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Abstract—This study presents an integral reinforcement
learning (RL) control strategy for an uncertain two-degree-
of-freedom (2-DOF) helicopter system by considering the
input quantization and state constraints. Initially, a hys-
teresis quantizer is utilized to reduce oscillations when
transmitting input signals. Within the control framework, the
model uncertainty is estimated by an action neural network
(NN), while the long-term cost function is approximated
by a critic NN. Moreover, integral barrier Lyapunov func-
tions (IBLFs) are employed to directly restrict the states,
thereby guaranteeing the convergence of the helicopter
system. Lyapunov stability theory demonstrates that all
signals within the closed-loop system are semiglobal uni-
form ultimate bounded. Ultimately, the efficacy of the pro-
posed control strategy is validated via both simulations and
experiments.

Index Terms—Input quantization, integral barrier Lya-
punov function (IBLF), integral reinforcement learning
(RL) control, neural network (NN), two-degree-of-freedom
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I. INTRODUCTION

UNMANNED aerial vehicle (UAV) technology has experi-
enced remarkable advancements and breakthroughs in re-

cent years [1], [2]. Unmanned helicopters, a prominent category
of UAVs, have extensive applications in various scenarios, such
as reconnaissance, climate monitoring, and medical transporta-
tion, owing to their vertical lifting and hovering capabilities
[3], [4], [5], [6]. Nevertheless, helicopter systems are inherently
complex multiinput and multioutput (MIMO) systems, charac-
terized by model uncertainty and strong coupling, which pose
challenges regarding their control. Hence, designing effective
controllers for helicopter systems is crucial [7].

In recent years, significant research efforts have been directed
toward addressing the control challenges associated with two-
degree-of-freedom (2-DOF) helicopter systems [8], [9], [10].
However, these studies either linearized inherently nonlinear
helicopter systems or solely addressed model uncertainty in
the context of nonlinear systems without considering potential
constraints on inputs and outputs.

In practical engineering applications, the inevitable con-
straints are of paramount importance. Overlooking these
constraints may lead to detrimental effects on the control
performance and system stability and even result in system
instability. Quantization, which is a technique for converting
continuous signals into segmented constant signals using a
specific transformation algorithm, reduces the communication
rate and consequently alleviates the communication burden.
Therefore, the exploration of quantization methods within con-
trol systems has seen considerable advancements in recent
years [11], [12], [13], [14]. In [15], Liu et al. presented a
groundbreaking nonlinear decomposition technique for quan-
tized inputs, successfully overcoming the inherent drawback of
conventional quantization methods that require the generation
of quantized inputs in discrete segments. Furthermore, Zhang
et al. enhance the handling of virtual control signals by incor-
porating dynamic filtering techniques. They utilize parametric
projection for estimator design and introduce an innovative state
observer form. This approach effectively achieves integrated
control of nonlinear systems with mismatched uncertainties,
addressing both input and output quantization conditions [16].
In addition, the barrier Lyapunov function (BLF) has gained
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recognition as an effective approach for efficiently addressing
constrained problems. Studies have widely employed it when
designing control schemes for nonlinear systems considering
input or output constraints. Furthermore, the utilization of the
BLF has been demonstrated to significantly enhance control
performance [17], mitigate output hysteresis [18], expedite the
convergence of tracking errors [19], [20], and bolster system
robustness [21]. However, traditional logarithmic and tangent
BLFs indirectly impose constraints on the state or output by
limiting the error, which has certain limitations. To overcome
this problem, the integral BLF (IBLF) method has been applied
in various studies [22], [23], [24]. In [25], Zhang et al. utilized
IBLF to address the impact of output constraints. In a strict-
feedback system, the application of IBLF can ensure that all
system states are within preset constraints, thus effectively im-
proving the control performance and robustness [26]. Despite
successes in studies involving quantization techniques or IBLF,
there remains a scarcity of studies that combine both input
quantization and state constraints using IBLF, which motivates
our research.

