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Abstract—In this paper, a fixed-time adaptive deferred con-
strained control strategy is proposed for a flexible single-link
manipulator system with input saturation. Fuzzy Neural Net-
works are utilized to estimate the unknown dynamics of the
flexible manipulator system as well as the errors caused by
input saturation. To address output constraints imposed within a
prescribed time period, a time-shift function and an adjusted bar-
rier function are introduced. The system’s stability is rigorously
proven using the direct Lyapunov method. Finally, numerical
simulations and experimental results are presented to validate the
effectiveness and superiority of the proposed control approach.

Note to Practitioners—This study proposes a fixed-time adap-
tive deferred constrained control strategy for a flexible single-link
manipulator system. The system realizes the task of enabling
a flexible manipulator system with input saturation to satisfy
the prescribed performance requirements at any time during
operation, while achieving trajectory tracking and vibration
suppression. Current research on output constraints for flexible
manipulator systems primarily focuses on ensuring tracking
errors converge within a preset time horizon. However, these
methods assume that constraints must be applied from the
very beginning, limiting the flexibility of flexible manipulator
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systems in real-world applications where adjustments are neces-
sary. To address this limitation, this paper studies user-defined
fixed-time output constraints and proposes an adaptive delayed
control strategy. To improve convergence speed, two fuzzy neural
networks with variable learning rates are integrated. Finally,
simulations and experiments demonstrate the effectiveness and
superiority of the proposed control approach.

Index Terms—Flexible manipulator, adaptive deferred con-
straints control, variable learning rate, input saturation.

I. INTRODUCTION

DUE to the operational demands in sectors like auto-
motive manufacturing, production lines, and national

defense, flexible manipulators have garnered widespread
attention for their superior performance [1], [2]. Flexi-
ble single-link manipulator (FSLM) structures offer sev-
eral advantages over rigid robotic arms, including lower
weight, reduced energy consumption, and enhanced load
capacity. However, the flexible structure of the manipu-
lator may cause mechanical vibrations and deformations,
worsening control performance and the device lifespan.
[3], [4]. Thus, developing effective strategies for trajectory
tracking and vibration suppression is essential for FSLM
systems.

Over the past decade, numerous control techniques for
FSLM systems have been proposed, focusing on the afore-
mentioned issue. In [5], an optimal trajectory planning control
method was proposed, addressing both trajectory tracking and
vibration suppression of flexible manipulators. Nguyen and
Bui, et al. proposed two models for vibration suppression
and position control, with the first using two PID controllers
and the second adding a fuzzy logic controller [6]. In [7],
a nonlinear model of flexible manipulators using coupled
duffing oscillators is developed, along with a control method to
suppress their nonlinear vibrations. These studies have demon-
strated effective control in trajectory tracking and vibration
suppression. However, few have considered the FSLM systems
with input saturation and delay constraints in this context,
which constitutes the innovation of our study.

Input saturation in physical control systems occurs when
the control input exceeds the actuator’s maximum output
capacity [8], which can negatively impact FSLM systems,
leading to issues such as oscillations, tracking errors, and even
potential instability. To date, many researchers have considered
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input saturation in controller design [9], [10], [11]. In [9],
an auxiliary variable is introduced to address the saturation
nonlinearities in the uncertain Euler-Lagrange system. In [10],
an anti-windup compensation method was used to address the
input saturation problem in multi-agent systems. Similarly,
researchers proposed a radial basis function neural network
(RBFNN) controller for 2-DOF helicopter system with input
saturation [11]. However, the above-mentioned literature only
considered in input saturation and did not simultaneously
account for both fixed-time output constraints and the effects
of saturation, which motivated our research.

Given the operational demands and safety requirements of
nonlinear systems, imposing output constraints is essential.
Recently, numerous studies have focused on this issue. [12],
[13], [14]. In [12], a prescribed performance barrier Lya-
punov function was introduced to ensure the transient and
steady-state performance of flexible-joint manipulator systems
satisfies predefined constraints. In [13], a performance func-
tion combining prescribed performance and time consensus
was used to keep the error within a predefined envelope.
In [14], output constraints are managed using an exponen-
tially decaying function. These methods help the system
meet the prescribed performance requirements and ensure its
stability and reliability. However, the aforementioned research
approaches require that output constraints must be applied
from the very beginning (t ≥ 0).

