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Abstract—This study presents a novel adaptive dynamic event-
triggered quantized control strategy for a flexible manipulator
system. Initially, output signal is quantized using a uniform
quantizer that account for the communication burden and
bandwidth constraints. Subsequently, a dynamic event-triggered
mechanism is devised to further decrease the frequency of control
input communication. The proposed control strategy enables the
angular tracking and tip vibration of the flexible manipulator
system to exponentially converge to a small compact set under
limited communication. Finally, the effectiveness of the design
scheme is demonstrated through simulations and experimental
validations.

Index Terms—Flexible manipulator, adaptive control, dynamic
event-triggered mechanism, output quantization.

I. INTRODUCTION

N recent years, there has been an increasing demand for

continuous advancements in robotic technology, especially
manipulators [1]-[3]. Flexible single-link manipulator (FSLM)
possess the benefits of reduced energy usage, high flexibility,
and low weight, which has broader application prospects
than rigid manipulators. However, the characteristics of the
FSLMs expose them to structural vibrations that can lead to
deformations, which decreases their precision and lifespan [4].
Hence, eliminating vibrations in the working environment of
the FSLMs is necessary to maximize their performance.

As distributed-parameter systems, FSLMs should be mod-
eled using partial differential equations (PDEs) [5]. To fa-
cilitate analysis, a number of researchers have developed an
FSLM control strategy using the modal method [6], [7], but
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this may cause a spillover effect. Because only a few sensors
and actuators are required and there is no need to simplify
the model, boundary control has been recently regarded as a
more practical control method for the FSLMs [8], [9]. In [10],
a boundary control method for a robotic manipulator system
was proposed, and novel observers and auxiliary systems were
introduced to address unknown disturbances and input con-
straints. In addition, the authors in [11] examined an adaptive
robust boundary control scheme that handled the input dead
zone and estimated the upper limit of compound disturbances
for a flexible Timoshenko manipulator. Furthermore, in [12],
an adaptive neural network fault-tolerant control strategy was
employed for an FSLM with model uncertainties and an
infinite set of time-varying actuator faults. Additionally, a
cooperative fault-tolerant control boundary method was es-
tablished for a mobile dual FSLM to handle the constraint
of the system outputs and actuator failures in [13]. Despite
these beneficial results, the methods in these studies were not
applied to the FSLM system with quantization.

In network control systems [14], it iS common to quantize
signals to reduce the communication burden. However, this
action inevitably introduces certain nonlinear characteristics
that will affect system performance if neglected. In the last
few years, researchers have investigated this problem, and a
number of quantized control schemes have been developed for
nonlinear systems of the ordinary differential equation (ODE)
[15]-[17]. Advances have also been made in quantization
control for the FSLM systems as a result of research on
ODE systems. [18]-[20]. In [18], two different quantization
controllers were proposed for a FSLM system with input-
signal quantization. For a FSLM system with communication
constraints [20], an adaptive boundary control strategy was
presented to compensate for the quantization error. The afore-
mentioned studies investigated input quantization, but recently
there has been an increasing interest in output quantization.
For example, in [21], a control methodology based on adaptive
backstepping was introduced for a specific category of rigid
body systems characterized by multiple inputs and multiple
outputs, considering the presence of both input and output
quantization. Additionally, in [22], an adaptive output feedback
control scheme was presented for nonlinear systems with
mismatched uncertainties under input and output quantization,
and a dynamic filtering technique was employed to avoid
differentiating the virtual control signals. The existing output
quantization schemes were primarily relevant for ODE sys-
tems, and studies on output quantization for the FSLM systems
have been scarce; this is one of the motivations for this study.
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Furthermore, in a general control system, the output of the
controller is continuously transmitted, and frequent nonessen-
tial transmissions waste the system’s limited resources. Event-
triggered control (ETC) has garnered considerable attention
in recent years, as it enables systems to update control
input signals only when specific conditions are met, thereby
reducing communication frequency [23]-[25]. In [26], a back-
stepping adaptive event-triggered feedback control strategy
was developed for a class of uncertain nonlinear systems,
effectively addressing the challenges posed by discontinuous
output signals and reduces unnecessary control input updates.
Furthermore, an adaptive controller and a triggering event
based on the switching threshold strategy were designed
simultaneously for a class of uncertain nonlinear systems,
avoiding the input-to-state stability assumption [27]. Recently,
researchers have achieved progress in the ETC of FSLMs. In
[28] and [29], event-triggered boundary control schemes for
FSLMs under communication constraints were proposed. As
far as we are aware, despite significant progress being achieved
in the ETC of FSLMs, the aforementioned event-triggered
mechanisms were based on the relative threshold strategy.
The relative threshold event-triggered mechanism (ETM) uti-
lizes static rules, where the event-triggering conditions remain
constant over time. In contrast, the dynamic event-triggered
mechanism (DETM) incorporates internal dynamic variables,
making the triggering conditions more adaptable [1], [30].
This adaptability enables the system to determine control
input updates with greater flexibility, effectively minimising
unnecessary communication and computational overhead. In
[31], to address the distributed formation control problem of
networked multi-agent systems under limited communication
resources, a DETM was proposed, in which the threshold
parameters of the triggering conditions can be modified dy-
namically. Currently, there are no studies in the literature on
the DETM control for FSLMs and considering the output
quantization of the system on this basis is more challenging.