In recent times, radial basis function (RBF) neural networks
(NNs) have risen to prominence as a significant approach for
managing the uncertainties and unknown dynamic parameters
in nonlinear systems, attributed to their superior nonlinear ap-
proximation capabilities and inherent self-learning attributes
[27], [28], [29], [30]. In [31], Zhang et al. proposed an adaptive
NN-based variable stiffness control strategy that specifically
target nonlinear dynamics and external disturbances in uncer-
tain robotic systems. By combining a high-dimensional integral
Lyapunov function with a disturbance observer, the method
effectively cope with the complexity of variable stiffness actua-
tors and ensure system stability. Moreover, Zhao et al. proposed
an adaptive neural quantization control method for MIMO
nonlinear systems and utilized an error-dependent asymmetric
time-varying barrier function to constrain the system output
[32]. Nevertheless, in complex situations, the performance of
adaptive NNs, which relies solely on system errors for weight
adjustments, may not fully meet the desired objectives. Rein-
forcement learning (RL) is a machine learning method in which
an intelligent agent interacts with its environment to obtain
rewards and penalties that shape its behavioral strategy. It has
undergone notable progress and extensive adoption in recent
years. Additionally, RL has shown significant potential in the
domain of automatic control [33], [34], [35], [36]. In [37], an
RL control strategy for a helicopter system was successfully
developed by Zhao et al., using the state error and control input
to derive an optimal strategy and updating the weights based
on current gradients. However, significant time costs or con-
vergence difficulties may be faced by this method. To address
the limitations of previous approaches, Moares et al. proposed
an integral RL (IRL) algorithm utilizing empirical replay for
continuous-time systems with input constraints and partially
unknown models, demonstrating through experiments that this
method could significantly accelerate convergence speed [38].
Building on this, Zhang et al. developed an adaptive fuzzy
fault-tolerant tracking control method using IRL for partially
unknown systems with actuator faults [39]. Similarly, Guo

et al. introduced an adaptive NN control method based on IRL
for continuous-time nonlinear MIMO systems with unknown
control directions [40]. All these studies have shown through
simulation that IRL-based control methods could effectively
enhance control performance and improve system robustness.
With the continuous advancement of IRL, researchers have
successfully applied this method to tackle the control of increas-
ingly complex nonlinear systems, yielding promising results
[41], [42], [43]. However, its application to 2-DOF helicopter
systems with input quantization and state constraints is yet to
be fully explored. This motivates the present study.

Inspired by the aforementioned studies, we are going to an
IRL control (IRLC) strategy for an uncertain 2-DOF nonlinear
helicopter system. This strategy aims to achieve high-precision
trajectory tracking control of the helicopter system despite the
challenges posed by input quantization and unknown time-
varying disturbances. The main contributions of this study are
as follows.

1) Logarithmic quantizers [44] and sector bounded quantiz-
ers [14] are favored by researchers for their simple de-
sign and high quantization efficiency. However, frequent
quantization switching can result in significant fluctua-
tions in control inputs and a reduction in control accuracy,
which may not be suitable for 2-DOF helicopter systems
that require high-precision tracking control. Therefore,
this article employs a hysteresis quantizer to quantize the
system input signals, which not only smooths the impact
of quantization errors on control performance but also
maintains good quantization efficiency.

2) Different from [32], we propose an IRLC approach based
on two NNs to approximate system uncertainties. In this
method, a critic NN is used to evaluate the control strategy,
while an action NN approximates the system uncertain-
ties. Additionally, known system information is appropri-
ately incorporated into the network training to enhance
approximation accuracy. Moreover, unlike [33] and [37],
the proposed IRLC strategy introduces an instantaneous
cost function with an adjustable error threshold, aiming
to reduce training costs, improve network convergence
speed, and enhance real-time evaluation capabilities.