In nonlinear systems, the initial tracking conditions are often
unknown or do not need to meet specific constraints [15]. Out-
put constraints emerge only at certain time intervals after the
system has been operating, with no constraints applied during
other intervals. Such constraints are typically introduced for
specific purposes and are commonly encountered in practical
applications. For example, a mobile robot start operating in
an open space, enter a confined space after a period, and
then returning to the open space. To address this situation,
researchers have introduced the concept of deferred constraints
[16], [17]. In [16], an adaptive Neural network (NN) algorithm
was proposed for systems with delayed output constraints,
ensuring the tracking error converges to a specified range
within a preset time. In [17], an adaptive robust control scheme
was proposed for nonlinear systems with delayed asymmetric
time-varying full-state constraints, achieving trajectory track-
ing control. Although the aforementioned studies effectively
address delayed constraints and ensure system stability and
performance, the timing of output constraints implementation
is not strictly predetermined, meaning the start and end times
cannot be manually set. Therefore, to ensure the system
output enters a specific bounded region at a precisely defined
time and stays within this range for a subsequent predefined
period, fixed-time control has been proposed and applied to
various nonlinear systems [18], [19]. This strategy enforces
stricter timing control and ensures the system achieves a
stable state within the specified timeframe. Despite significant
progress in many fields, no research has tackled the combined
challenges of fixed-time convergence, delayed constraints, and
system uncertainties in FSLM systems. In real-world scenarios
of flexible manipulator systems, output constraints are often
not constant throughout the process. Instead, they emerge

dynamically at different time intervals as the task progresses.
Consequently, developing a fixed-time deferred constraint con-
trol for FSLM system allows the system to accurately match
the constraint requirements of different operational phases.
This holds significant theoretical and engineering value for
enhancing the system’s practicality and adaptability.

NN control is an effective approach for uncertain nonlinear
systems and remains an active research topic [20], [21], [22].
Fuzzy neural network (FNN) control integrates NNs with
fuzzy logic systems, offering strong self-learning and self-
adjusting capabilities [23]. In []

In [24], FNNs were used in complex robotic systems to han-
dle model uncertainties and disturbances. Sun et al. developed
FNN control to accurately track the desired trajectory while
minimizing flexible vibrations in flexible manipulator systems
[25]. In the study of flexible manipulator systems, we found
that the controller’s performance is significantly influenced by
the learning rate of the FNN. If the NN employs a fixed
learning rate (FLR), an excessively large learning rate can
cause system deviations, slow convergence, or increase over-
shoot. Conversely, an overly small learning rate may impair
the NN’s ability to estimate unknown nonlinearities, degrading
the overall system performance. In this field, researchers tend
to adopt high-gain strategies to mitigate such effects, but
this complicates the selection of controller parameters and
increases the risk of controller saturation [26]. Consequently,
the concept of variable learning rate (VLR) has been proposed
for controller design in systems like 2-DOF helicopters [27]
and robotic manipulators [28]. However, the application of
NNs with VLR in FSLM systems has been scarcely explored.
This provided the impetus for our research.

Inspired by the preceding analysis, this paper develops a
fixed-time adaptive deferred constrained control for FSLM
systems with input saturation. The principal innovations are
outlined as follows

1) An effective fixed-time adaptive constrained control
algorithm is proposed for FSLM systems, ensuring the
tracking error converges quickly to a narrow range
near zero within a fixed time. Compared with [29]
and [30], the proposed control allows constraint to
apply at any time interval during system operation. For
instance, when the FSLM system needs to move from
an open space into a constrained space for a period
and then return to the open space, the control strategy
can flexibly activate the constraints during the time
in the constrained space to ensure safe and accurate
operation, and release the constraints when back in the
open space to enable more free and efficient motion. This
significantly enhances the flexibility and practicality of
FSLM system.