Based on the afore-described analysis, the objective of this
study is to investigate the dynamic ETC problem for an FSLM
system with output quantization. The primary contributions of
this research are outlined as follows:

1) In contrast to the research [20], [32] in which input
quantization is considered, the discrete phenomena of
the output quantization for the flexible system pose
greater challenges to the controller development and
stability analysis. Hence, in this paper, we consider the
impact of output quantization on the FSLM system,
and an inequality descibing the measured signals and
the quantizer parameters is utilized to transfrom the
quantization error.

2) Previous studies on event-triggered strategies for the
FSLMs were based on the relative threshold [28], [33].
We propose a DETM that includes an adaptive dynamic
variable, which adjusts according to the measurement
error, to alter the frequency of communication more flex-
ibly without gravely degrading the system performance.

3) The practicality and efficacy of the proposed scheme are
confirmed through simulations performed in MATLAB

and experiments conducted on the Quanser platform.

Remark 1: Throughout this paper, the sets of all positive
integers and real numbers are denoted by Z, and R, respec-
tively. For the sake of simplifying the expression, the following
symbols are introduced: (x) = 9(x)/ds, (¥)" = 0?(x)/0s>,
()" = 03(x)/0s3, (x)" = 0*(x)/0s*, () = O(x)/0t,
(¥) = 2(x)/0t?, (x) = (+)(s,1), ()o = (+)(0,t), and
() = ()0, 1)

II. PROBLEM STATEMENT
A. System description

A simplified representation of the geometry of the FSLM
system is shown in Fig. 1. In the figure, XO)Y represents
the global fixed coordinate system; the local rotating inertial
coordinate system is denoted by x;0y;; the independent time
and space variables are represented by ¢ and s, respectively;
[ is the length of the manipulator; u,.(t) represents the torque
input; w(s,t) represents the vibrational displacement in the
rotating coordinate system; 6(t) is the angular displacement;
and w(s,t) = sO(t) + w(s,t) is defined as the position of
variable s in the coordinate axis XO) .

%

Fig. 1. Flexible manipulator system.

The PDEs describing the FSLM system are given as [34]:

po(s,t) = —beo(s,t) — EIw"" (s, t) + Tw"(s,t)
V(s,t) € (0,1) x [0, 400) ()

The boundary conditions are presented as follows:

I6(t) = E1W"(0,t) + Tw(l,t) + u.(t) t€[0,+0) (2)
EIW"(I,t) = TW'(1,t) 3)

w(0,t) = W'(0,t) =w"(I,t) =0 4)

where, T, p, b, I, and ET represent the tension, constant mass

per unit length, coefficient of viscous damping, hub inertia,
and bending stiffness, respectively.