3) To ensure control performance and system stability, we
utilize an IBLF to directly constrain the system state,
and build an adaptive auxiliary system to compensate
for the composite term consisting of quantization error
and unknown disturbance. Finally, the simulation results
of the proposed IRLC strategy under different unknown
dynamics of the simulated helicopter system are given,
and the effectiveness of the proposed control strategy is
further verified by experiments.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Control Objective and System Model

In this article, we propose an IRLC scheme for an uncertain
nonlinear 2-DOF helicopter system to address challenges such
as input quantization and time-varying disturbances. The main
control objective is to ensure that the pitch and yaw angles of
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Fig. 1. 2-DOF helicopter model [45].

the helicopter can accurately track a given trajectory despite the
high uncertainty, unknown time-varying disturbances, and input
quantization of the system. In addition, the introduction of the
IBLF ensures that the system state is kept within the defined
constraints and the tracking error is kept within the desired
range. After rigorous validation, the proposed control scheme
ensures uniform boundedness of all signals within the closed-
loop system.

Fig. 1 shows the model of a 2-DOF helicopter system.
According to the Euler–Lagrange method, we formulated the
dynamic of the system as

(
Jp +mL2

cm

)
θ̈ =KppVp +KpyVy −mgLcm cos θ

−Dpθ̇ −mL2
cmφ̇2 sin θ cos θ (1)

(
Jy +mL2

cmcos2θ
)
φ̈=KypVp +KyyVy −Dyφ̇

+ 2mL2
cmφ̇θ̇ sin θ cos θ (2)

where θ and φ refer to the pitch and yaw angles, respectively. Jp
and Jy denote the moments of inertia around the pitch and yaw
axes, respectively. Similarly, Dp and Dy represent the viscous
friction coefficients along the pitch and yaw axes, respectively.
The input voltages for the motors are indicated by Vp and Vy ,
for the pitch and yaw directions, respectively. The parameters
g and m stand for the gravity acceleration and the mass of the
helicopter, respectively. Lcm represents the distance from the
mass center to the fixed frame, while Kpp, Kpy , Kyp, and Kyy

are the coefficients representing the thrust torque constants.
To simplify the dynamic equation, we define

f1 = Jp +mL2
cm

f2 =−mgLcm cos θ −Dpθ̇ −mL2
cm sin θ cos θφ̇2

g1 = Jy +mL2
cmcos2θ

g2 =−Dyφ̇+ 2mL2
cmφ̇θ̇ sin θ cos θ. (3)

Moreover, x1 = [θ, φ]T , x2 = [θ̇, φ̇]T , u= [Vp, Vy]
T , and x=

[x1, x2]
T . Subsequently, (1) and (2) can be translated into the

following MIMO nonlinear equations:

ẋ1 = x2

ẋ2 = L (x) + ΔL (x) +B (x)u+ d

y = x1 (4)

where ΔL(x) denotes the uncertainty of the system, d is the
unknown time-varying disturbance, and L and B are expressed
as follows:

L (x) =

[
f2
f1

g2
g1

]

, B (x) =

[
Kpp
f1

Kpy
f1

Kyp
g1

Kyy
g1

]

. (5)

B. Hysteresis Quantizer

To ensure optimal system performance within a specified
bandwidth and to minimize information transmission jitter, a
quantizer is implemented to optimize the communication rate
effectively. The original input u is represented as the quantized
output H(uj), where uj is the quantized input signal. There-
fore, the hysteresis quantizer is defined as follows:

H(uj) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ui
jsign(uj),

ui
j

1+δ ≤ |uj | ≤ ui
j , u̇j < 0

or ui
j < |uj |<

ui
j

1−δ

u̇j > 0

ui
j(1 + δ)sign(uj), ui

j < |uj |<
ui
j

1−δ , u̇j < 0

or
ui
j

1−δ < |uj |<
ui
j(1+δ)

1−δ

u̇j > 0

0, 0 ≤ |uj |< umin

1+δ , u̇j < 0

or umin

1+δ ≤ |uj | ≤ umin

u̇j > 0

H(uj(t
−)), u̇j = 0, j = 1, 2

(6)

where ui
j = ρ(1−i)umin, i= 1, 2, · · · , δ = (1 − ρ/1 + ρ), δ ∈

(0, 1), ρ ∈ (0, 1) is the quantization density, i is the quantization
level, and umin denotes the quantization dead zone for H(uj)
whereas H(uj) is in the set Uh =

{
0,±ui

j ,±ui
j(1 + δ)

}
.

