ̄ = ζ4 = 2. The configuration of the
neural networks are given as: the basis functions are Gaus-
sian functions (GFs) Φ(x) = exp

[
(x− vm)

T
(x− vm) /ℵ2

]
and Φsi(Xi) = exp

[
(Xi − vm)

T
(Xi − vm) /ℵ2

]
with in-

put vectors x =
[
GT1 , G

T
2

]T
,X1 =

[
eT1 , Ġ

T
d

]T
,X2 =[

QT , D̂T ,ST , eT2
]T

, the center vector vm = [−4, 4], and
the width of the GFs ℵ = 1. The reference trajectory and
uncertainty are chosen as Gd =

[
π
9 sin(t), π18 sin(t)

]T
and

D = [sin(t), cos(t)]
T

+ 0.1 ∗ H(G). The initial condition-
s are given as G(0) = [0.01, 0.01]

T
(rad/s), Ŵa1(0) =

Ŵa2(0) = diag {0.2, 0.2} , Ŵc1(0) = Ŵc2(0) =
diag {0.1, 0.1} , Ŵ (0) = diag {0.2, 0.2}. The simulation re-
sults are displayed in Figs. 2-5. As can be seen from Fig. 2,
the state variables θ and φ can track the desired trajectory
θd and φd. Fig. 3 shows the response trajectories of tracking
errors e11 and e12 with and without the disturbance observer.
In addition, the curves of control signals Vp and Vy are plotted
in Fig. 4. Furthermore, Fig. 5 depicts the trajectories of the
norm of the actor-critic learning laws ‖Ŵaji‖ and ‖Ŵcji‖(j =
1, 2, i = 1, 2). The estimation of lumped disturbance are
depicted in Fig. 6. The triggered intervals under the proposed
SETM and self-triggered mechanism (STM) developed in [25]
are displayed in Figs. 7-8, where the controller update times
under the SETM and STM are [656, 569] times and [824,
725] times, respectively.

Comparative Analysis: Next, the some existing methods in-
cluding NN-based adaptive finite-time control (NNBAFTC) in
[31], the adaptive fuzzy fixed-time control (AFFITC) strategy
in [33], and the adaptive nonsingular predefined-time control
(ANPTC) in [51] are chosen to better demonstrate the merit of
the proposed control method. Further, to assure the rigor of the
comparison results, the external disturbances, design parame-
ters, and initial conditions of the system are selected consis-
tently. The comparison results are given by Figs. 9-11, where
Fig. 9 plots the trajectories of the tracking errors e1,i(i = 1, 2)
under different control strategies. The comparison results
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Fig. 3: The tracking errors e1i(i = 1, 2).
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Fig. 4: The control signal Vl(l = p, y).

0 5 10 15 20 25 30
Time(s)

0.56

0.58

0.6

0 5 10 15 20 25 30
Time(s)

0.28

0.29

0.3

Fig. 5: Actor-critic NN weights.

about cost function J =
∫ 30

0

(
eT1 e1 + αTα+ eT2 e2 + uTu

)
dt

under different methods are shown in Fig. 10. In addition,
the performance indexes about mean absolute control action
(MACA) = 1

2t

∫ t
0
|u1(τ)|+ |u2(τ)|dτ , integral absolute error

(IAE) =
∫ t

0
|e1,i|dτ , and integral time-weighted absolute error

(ITAE) =
∫ t

0
t|e1,i|dτ are adopted to quantitatively evaluation

the control performance under different control schemes.
Then, the quantitative data are illustrated more visually with
the bar graphs in Fig. 11. According to Figs. 9-11, it is easily
obtained that the proposed methods not only ensures better
tracking performance, but also achieves an approximate trade-

0 5 10 15 20 25 30
Time(s)

-1
-0.5

0
0.5

0 5 10 15 20 25 30
Time(s)

-0.5
0

0.5
1

Fig. 6: The curves of composite disturbance D
and its estimation D̂.

0
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0.4

0 5 10 15 20 25 30
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Fig. 7: Triggered intervals t1,k+1 − t1,k.

0

0.1

0.2

0.3

0 5 10 15 20 25 30
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0

0.5

1

0 5 10 15 20 25 30
Time(s)

Fig. 8: Triggered intervals t2,k+1 − t2,k.

off between tacking performance and control costs.

V. CONCLUSION

In this paper, a reinforcement learning-based predefined-
time adaptive optimal control strategy was developed for a
2-DOFHS via switching event-triggered communication. In
the recursive control procedure, a PTNDO and a predefined-
time filter were adopted to rapidly estimate the lumped
disturbance and ensure the predefined-time convergence of the
filter errors. Meanwhile, a SETM has been incorporated into
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Fig. 9: The tracking error e1i(i = 1, 2) under different
methods.
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Fig. 10: Total cost function under different methods.
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Fig. 11: Performance indexes MACA, ITAE, and IAE.

controller design, which can ensure a relatively satisfactory
tracking performance while achieving the balance between
data transmission and control expenses. The obtained results
have indicated that the proposed control strategy could ensure
that all the signals in the CLS are practically predefined-
time bounded. Finally, the superiority and effectiveness of
the proposed control strategy have been verified through the
simulation results. In view of the significance of system
security, how to carry out security analysis and develop a
safety-critical optimized learning control solution integrated

with control barrier function and control Lyapunov function
for a 2-DOFHS will be one of our key research contents in
the future.
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