B. Quantizer

The quantizers considered in this study have the following
properties:

|kQ - k| S kmin (5)

where ki, > 0 are quantization parameters. k9 and k are
quantized and ideal signals, respectively.
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Fig. 2. The map of uniform quantizer kg

Uniform Quantizer: The model of uniform quantizer is given
as ( [21]):

kisgn(k), ki— 9% <|k| <k;+ 4
kS = (6)
07 |k| S kO

where ko > 0, k1 = ko + %, and ki1 = k; + d with i=2,...;
variable d > 0 denotes the length of the quantization interval;
and kg € {0,%k;}. A map of the uniform quantizer is shown
in Fig. 2. Clearly, while |k — k| < kupin = max {ko,d},
property (5) is satisfied.

III. CONTROL DESIGN

In this section, a dynamic ETM is constructed to decrease
the frequency of communication of the control input. Specifi-
cally, a dynamic Event-Triggered Output Quantized Controller
(DETOQCQC) is developed, which integrates the dynamic ETM
with output quantization techniques to track the target angle
6, and suppress the elastic deflection w(s,t) of the FSLM
system under output quantization. Subsequently, the stability
of the closed-loop system is analyzed, and it is proved that
the Zeno behavior is avoided. The control flow of the FSLM
system is illustrated in Fig. 3.

Remark 2: Zeno behavior refers to the occurrence of an in-
finite number of event triggers over a finite time interval. This
phenomenon is frequently observed in ETC systems, where it
may lead to excessive system responses, resulting in inefficient
resource utilisation and potential stability concerns. Therefore,
addressing Zeno behaviour is a crucial consideration in the
design of controllers that incorporate ETMs.

A. Dynamic Event-Triggered Strategy

A dynamic parameter mechanism is presented to design the
ETC method which is defined as

() = ulty),

where w(t;) is a continuous input control scheme to be
designed later; u,(t) is the actual control signal under the
dynamic ETM. The ¢; and ¢;41, j € Z* represent the

Vt € [ty tjs1) (7

'y
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Fig. 3. The control process of the FSLM system.

input update time and the next update time, respectively. The
dynamic ETM is defined as

tipr = inf {t > ;[A(t) + (Ou(t)] - le(t)]) <0} (8)

where e(t) = u,(t) —u(t) denotes the control signal error, and
0 < § < 1 is a design parameter. Whenever (8) is activated,
the time is recorded as t;41, and the control value w,(£;11)
is applied to the system. During the time ¢ € [t;,t;41), the
control signal u(t;) remains constant, i.e., the updating law of
the dynamic variable is given as

h(t) = —nfi+ 1y1(8lu(t)] — le(t)]) ©)
h(0) =hg =0 (10)

where 7 is a positive constant, and v € % is a design
function composed of system state variables that will be
provided hereinafter. 7 represents the decay rate, typically
selected to be small. v indicates the tightness of the dynamic
event-triggering; a larger v implies more relaxed conditions,
allowing for relatively larger signal errors. The mechanism (8)
guarantees that, for all times,

A(t) + (0lu(®)] = [e(®)]) = 0 (1D)

Combining (8), (9), and (11), we infer that h(t) + Yh(t) >
—|y|h(t) with By > 0. Furthemore, h(t) > hoe™ Jo (1Dt
Vt € [0,400). This implies that /i(t) is defined positively.