Based on [15], we decompose the hysteresis quantizer into the
following equation:

H(u) =Mu+N (7)

where M = diag[m1,m2] with 1 − δ <mi < 1 + δ and N =
[n1, n2]

T with ni < umin. Considering (4) and (7), we obtain

ẋ2 = L(x) + ΔL(x) +GMu+ ζ (8)

where ζ =GN + d.
Remark 1: One of the objectives of the action NN is to

approximate for the model uncertainty ΔL, helping to reduce
z1 and z2 to nearly zero. The second objective is to minimize
Q̂ (t) to Q̂d (t) = 0.

C. Preliminaries

Assumption 1: For any positive constants Kci and Yci, the
desired tracking trajectory xd and its time derivatives ẋd satisfy
xdi <Kci and |ẋdi|< Yci.

Lemma 1: For any Z ∈ R and b > 0, the following inequality
holds [46]:

0 ≤ |Z| − Ztanh

(
Z

b

)
≤ 0.2785b. (9)
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Lemma 2: For any variable q ∈ R and a constant ð> 0, the
subsequent relationship is established [47]:

0 ≤ |q| − q2

√
q2 + ð2

≤ ð. (10)

Lemma 3: If a Lyapunov function candidate V (x) satisfies
Φ1(||x||)≤ V (x)≤ Φ2(||x||), and with a bounded initial value
V (0), then V (x) is positive definite and the following inequality
can be obtained [48]:

V̇ (x)≤−ρV (x) + C (11)

where ρ > 0 and C > 0.

D. Neural Network Approximation

Considering the unknown continuous function Fnn, we em-
ployed RBFNNs to approximate it

Fnn(X)=W ∗T ν (X) + �(X) (12)

where W ∗ = [w1, w2, . . . , wn]
T represents the optimal weight

of the RBFNN, with n > 1 indicating the quantity of nodes
in the hidden layer; the input vector X belongs to a subset Ω
of R

m; �(X) specifies the approximation error; and ν(X) ∈
[ν1(X), ν2(X), . . . , νn(X)], where νi(X) is a basis function as

νi(X) = exp

[
−(X − ci)

T (X − ci)

	2

]
, i= 1, 2, . . . , n (13)

where 	 denotes the width of the basis function and ci ∈
[ci1, ci2, . . . , cim] is the center of the receptive field. For all
X ∈ Ω⊂ R

m, the optimal weight vector W ∗ is

W ∗ � arg min
W∈Rn

{
sup
Z∈Ω

∣
∣Fnn(X)−WT ν (X)

∣
∣
}
. (14)

E. Critic Neural Network Design

The long-term cost function is given as

Q(t) =

∫ ∞

t

ς
−ε+t

T p(z1(ε))dε (15)

where ς ∈ (0, 1) is a constant used to discount future costs, and
p(z1) denotes the instantaneous cost function of the following
form

p(z1i(ε)) =

{
0 |z1i(ε)| ≤ e
1 |z1i(ε)|> e

, ε ∈ [t− T, t). (16)

Here, e > 0 is a customized error threshold and T > 0 indi-
cates an integration interval. The evaluation rule based on the
instantaneous cost function is as follows: p= 0 indicates good
tracking performance, whereas p= 1 indicates poor tracking
performance. The long-term cost function at time (t− T ) is
as follows:

Q(t− T ) =

∫ ∞

t−T

ς
−ε+t−T

T p(z1(ε))dε

= ς−1Q(t) +

∫ t

t−T

ς
−ε+t−T

T p(zc(ε))dε

= ς−1(Q(t) + pe) (17)

where pe ∈ [pe1, pe2]
T is the instantaneous cost as follows:

pei =

∫ t

t−T

ς
−ε+t

T p(z1i(ε))dε

=

{
0 |z1i(ε)| ≤ e
T
ln ς (ς − 1) |z1i(ε)|> e.