2) Unlike [31] and [32], which use RBFNNs, this study
employs two FNNs to address system uncertainties
and input saturation nonlinearities. Different from [25]
and [33], which adopt FLR, we introduce VLRs to
accelerate network convergence and enhance system
performance.
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Fig. 1. Flexible single-link Manipulator.

II. PROBLEM STATEMENT

A. Dynamics of Flexible Single-Link Manipulator

In this article, we investigate a FSLM system equipped
with boundary actuators, as shown in Fig. 1. The flexible
manipulator is modeled as an Euler-Bernoulli beam of length
L, positioned on a horizontal plane, with gravitational effects
neglected. The inertial coordinate frame is XOY , while X0OY0
represents the local frame at the hub O. The beam’s constant
flexural rigidity is denoted by EI, and its uniform mass per unit
length by ρ. The angular rotation of the hub O is represented
by θ, with θd as its target angular rotation. Additionally, y(x, t),
ω(x, t), τ and Ih represent the displacement at time t, the elastic
deflection of the FSLM at time t, the control torque, and the
hub inertia, respectively.

Considering small-angle rotation θ, we can make the fol-
lowing assumption with respect to the deflection ω.

y(x, t) = xθ(t) + ω(x, t) (1)

In this part, the dynamics of the system [34] are outlined below

ω̈(x, t) +
EI
ρ
ω
′′′′

(x, t) = −xθ̈(t) (2)

Ihθ̈(t) = U(t) + EIω′′(0, t) (3)
ω(0, t) = ω′(0, t) = ω′′(L, t) = ω′′′(L, t) = 0 (4)

In this paper, using the assumed mode method [25], the

elastic deflection ω(x, t) is expressed as ω (x, t) =
NP

i=1
φi(x)qi(t),

which is a linear combination of admissible functions φi(t),
weighted by time-varying generalized coordinates qi(t) [35].
Let Q =

�
θ, q, q2, . . . , qN

�T , the kinetic of the FSLM is Ek =
1
2 Q̇T MAQ̇, the potential is EP = 1

2 QT KAQ, and the dynamics
of the FSLM can be derived through the Lagrangian equations
as follows

MAQ̈ + KAQ = u(t) (5)

where MA ∈ R(N+1)×(N+1) is the symmetric and positive
definite inertia matrix and KA ∈ R(N+1)×(N+1) represents the
stiffness matrix of the system.

B. Input Saturation

In this paper, the effect of input saturation is taken into
account. The input saturation function u(t) can be expressed
as follows.

u(v) = u(v(t)) =

(
sign(v(t))umax, |v(t)| ≥ umax

v(t), |v(t)| < umax
(6)

where umax > 0 is the upper bound of the saturation. It can
be observed that the designed control input v(t) sometimes
exceeds the actual input u(v). As a result, there is an error ∆v
between v(t) and u(v), and we obtain the relationship u(v) =

v(t) − ∆v.

C. Time-Shift Function

In this paper, to enforce output constraints only within the
specified time period (Ta and Tb), and to facilitate controller
design, the following time-shifting function is defined.

T (t) =

8̂̂̂̂
<̂
ˆ̂̂:

e
−

(tan( π(Ta−t)
2Ta ))2m

2µ2m
1 , 0 ≤ t < Ta

1, Ta ≤ t < Tb

e
−

(t−Tb)2m

2µ2m
2 , t ≥ Tb

(7)

where µ1 and µ2 are positive constants, and m denotes the
order of the system. The following properties hold:

1) The time derivative of T is continuous for t ≥ 0;
2) T (t) increases monotonically for 0 ≤ t < Ta, and as

t → T−a , T (T−a ) = 1;
3) T = 1 holds for Ta ≤ t < Tb;
4) T (t) decreases monotonically for t ≥ Tb, with T (Tb) = 1,

and T → 0 as t → ∞.
Let z1 = x1 − xd, we introduce the following auxiliary

variables to facilitate problem formulation.