B. Control Algorithm Design

When the output w is quantized, based on the quantizer
property (5) we have

jwity = wi] < wimn (12)
By derivation and transformation, we can acquire
@ — Wimin < WYy < W+ Wimin (13)
Futher,
wl% < wi + fMWimin (14)
where, 11 € [—1, 1]. Hence, the DETOQC law is designed as
a(t) = —L ) (15)

19 VY ua(t)? + v?

Authorized licensed use limited to: Qingdao University. Downloaded on September 19,2025 at 01:57:37 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Consumer Electronics. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TCE.2025.3610905

ua(t) =h1y + (ha + T + E10 + h3(0 — 6,)

+@tanh(¥) (16)
where 6 hi, ha, h3, @ and J are positive design parameters;
v =0+4&(0 —0,). The dynamic event-triggering mechanism
(8), DETOQC, and adaptive updating laws are designed for
an FSLM system with quantizers (6) via the Lyapunov direct
method.

C. Stability Analysis

This section adopts the Lyapunov direct method to perform

a stability analysis. Given the dissipation of energy and the

states of the FSLM system, the Lyapunov function is formu-
lated as

Lk<t) =L (t) + Lk2<t) + Lkg(ﬁ) a7

where

I 1 : 1
Li(t)==p | &?ds+ -EI | ?ds+ =T | w"ds
2" Jo 2 0 0

2
(18)
oo, 1 2
LkZ(t) = 517 + ihd[a(t) - 97"] + h(t) (19)
l
Lps(t) = §p/ w(s,t)wa(s,t)ds (20)
0

where wg(s,t) = w+ s[f — 6,.], and we can obtain w(s,t) =
’('ﬂd(& t).

Lemma 1: The Lyapunnov function (17) is positive and
bounded as

0 <th1[Li1(t) + L2 (t)] < Li(t) < th2[Li1(t) + Lia(t)]
(21

where 1; and 9 are positive constants.
Proof: Refer to Appendix A. (]

Lemma 2: The time derivative of the Lyapunov function
candidate (17) has the upper-bounded

Lk(t) < 71/}Lk(t) + e 22)

where ¢ and € > 0.
Proof: Refer to Appendix B. (]

Theorem 1: For the FSLM system with output quantization
described by (1)-(2), under the implemented control (15),
adaptive updating law (9), and bounded initial conditions,
the elastic offset and tracking error can be stabilized to a
small neighborhood of zero by suitably electing the configured
parameters to satisfy the constraints specified in (42)-(45). The
occurrence of Zeno phenomenon can be prevented by updating
the control input according to the constructed event-triggering
rule.

4
Proof: Multiplying (22) by e¥? yields
0
E[Lk(t)ew} < ee?! (23)
By integrating (23), we obtain
€, _ €
Ly(t) < [Li(0) — @]e vty m (24)

Using (18) and Sobolev’s inequality yields
| S A 1
—&Tw” < 2T [ w™ds < Ly (t) < —Lg(t) (25)
21 27/, ()

Substituting (25) into (24) yields

(s, 8)] < \/ﬂ%;l Le(0) + S1,¥(s, 1) € [0,1] x [0, 400)

(]
(26)
Moreover, we get
2le
. < |2
tlg& lw(s, t)] < fT?/Jﬂ/)’V(S’t) €1[0,1] (27)
Similarly, with (19) we derive
00) = 0,1 < | ——[L4(0) + S1.Y(1) € [0, +00)  (28)
| > h@wl k ’(/J ) 5
2le
lim |0(t) — 0, < 29
Jim [06) — 0] <[5 29)
O

Finally, we prove that the dynamic event-triggered strategy
(8) constructed in this study can prevent the Zeno phe-
nomenon, which can be attributed to the presence of a positive
constant t* > 0 that causes t;1 —t; > t*,Vj > 0. According
to e(t) = u,(t) — u(t),Vt € [t;, ti+1), we have

(e x e) = sign(e)é < |i| (30)

d, , d

dt|€| Cdt
According to (15) and the property of quantification, % is a
function of the quantized signals 6, 9, and w;, for which the
changing amplitude is always bounded within the quantized
interval. Thus, we set £ > 0, which satisfying |4| < &.
Because e(t;) = 0, the least value of trigger intervals
tiy1—t; > W. Thus, Zeno’s behavior is avoided. Besides,
the triggering condition relies on the control input computed
from the quantized output signal, and the range of variation
in the quantization interval is limited; thus, there is no Zeno
phenomenon.