(18)

This implies ‖pe‖ ≤ bpe
, where bpe

is a positive constant.
As shown in (17), Q(t) is not directly available. Hence, a

critic NN is employed to approximate it

Q (t) =W ∗
c
T νc (Xc(t)) + �c (19)

where W ∗
c signifies the optimal weight with ‖W ∗

c ‖F ≤ bWc
.

nc refers to the hidden layer nodes of the critic NN. νc rep-
resents the basis function. The input vector is denoted by Xc =
[xT

1 , z
T
1 ]T . Finally, �c denotes the approximation error.

As W ∗
c is unknown, we define Ŵc as an estimate of W ∗

c and
W̃c = Ŵc −W ∗

c . Then, the estimation of Q (t) is represented as

Q̂ (t) = ŴT
c νc (Xc (t)). (20)

According to (22), Q(t− T ) can be expressed as follows:

Q̂ (t− T ) = ŴT
c νc (Xc (t− T )). (21)

The prediction error is then described as follows:

ec = Q̂ (t)− ςQ̂ (t− T ) + pe

= ŴT
c Δνc(t) + pe (22)

where Δνc(t) = νc (Xc (t))− ςνc (Xc (t− T )).
We define the error of the critic NN as

Ec =
1
2
eTc ec. (23)

Through the application of the gradient descent technique,
the adaptive law is derived as follows:

˙̂
W c =−λc

∂Ec

∂Ŵc

. (24)

Then, we obtain

˙̂
W c =−λc

[
Δνc(t)

(
ŴT

c Δνc(t) + pe

)T
+ σcŴc

]
(25)

where λc > 0 denotes the learning rate of the critic NN and σc

is a small positive constant.

F. State Constraints

To enforce the state constraints, an IBLF candidate is intro-
duced in the following form:

V1 =

2∑

i=1

∫ z1i

0

σiK
2
ci

K2
ci − (σi + xdi)2

dσ (26)

where Kci denotes the designed boundary.
Lemma 4: If the condition |xdi|<Kci is satisfied, then the

following equation holds [26]:

V1 ≤
2∑

i=1

K2
ciz

2
1i

K2
ci − x2

1i

. (27)
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According to Lemma 4, we get the time derivative of V1 as

V̇1 =

2∑

i=1

K2
ciz1i

K2
ci − x2

1i

(z2i + α1i − ẋdi) +

2∑

i=1

∂V1

∂xdi
ẋdi. (28)

We define σi = βz1i. Using integration by parts, we obtain

∂V1

∂xdi
= z1i

(
K2

ci

K2
ci − x2

1i

− ε(z1i, xdi)

)
(29)

where ε is expressed as follows:

ε(z1i, xdi) =
Kci

z1i

∫ 1

0

1

1 − (βz1i+xdi

Kci
)2
d

(
βz1i + xdi

Kci

)

=
Kci

2z1i
ln

(Kci + z1i + xdi)(Kci − xdi)

(Kci − z1i − xdi)(Kci + xdi)
. (30)

Based on L’Hospital’s rule, (32) satisfies

lim
z1i→0

ε(z1i, xdi) = lim
z1i→0

K2
ci

K2
ci − (z1i + xdi)2

= lim
z1i→0

K2
ci

K2
ci − x2

1i

. (31)

Considering (31)–(33), we rewritten (30) as follows:

V̇1 =

2∑

i=1

K2
ciz1i

K2
ci − x2

1i

(z2i + α1i − ẋdi)

+
2∑

i=1

(
K2

ci

K2
ci − x2

1i

− ε(z1i, xdi)

)
z1iẋdi

=

2∑

i=1

K2
ciz1i(z2i + α1i)

K2
ci − x2

1i

−
2∑

i=1

ε(z1i, xdi)ẋdi. (32)