=(t) =

8̂<̂
:

Tz1, 0 ≤ t < Ta

z1, Ta ≤ t < Tb

Tz1, t ≥ Tb

(8)

From (7) and (8), we can derive that for 0 ≤ t < Ta and t ≥ Tb,
as T → 0, the auxiliary function =(t) → 0. According to the
properties of T (t), when T = 0, the system is unconstrained,
and when T = 1, it is constrained. This allows constraints
to be applied during the period from Ta to Tb after system
startup.

D. Barrier Function

To address the unconstrained and prescribed output con-
straint problems simultaneously, a barrier function is proposed
as follows

ξ =
Q f Qgz1�

Qg + =
� �

Q f − =
� (9)

where Qg and Q f are time-varying functions representing the
lower and upper boundaries of z1, respectively.

From the analysis of the denominator in (7), we find that
if the the initial condition Qg(0) < =(0) < Q f (0) holds, ξ
remains well-defined for all t ≥ 0. Furthermore, we observe
that ξ → ∞ when = = −Qg or = = Q f . Thus, demonstrating
that ξ is bounded for t ≥ 0 confirms that Qg < = < Q f .
Based on the above analysis, it can be determined that ξ → ∞
occurs if and only if z1 → −

Qg

T or z1 →
Q f

T . According to the
properties of T (t), during the intervals 0 ≤ t < Ta and t ≥ Tb,
with T → 0+, we deduce that −∞ < z1 < +∞, i.e., −∞ <
x1−xd < +∞. Thus, within this period (0 ≤ t < Ta and t ≥ Tb),
the system output is unconstrained (−∞+xd < x1 < +∞+xd),
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where xd and xd represent the minimum and maximum values
of xd, respectively. Similarly, during Ta < t < Tb, we have
−Qg < z1 < Q f , which implies −Qg + xd < x1 < Q f + xd.
Define Ed = −Qg + xd as the lower bound and Eu = Q f + xd

as the upper bound, we conclude that the system output is
constrained between Ed and Eu for Ta < t < Tb. Thus, the
proposed fixed-time deferred constraint is feasible.

E. Fuzzy Neural Network With Variable Learning Rate

In this study, a fuzzy system is employed to manage the
model uncertainties of the FSLM [36]. Consider a fuzzy
system with n inputs and a single output. The l fuzzy
IF-THEN rules are formulated as follows

IF x1 is A j
1 . . . and xn is A j

n, THEN y is W j, j = 1, . . . ,N. In
addition, F j denotes the jth rule, 1 ≤ j ≤ l; (x1, x2, . . . , xn)T ∈

U ∈ Un represents the input; y ∈ R is the output; A j
i and

W j are the fuzz sets in U and R. The degree of membership
function of the FSLM is selected as

µA j
i
(xi) = exp

"
−

(xi − ci j)2

k2
i j

#
(10)

where c =
�
cT

1 , c
T
2 , · · · , c

T
n

�T and ki j denoting the centers and
widths, respectively.

The fuzzy logic system is characterised as

S (x) =

Pl
j=1 y j

�Qn
i=1 µA j

i
(xi)

�
Pl

j=1

�Qn
i=1 µA j

i
(xi)

� . (11)

The FNN can approximate any unknown nonlinear function
f (Z) as follows

f (Z) = W∗T S (Z) + ε (12)

where Z is an input vector of the FNN, W∗ is an ideal value
of W, The estimated value of W∗ is given by Ŵ = W̃ + W∗

with Ŵ denotes the estimated value of W∗, and ε is the
approximation error constant. The fuzzy basis function vector
S (Z) = [s1(Z), s2(Z), · · · , sn(Z)]T .