IV. NUMERICAL SIMULATION

The efficacy of the proposed DETOQC scheme is illustrated
via the finite difference method in MATLAB. Table I provides
the system parameters. The time and space steps are 1.5 x
10~* and 2.095 x 1072, respectively. The initial conditions of
the FSLM are specified as w(s,0) = 0 m, w(s,0) = 0 m/s,
0(0) = 0 rad, and 6(0) = 0 rad/s. The parameters chosen for
the DETOQC scheme are hy = 0.3, he = 0.01, £ = 0.05,
hs = 3.3, and @ = 0.13. The reference signal, denoted by
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TABLE I
STRUCTURE PARAMETER OF THE MODEL
Items Value Items Value
I 0.0038 kgm? c 0.04NS/m
l 0.419 m p 0.1 kg/m
T 0.1 N EI 0.157 Nm?
0.6

Fig. 4. The angular position of FSLM under different controllers.

0r, is assigned the value of § rad. The adaptive parameters
are elected as: i(0) = 0.01, A = 0.3, and § = 0.2. The
quantization parameters are d = 0.001 and wp,;, = 1073,

To demonstrate the effectiveness of the DETOQC scheme
in saving communication resources, we first compare it to the
boundary control (BC) scheme presented in [35] which was
constructed using the same initial conditions. The simulation
results are presented in Figs. 4-7. The BC method is based on
continuous state variables and was designed without dynamic
ETM. It is expressed as

u(t) = —ky — kywy — Tw;, — BIO(t) — kelO(t) — 6,]

where the BC parameters are defined as k£ = 0.28, k; = 0.01,
and kg = 4.7. The angle position and the angular velocity is
shown in Fig. 4. Fig. 5 displays the endpoint displacement of
the flexible link. Fig. 6 illustrates the actuator control signals,
and the event-triggered intervals of the control signal are given
in Fig. 7.

As indicated in Fig. 4, 6 can rapidly approach the given
target angle 6, within 0.5 seconds, and the steady-state track-
ing error finally stabilizes in a small bounded region within
1.5 seconds under the BC strategy and the DETOQC. Fig.
5 also shows that the deformation can attain convergence
within a time interval of 2 seconds and remains confined to
a small vicinity of zero under the BC strategy the DETOQC.
The control inputs are displayed in Fig. 6, indicating that the
input signals under the boundary control and dynamic event-
triggered quantization control strategies are transmitted within
the same period and under event-triggered intervals, respec-
tively. Fig. 7 depicts the dynamic event-triggered intervals for
the FSLM system. The total number of triggers is 181. To

€2y

0.1

0.05

-0.05

-0.1

----- with BC
“ —— with DETOQC
0 0.5 1 1.5 2 25 3
tfs]

Fig. 5. The end-point offset of FSLM under different controllers.
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Fig. 6. The control signals of FSLM under controllers.
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Fig. 7. Event-triggered intervals of the actuator.
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TABLE I

QUANTITATIVE COMPARISON OF BC AND DETOQC SCHEMES
Performance Indicator Boundary Control (BC) [32] DETOQC Improvement Ratio
Angular Tracking Time (to steady state, s) 1.5 1.5 — (Equivalent Performance)
Steady-State Angular Error (rad) < 0.008 < 0.007 12.5%
Tip Vibration Convergence Time (s) 2.0 1.9 5.0%
Steady-State Tip Vibration (m) < 0.012 < 0.009 25.0%
Total Control Signal Transmissions (in 3 s) 2860 181 93.7%
Average Trigger Interval (ms) — (No Triggering Mechanism) 16.5 —

TABLE III
STRUCTURE PARAMETER OF THE MODEL IN EXPERIMENT

Ttems Value
hs 3
13 0.02
h1 0.01

further quantify the performance advantages of the proposed
DETOQC scheme, Table III summarizes the key performance
indicators of the BC scheme [32] and the DETOQC scheme.