Let the virtual controller α1i =−K1iz1i + ẋdi, where K1i

is the control gain. Thereafter, the time derivative of V1 is
restated as

V̇1 =
2∑

i=1

K2
ci

K2
ci − x2

1i

(−K1iz
2
1i + z1iz2i). (33)

G. Action Neural Network Design

We design the following Lyapunov candidate function V2

as follows:

V2 = V1 +
1
2
zT2 z2. (34)

Based on (16) and (35), we express the time derivative of
V2 as

V̇2 = V̇1 + zT2 ż2

=

2∑

i=1

K2
ci

K2
ci − x2

1i

(−K1iz
2
1i + z1iz2i)

+ zT2 (L+ΔL+BMu+ ζ). (35)

For the model uncertainty of the helicopter system ΔL, we
employ an action NN to address it

ΔL− α̇1 =W ∗
a
T νa (Xa) + �a (36)

where W ∗
a represents the optimal weight with ‖W ∗

a ‖F ≤ bWa
,

na refers to the count of hidden layer nodes, the input vector for
the action NN, denoted by Xa, is composed of [xT

1 , x
T
2 , α̇

T
1 ]

T ,
the basis function is symbolized as νa with ‖νa‖ ≤ bνa

, and �a
symbolizes the approximation error with ‖�a‖ ≤ b�a

.
Since 1 − δ <mi < 1 + δ, we know that M is bounded.

Then, we have �= inft≥0 λmin(M) and κ= (1/�). More-
over, we define W̃a = Ŵa −W ∗

a and ξ=L+ ŴT
a ϕa + tanh

((z2/b1))ζ̂ +

[
(K2

c1z11/K
2
c1 − x2

11)
(K2

c2z12/K
2
c2 − x2

12)

]
+K2z2. Subsequently, the

IRLC strategy is designed as follows:

u=−B−1

⎛

⎝z2
κ̂2ξT ξ

√
κ̂2zT2 z2ξT ξ + ð2

⎞

⎠ (37)

where K2 = diag[k21, k22] is the control gain and ð is a small
constant.

We define κ̃= κ− κ̂ and ζ̃ = ζ − ζ̂. Then, the updating laws

of ˙̂κ and ˙̂
ζ are given by

˙̂κ= λ1
(
zT2 ξ − σ1κ̂

)
(38)

˙̂
ζ = λ2

(
zT2 tanh

(
z2

b1

)
− σ2ζ̂

)
(39)

where λ1, λ2, σ1, σ2, and b1 are designed positive constants.
Remark 2: One of the objectives of the action NN is to

approximate for the model uncertainty ΔL, helping to reduce
z1 and z2 to nearly zero. The second objective is to minimize
Q̂ (t) to Q̂d (t) = 0.

We design the prediction error for action NN as

ea = z2 + Q̂ (t)− Q̂d (t) = z2 + ŴT
c ϕc (Xc (t)). (40)

Let Ea = (1/2)eTa ea. The adaptive law of the action NN is
then designed as

˙̂
W a = λa[νa(z2 + ŴT

c νc)
T − σaŴa] (41)

where λa > 0 is the learning rate of the action NN and σa is a
small positive constant with σa > bνc

bνa
.

III. STABILITY ANALYSIS

Theorem 1: Given the helicopter system described in (1)–
(5), along with the control strategy in (39), the network weight
update rates in (27) and (43), and the adaptive auxiliary system
in (40) and (41), the proposed IRLC scheme ensures that all sig-
nals in the control system remain semi-global uniform ultimate
bounded (SGUUB) for any tracking trajectory xd satisfying
xd(0) ∈ Ω0, provided that appropriate control gain parameters
are selected.