Additionally, we introduce a Gaussian function to adjust the
learning rate of the FNNs, which helps prevent rapid changes
in the network weights. The weight updating laws are designed
as follows

˙̂W1 = −Γ
�
φzT

2 S 1(Z1) + σ1Ŵ1
�
, φ = φ0e−

||z1 ||
2

Θ2 (13)

˙̂W2 = −Γ
�
φzT

2 S 2(Z2) + σ1Ŵ2
�
, φ = φ0e−

||z1 ||
2

Θ2 (14)

where Γ is a control gain matrices and σ1 > 0 is an
adjustable parameters. Let W∗T1 S 1(Z1) = KAQ + MAα̇ − ε1(Z1)
and W∗T2 S 2(Z2) = ∆v − ε2(Z2), where Z1 =

�
Q, Q̇, α, α̇

�T ,
Z2 = [v, α, α̇]T .

F. Preliminaries

Lemma 1: According to Lyapunov’s direct method [37], the
Lyapunov candidate function R(t) is bounded with an initial
value R(0) and satisfies R(t) ≥ 0. Therefore, the following
inequality holds.

Ṙ(t) ≤ −℘R(t) + ∆ (15)

Fig. 2. The control process of the FSLM system.

where ℘ and ∆ are positive constants.
Lemma 2: For a, b ∈ R, the following inequality holds [38].

ab ≤ ιa2 +
1
ι

b2 (16)

where ι denotes an unknown constant.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

In this section, we propose a fixed-time adaptive deferred
constrained control strategy for the FSLM system with
input saturation and VLR. We utilize FNNs to predict and
approximate the saturation nonlinearities and the unknown
system dynamics. Subsequently, Lyapunov’s direct method is
employed to prove system stability and ensure the tracking
error converges near zero. Moreover, the system meets the
prescribed performance, with vibration suppression and tra-
jectory tracking achieved simultaneously. The control flow of
the FSLM system is illustrated in Fig. 2.

As derived from (5), we set X = [x1, x2]T , with x1 = Q,
x2 = Q̇ and xd = Qd. The desired state vector Qd is specified as
Qd = [θd, qd1, qd2, . . ., qdN]T . Then, we define the state vectors
as z1 = x1 − xd and z2 = x2 − α, where z1 ∈ R(N+1) and
z2 ∈ R(N+1).

The virtual controller α ∈ R(N+1) is expressed as follows

α = −β−1(k1e1 + εṪ − ψQ̇ f + γQ̇g) + ẋd (17)

where k1 = diag(k11, k12, · · · , k1N+1) is a control gain and
k1 = kT

1 > 0, β =
QgQ f (QgQ f +=

2)
(Qg+=)2(Q , ε = −

QgQ f z2
1(Q f−Qg−2=)

(Qg+=)2(Q f−=)2 , ψ =
Qg=z1(Qg+=)

(Qg+=)2(Q f−=)2 , γ =
Q f=z1(Q f−=)

(Qq+=)2(Q f−=)2 .
By differentiating z1 and z2 with respect to time, we obtain

ż1 = z2 − ẋd + α (18)

ż2 = M−1
A [u(t) − KAQ] − α̇ (19)

Define a coordinate transformation e1 = ξ and compute its
derivative with respect to time as follows

ė1 = β(e2 + α − ẋd) + εṪ − ψQ̇ f + γQ̇g (20)

The Lyapunov function candidate V1 is formulated as V1 =
1
2 eT

1 e1. Then, taking the derivative of V1 with respect to time
and substituting (20), we get

V̇1 = eT
1 β(e2 + α − ẋd) + eT

1 (εṪ − ψQ̇ f + γQ̇g) (21)
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Through the substitution of (17) into (21), the following
calculation we yield

V̇1 = −eT
1 k1e1 + eT

1 βz2 (22)

Next, the following Lyapunov function V2 is selected as

V2 = V1 +
φ0

2
zT

2 MAz2 (23)

After differentiating (23), substituting(19), and considering
the input saturation nonlinearities, we obtain

V̇2 = −eT
1 k1e1 + eT

1 βz2 + zT
2 φ0(v(t) − ∆v

− kAQ − MAα̇) (24)

To facilitate the subsequent analysis, we propose the control
law v(t) as follows

v(t) = −
1
φ0
βe1 − k2z2 + ŴT

1 S 1(Z1) + ŴT
2 S 2(Z2) (25)

where k2 = diag(k21, k22, · · · , k2N+1) is a control gain with
k2 = kT

2 > 0.
To prove the stability of the designed controller, the follow-

ing Lyapunov candidate function V3 is proposed.