From Figs. 2-5, we can conclude that this method can
achieve performance similar to control strategies designed
based on ideal continuous signals, and under adaptive dynamic
event-triggered control, the transmission frequency of control
signals is significantly reduced. This implies that only a small
number of signals need to be transmitted, thereby reducing
transmission costs.

By analysing the simulation results, significantly decrease
the communication frequency and maintain system perfor-
mance at reduced communication frequencies. In the afore-
mentioned event-triggered strategy, when the magnitude of
the control signal w,(t) increases, a longer update interval
is obtained, resulting in relatively larger measurement errors.
When the system state stabilizes within a small region near
zero, the control signal correspondingly decreases to a smaller
range, producing smaller thresholds and thereby allowing more
accurate control of the system, resulting in improved system
performance. It is noteworthy that due to its adaptive nature,
the dynamic event-triggered strategy offers better adjustment
capability, simplified parameter settings, and broader applica-
bility to different systems.

V. EXPERIMENT

To demonstrate the actual applications of the DETOQC
scheme, practical experiments are performed on the Quanser
experimental platform depicted in Fig. 8. The experiment use
the ode4 (Runge-Kutta) fixed-step solver, with the time step
set to Ts = 1ms. After adjusting the system, the selected
appropriate gain parameters are presented in the Table III (the
remaining parameters are consistent with those used in the
simulation). The experimental results are presented in Figs.
9-11. Fig. 9 presents the rotation angle, and the time delay for
the target signal is set to 0.2 seconds. The manipulator can
follow the desired trajectory within 0.5 seconds. The endpoint

0.6
05F /Tt
1
! 053
L e e e ————
0.4r 052
1
= 1 051
£03F 1
5 : 355 06 065
1
02
1
1
0.1F 1 - - -the target angle er b
1
1 with DETOQC
0 - _l L L L L I
0 0.5 1 1.5 2 2.5 3

tfs]

Fig. 9. Angular position of the FSLM.

deformation is shown in Fig. 10, which can converge to a
small neighborhood near zero within 1 second. The control
input is shown in Fig. 11. Note that the output signals are
quantified and the control signal is event-triggered. These
experimental examples demonstrate that the dynamic event-
triggered control strategy can ensure the angle tracking and
deformation suppression performance of the flexible robotic
arm while reducing the communication frequency.

VI. CONCLUSION

This study developed a dynamic event-triggered control
strategy to address the communication bandwidth constraints,
achieve superior angle-tracking performance, and suppress
vibrations in the FSLM systems. The output signals were
quantized, and an internal dynamic variable was employed to
optimize the triggering mechanism. Moreover, the Lyapunov
direct method was utilized to demonstrate the uniformly
bounded stability of the closed-loop system. Simulations and
experiments verified that the proposed method achieved a
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Fig. 10. The endpoint deformation of the FSLM.
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Fig. 11. Torque of the motor.

similar performance compared to the BC method, in which
the signal is continuously transmitted. The former only needed
less signal transmission.

APPENDIX A
Proof: Using Young’s Inequality and Sobolev’s inequality,

we derive

1 l
Lia(t)] <& [ wds + ¢pl [ [e0) - 6,)ds

Sfﬂ(lJFl)/ 2ds +fﬂ /w’zds
2 0 2 Jo

§p12 210 — 0,]% < & (Lia(t) + Lia(t))

2 (32)

where & = Eémax(p(1+1), ”7
then we have

0 < 9Y1(Lia
< o(Lga

where 11=minl-£;, and Yo=max1+&;.