Proof: Consider the following Lyapunov candidate
equation

V3 = Vn + Va + Vc (42)

where Vn = V2 + (�/2λ1)κ̃
2 + (1/2λ2)ζ̃

2, Va = (1/2)

tr
{
W̃T

a λ−1
a W̃a

}
, and Vc = (1/2)tr

{
W̃T

c λ−1
c W̃c

}
.
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Considering (39) and Lemma 2, we obtain

zT2 GMu=−zT2 z2GMG−1κ̂2ξT ξ
√

κ̂2zT2 z2ξT ξ + ð2

≤− κ̂2zT2 z2�ξ
T ξ

√
κ̂2zT2 z2ξT ξ + ð2

≤ �(ð− κ̂zT2 ξ) (43)

According to (40), (41), (45), and Lemma 1, the time deriva-
tive of Vn is given by

V̇n ≤
2∑

i=1

K2
ci

K2
ci − x2

1i

(−K1iz
2
1i)− zT2 K2z2 − zT2 W̃aνa

+ �(ð− κ̂zT2 ξ) + zT2 tanh

(
z2

b1

)
ζ̂ + 0.557b1ζ + zT2 ξ

− �κ̃zT2 ξ + �σ1κ̃(κ− κ̃)− zT2 tanh

(
z2

b1

)
ζ̂

+ σ2ζ̃(ζ − ζ̃)

=
2∑

i=1

K2
ci

K2
ci − x2

1i

(−K1iz
2
1i)− zT2 K2z2 − zT2 W̃aνa

+ �ð+ 0.557b1ζ + �σ1κ̃κ− �σ1κ̃
2 + σ2ζ̃ζ − σ2ζ̃

2.
(44)

Considering (22)–(27), we obtain

V̇c ≤ − tr

{
W̃T

c Δνc

[
(W̃T

c +W ∗
c
T )Δνc + pe

]T}

− σctr
{
W̃T

c W̃c

}
− σctr

{
W̃T

c W ∗
c

}

= − tr
{
W̃T

c

(
ΔνcΔνTc + σc

)
W̃c

}

+ ||W̃c||F
{
||Δνc||||W ∗

c
TΔνc + pe||+ σc ‖W ∗

c ‖F
}

= − σctr
{
W̃T

c W̃c

}
+ c1||W̃c||F (45)

where c1 = ||Δνc(t)|| [||Δνc(t)||bWc
+ bpe

+ σcbWc
].

Considering (27) and (43), we derive

V̇a =−σatr
{
W̃T

a Ŵa

}
+ tr

{
W̃T

a νa[Ŵ
T
c νc]

T
}

+ tr
{
W̃T

a νaz
T
2

}

≤−
(
σa − bνa

bνc

2

)
tr(W̃T

a W̃a) +
bνa

bνc

2
||W̃c||2F

+
σab

2
Wa

2
+ bνa

bνc
bWc

||W̃a||F + tr
{
W̃T

a νaz
T
2

}

≤−
(
σa − bνa

bνc

2
− Ξa

)
tr(W̃T

a W̃a) + c2

+
bνa

bνc

2
tr
{
W̃T

c W̃c

}
+ tr

{
W̃T

a νaz
T
2

}
(46)

where c2 =(σab
2
Wa

)/2+(b2
νa
b2
νc
b2
Wc

)/4Ξa, and

− [(b2
νa
b2
νc
b2
Wc

)/4Ξa] + bνa
bνc

bWc
||W̃a||F ≤ Ξatr

{
W̃T

a W̃a

}

with 0 < Ξa < (σa − bνa
bνc

)/2.

Fig. 2. Control performance under ANNC and IRLC in case 1. (a) Track-
ing performance. (b) Original signal u and quantized signal H. (c) Track-
ing errors z11 and z12.