V3 = V2 +
1
2

W̃T
1 Γ−1W̃1 +

1
2

W̃T
2 Γ−1W̃2 (26)

By differentiating of V3, approximating the unknown terms
with the FNN, and substituting (13), (14) and (25), we obtain

V̇3 = −eT
1 k1e1 − zT

2 φ0k2z2 − zT
2 φ0

�
1 − e−

||z1 ||
2

Θ2

�
W̃T

1 S 1(Z1)

− zT
2 φ0

�
1 − e−

||z1 ||
2

Θ2

�
W̃T

2 S 1(Z1) − zT
2 φ0ε1(Z1)

− zT
2 φ0ε2(Z2) − σ1W̃T

1 Ŵ1 − σ1W̃T
2 Ŵ2 (27)

By applying Lemma 2 and Young’s inequality, and perform-
ing the calculations, we get

V̇3 ≤ −eT
1 k1e1 − zT

2

�
φ0k2 −

Λ(l1 + l2)
2

− I
�

z2 +
1
2
‖ε1(Z1)‖2

+

�
Λ

2l1
−
σ1

2

�

W̃1


2

+

�
Λ

2l2
−
σ1

2

�

W̃2


2

+
σ1

2



W∗1


2

+
σ1

2



W∗2


2

+
1
2
‖ε2(Z2)‖2 (28)

where Λ = φ0

�
1 − e−

||z1 ||
2

Θ2

�
‖S 1(Z1)‖2 and I represents the

identity matrix.
By performing the analysis and using Lemma 1, we con-

clude
V̇3(t) ≤ −℘V3(t) + ∆ (29)

with

℘ = min

(
2λmin (k1) ,

2λmin
�
φ0k2 −

Λ(l1+l2)
2 − I

�
λmax (MA)

,�
Λ
l1
− σ1

�
λmax

�
Γ−1

� ,
�

Λ
l2
− σ2

�
λmax

�
Γ−1

�9=; (30)

∆ =
σ1

2



W∗
1



2
+
σ1

2



W∗2


2

+
1
2
‖ε1(Z1)‖2 +

1
2
‖ε2(Z2)‖2

(31)

TABLE I
SIMULATION PARAMETERS OF FSLM SYSTEM

where λmin(∗) and λmax(∗) denote the smallest and largest
eigenvalues of the matrix ∗, respectively.

To ensure the stability of the closed-loop system, the system
parameters k1, k2 must satisfy the following conditions.

λmin (k1) , λmin

�
φ0k2 −

Λ(l1 + l2)
2

− I
�
> 0 (32)

According to Lemma 1, the closed-loop system described
in (5) can be semi-globally bounded under the proposed the
fixed-time adaptive deferred constrained control.

IV. SIMULATION

In this chapter, numerical simulations verify the stability and
effectiveness of the proposed control. The selected simulation
parameters are shown in Table I.

The proposed control ensures that the FSLM system meet
specified constraint conditions within any given time interval,
while tracking the original trajectory during the remaining
time intervals. Simulations were conducted based on a FSLM
system with input saturation and VLR, with three cases:
Case 1: Ta = 0,Tb = 20; Case 2: Ta = 10,Tb = 25;
Case 3: Ta = 0,Tb = 40. For all three cases, the control
parameters were set as k1 = 30I7×7, k2 = 4I7×7,Q f =

0.18 + 0.02 sin(t),Qg = −0.11 + 0.025 sin(t), Ed = −0.41 −
0.025 sin(t), Eu = 0.4 + 0.02 sin(t)and the tracking objective
xd = 0.5(tanh(5(t − Ta)) + tanh(5(t − Tb))) sin(t) + 0.3 cos(t).