77) Let & satisfy 0 < & < 1;

() + Lia(t) + Lis(t)) < Li(t)

(t) + Lia(t) + Lis(t)) (33)

APPENDIX B

Proof: Differentiating (17), we obtain

Lk(t) = Lkl(t) —+ Lkg(t) + Lkg(t) (34)

First, applying the integration by parts and invoking Young’s
Inequality and Sobolev’s inequality, L1 can be expressed as

I ! !
L (t) = p/ wivds + EI/ W' ds + T/ Ww'w'ds
0 0

=T / s0w"ds — b / w2ds — EIwl6 — ET10(t)w]"
0

< “BI0(t) - TO(t)w — b / &2 (35)
Next, we take the derivative of Ly3(t), and obtain
Lis(t 5/’/ wwddS-FfP/ @°

—£p/ww+z t)—6,) ds—i—«fp/w

= —¢EIww]" — (BT /0 w"?ds + Téwjw
—T¢ /0 l w?ds — EETO(t) — 0,]wy
— &b /Ol wgatods — TE[O(t) — 0, w;
+&p /Ol ?ds (36)

Finally, substituting (2) and the adaptive law (9) into the
derivative of the function Ly2(t), we obtain
Lia(t) = ~I(6 + €0) + h3[0(t) — 0,]0 +
= YIE0(t) + YTwr + YEIwg + yuy(t)
+ h[0(t) — 0,10(t)h = Ah+ [y|(lul — [e])  (37)
Owing to the fact that w,(¢t) — u(t) < |u.(t) — u(t)], and
considering properties (5) and (11), we have
Lo (t) < AIEO(t) + yTw; +yEIw) + (1 + Ad)u(t)
+ ha[0(t) — 6,]0(t) — \h (38)
where A\ € [—1,1].
Using the DETOQ controllers (15)-(16), and combining (13)-
(14), we obtain
Y1+ Md)u(t) < —hiy? — (T + ha)wis,
—~vh3(0 —0,)+v
< —hiy? — (T + ha)yw — 75[9 +v
- h37(9 - 97) - 'Y(T + hQ)Mwlmin

3L

— ’y@tanh(%) (39)

subsequently, substituting (39) into Ly (t) yields

Lia(t) < 4IEO(t) + yTw;, + yEIw] — hiny? — ~EIH
— (T + hg)'ywl — ’Y(T + hQ)Mwlmin
— h3y(0 — 0,) — Ah+ h3f[0 — 0,] +v
< —hy? +yEIwy hsl6(t) — 6,]?
— A +e

— ~ywtanh( %)

— Yhowy —
(40)
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where € = 0.2875J + v. By combining (35)-(36) into (34),
Ly (t) can be derived as

Ly(t) <~ —hp—

A+, [t
444*X/wds
0

2
2
~ (ehs ~ )00(0) 0 +=— an
b2 (b + T, [
_(Tf_%_( 22"; ) )/0 w/2ds
l
(- 2 ZT)Q — Ly —emr [ s
(41)

where ¢; and ¢ > 0.
Parameters &, hy, hs, h3, <1, $2, <3, and ¢4 are chosen to
satisfy the following inequalities

In the

to

]1:b_59_w>0 (42)
32=T§—£b2l2—(h22+§2T)l>0 (43)
33:§h3—¥>0 (44)
J4:h1—%—%>0 (45)

mln@]l/ﬂa 2]2/Ta 2]3/h3a 2]4/Ia 257 5\)

simulation section, we adjust the above parameters
the requirements of inequality constraints. Then,

U3 (40)

meet

invoking (42)-(45), we obtain

! ! !
Li(t) < — 31/ oids — fEI/ w?ds — j3/ Ww'ds
0 0 0

= 9a0(t) = 0,)* = 957" — Ah + @7)

Combining (33) and (36), we obtain
Li(t) < —¢Ly(t) + ¢ (48)
where ¢ = % > 0. O
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