Fig. 2 presents the simulation results for three distinct sets
of time intervals (Ta,Tb): Case 1 (Ta = 0,Tb = 20) is shown
in panels (a) and (d); Case 2 (Ta = 10,Tb = 25) is shown
in panels (b) and (e); Case 3 (Ta = 0,Tb = 40) is shown in
panels (c) and (f). Panels (a) - (c) show the trajectory tracking
responses, while panels (d) - (f) display the corresponding
control input.

The following analysis can be drawn from the simulation
results: For all three cases, the proposed fixed-time adaptive
deferred constrained controller successfully enables the system
to achieved the desired trajectory tracking, with the system
output is strictly confined within within the specified range
[Ed, Eu] during the time interval [Ta,Tb]. The red curves in
panels (a), (b), and (c) represent the tracking errors. In each
case, the error exhibits an abrupt changes upon entering the
constraint regions and then quickly converges to zero.

Taking Case 1 (Ta = 0,Tb = 20) as an example in Fig. 2:
As shown in panel(a), the pink curve represents the angle θ(t)
which not only achieves the trajectory tracking but also stays
within [Ea, Eb] during the time interval [0, 20]. Moreover, the
tracking error in panel (a), and the control input with input
saturation in panel (d) both only show significant variations
at Ta = 0 and Tb = 20, indicating the controller’s ability
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Fig. 3. Simulation results of the FSLM system under the proposed controller with three cases.

Fig. 4. The change of ω(L, t) in the simulation.

TABLE II
EXPERIMENT PARAMETERS OF FSLM SYSTEM

to dynamically adapt to constraint switching without causing
system oscillations

Furthermore, the vibration offset at the top ω(L, t) are
presented in Fig. 3. It is evident that, since the control gains
k1 and k2 are identical, the control law produces the same
effect in terms of vibration suppression in each case. The
proposed controller effectively mitigates vibration offsets and
ultimately reducing the vibration offset to zero, confirming
that the proposed strategy is practically effective in vibration
suppression.

V. EXPERIMENT

In this chapter, three sets of experiments were conducted on
the Quanser experimental platform shown in Fig. 4. Firstly,
three comparative experiments are conducted by varying Ta

and Tb to evaluate the proposed controller’s performance
under different deferred constraint requirements. Secondly, the
control effects of FNNs with FLRs and VLRs are compared

Fig. 5. Quanser experimental platform.

to analyze the impact of learning rates on the controller’s
performance. Finally, with Ta = 10 and Tb = 25, the pro-
posed fixed-time adaptive deferred constrained controller was
compared with the PD controller, AC, and RBFNN controller
in the FSLM system with input saturation to demonstrate
its superiority in handling output constraints. The selected
experiment parameters are displayed in Tables II.

In the experiment, the following parameters were config-
ured: k1 = 45I7×7, k2 = 1.5I7×7,Q f = 0.18 + 0.02 sin(t),Qg =

−0.11 + 0.025 sin(t), Ed = −0.41 − 0.025sin(t), Eu = 0.4 +
0.02 sin(t), xd = 0.5(tanh(5(t − Ta)) + tanh(5(t − Tb))) sin(t) +
0.3 cos(t).

A. Comparative Experiments With Different Constraint

In Fig. 5, panels (a) and (d) show the experimental results
when Ta = 0,Tb = 20, while panels (b) and (e) correspond
to the results for Ta = 10,Tb = 25. Panels (c) and (f)
present the results when Ta = 0,Tb = 40. Experimental
results are consistent with the simulation results, validating the
effectiveness of the proposed controller in trajectory tracking.
Moreover, it ensures that the output constraints remain within
the range [Ed, Eu] throughout any specified time interval
[Ta,Tb]. Additionally, we can determined that the control input
adjusts in accordance with the output constraint requirements
for the FSLM system. Once the trajectory tracking was stabi-
lized, the control output remains steady.
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Fig. 6. Experimental results of the FSLM system under the proposed controller, with three cases (consistent with the simulation).

Fig. 7. The change of ω(L, t) in the experiment.

In Fig. 6, it is shown the vibration offset ω under three
different cases. Experimental confirmed that the proposed
controller effectively suppresses vibrations in the FSLM with
input saturation. However, due to hardware limitations and
external environmental factors, the experimental results are
different from the simulation results. In the experiments,
ω(L, t) varies across the three cases while in the simulations
it remains identical.

B. Comparative Experiments With FLR and VLR

To avoid drastic changes in the NN weights at the start of
system operation or when the tracking error is large, a Gaus-
sian function is introduced into the FNN, ensuring that the
network weights are adjustable. Furthermore, to demonstrate
the superiority of the proposed control scheme, comparative
experiments were conducted between the proposed controller
with FLR and one with VLR.

As shown in Fig. 7, the plot illustrates the changes in the
weights W1 and the angle tracking results from the compar-
ative experiment. Panels (a) shows the comparisons of W1,
under both FLR and VLR conditions.

Panels (a) can be seen that when the system begins operation
with a high tracking error, the network weights in the system
with VLR remain relatively low and show smaller changes. In

TABLE III
MAIN CONTROL LAWS OF THE COMPARATIVE CONTROLLERS

contrast, due to its fixed and large learning rate in the system
with FLR, causes the network weights to fluctuate signifi-
cantly. In panels (b), the purple and pink curves respectively
represent the tracking errors of the NN with VLR and FLR. It
can be observed that the purple curve converges to zero more
quickly than the pink curve and achieves a smaller tracking
error. This suggests that introducing VLR into the NN helps
to improve the system’s trajectory tracking performance.

C. Comparative Experiments With Different Controller

As shown in Table III, the main control laws of the
comparative controllers used are presented. In addition, the
supplementary constants and other relevant parameters are
presented as follows: in RBFNN, ŴT S (Z) = KAQ+MAα̇, α̇ =

−ka1z1 + ẋd,
˙̂W = −Γ[zT

2 S (Z) + σŴ], σ = 0.5,Γ = 10, ci =

4, bi = 1 or − 1, the number of nodes i = 256, in AC,
p̂ = KAQ + MAα̇, ˙̂p = γz2 − γσ p̂, γ = 0.8, σ = 0.3.

In Fig. 8, the blue, pink, yellow, and purple curves illustrate
the performance of the proposed controller, the PD controller,
the AC, and the RBFNN controller in tracking the desired
angle. While all four controllers enable the FSLM system to
achieve the target angle, their performance exhibit significant
differences. The PD controller demonstrates steady-state errors
during tracking and larger errors at the start of the process.The
AC performs better than the PD controller but converges more
slowly when approaching the constraint region. Meanwhile,
the RBFNN controller exhibits pronounced tracking errors, a
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Fig. 8. Experimental results of the FSLM system under the controller with
FLR and controller with VLR.

Fig. 9. Comparative experimental results of the FSLM system under the
proposed controller, PD controller, AC, and RBFNN controller.

large overshoot, and significant delays throughout the process.
In contrast, the proposed controller shows a clear advantage in
angle tracking, with significantly reduced overshoot, superior
tracking performance, and faster response speeds.

VI. CONCLUSION

This study presents a fixed-time adaptive deferred con-
strained control (25) designed to tackle the challenges of input
saturation and deferred constraints. By employing the FNNs,
the system’s uncertainties and the errors resulting from input
saturation were effectively addressed. To enhance network
performance, the VLR strategy was introduced into the FNNs,
which not only accelerated convergence but also prevented
large fluctuations in network weights. The system’s stability
was rigorously proven using the Lyapunov direct method.
Both simulation and experimental results confirmed that the
proposed strategy effectively handles input saturation and
deferred constraints. Furthermore, the experiments highlighted
the advantages of VLR over FLR, demonstrating its signifi-
cant contribution to system performance. While our proposed
fixed-time adaptive deferred constrained control strategy has
achieved certain results, its ability to ensure system robust-
ness remains far from optimal when faced with unknown,

time-varying environments and complex nonlinear conditions.
In future, we will focus on addressing this issue.
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