Substituting (46)–(48) into (44) and using Young’s inequal-
ity, we obtain

V̇3 ≤
2∑

i=1

K2
ci

K2
ci − x2

1i

(−K1iz
2
1i)− zT2 K2z2 −

1
2
�σ1κ̃

2

− 1
2
σ2ζ̃

2 −
(
σc −

bνa
bνc

2

)
tr
{
W̃T

c W̃c

}
+

1
2
�σ1κ

2

+
1
2
σ2ζ

2 −
(
σa − bνa

bνc

2
− Ξa

)
tr(W̃T

a W̃a)

+ c1||W̃c||F + c2 + �ð+ 0.557b1ζ

≤−ρV3 + C (47)

where ρ= min(2λmin(K1), 2λmin(K2), (σa − bνa
bνc

− 2Ξa/
λmax(λ

−1
a )), (2σc − bνa

bνc
/λmax(λ

−1
c )), λ1σ1, λ2σ2) and C =

(1/2)�σ1κ
2 + (1/2)σ2ζ

2 + c1||W̃c||F + c2 + �ð+ 0.557b1ζ.
Moreover, the conditions to guarantee ρ > 0, include
λmin(K1)>0, λmin(K2)>0, (σa−bνa

bνc
−2Ξa/λmax(λ

−1
a ))>

0, (2σc − bνa
bνc

/λmax(λ
−1
c ))> 0, λ1σ1 > 0, and λ2σ2 > 0

must hold.
Remark 3: From (44), it is obvious that the Lyapunov can-

didate V3 is positive definite. And from the Lemma 3 and the
stability theory and analysis in [49], [50], and [51], it can be
introduced that V̇3 is negative semidefinite when we choose the
appropriate control gain. Therefore, we can conclude that the
control system is semi-globally stable and the system signals
are bounded.
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Fig.3. Control performance under RLC and IRLC in case 1. (a) Tracking
performance. (b) Original signal u and quantized signal H. (c) Tracking
errors z11 and z12.

Subsequently, multiplying (44) by eρt yields, it can be obtain

V3 ≤
[
V3(0)−

C

ρ

]
e−ρt +

C

ρ
≤ V3(0) +

C

ρ
. (48)

Therefore, it is concluded that all signals of the control system
are SGUUB.

IV. SIMULATIONS

In this section, we outline the development of two control
strategies for a 2-DOF helicopter system to validate the
efficacy of the proposed IRLC scheme. The model parameters
for the 2-DOF helicopter equipment are Kpp = 0.0011N · m/V,
Kpy = 0.0022N · m/V, Kyp = −0.0027N · m/V, Kyy =
0.0022N · m/V, Jp = 0.0232kg · m2, Jy = 0.0238kg · m2,
Lcm = 0.0071m, Dp = 0.0071N/V, Dy = 0.022N/V, and
g = 0.98m/s2. The initial states are set to x1(0) = [0, 0]T

and x2(0) = [0, 0]T . The control gains selected are K1 =
diag[10, 10] and K2 = diag[8, 8]. The desired trajectory is
choosen as xd = [xd1, xd2] = [(π/9) sin(t), (π/12) sin(t)]T

and the unknown disturbance is set as:

d=

{
0 t≤ 10
[2 sin(t), 2 cos(t)]T t > 10

(49)

Under the proposed IRLC strategy, the action NN generates
the control input, and the critic NN evaluates the control perfor-
mance. The control strategy is adjusted based on the critic error,
resulting in input signals with improved control performance

Fig. 4. Control performance under ANNC and IRLC in case 2. (a)
Tracking performance. (b) Original signal u and quantized signal H. (c)
Tracking errors z11 and z12.

through continuous iterative training. The boundaries of the
state are set to Kc1 = 0.368 and Kc2 = 0.281. The quantization
parameters are selected as δ = 0.025 and umin = 0.6. For the
critic NN, the customized error, integration interval, learning
rate, NN width, number of nodes, and robustness parameters
are selected as e= 0.004, T = 0.002, λc = 4, 	c = 1, nc = 64,
and σc = 0.1, respectively. For the action NN, λa = 20,
	a = 1, na = 256, and σa = 0.1 are used. The parameters for
the adaptive auxiliary terms in (47) and (48) are designed as
λ1 = λ2 = 10, b1 = 0.25, and σ1 = σ2 = 0.1.

Moreover, an adaptive NN control (ANNC) strategy [32] and
a RL control (RLC) strategy [33] are designed for comparison
with the IRLC strategy. The simulation results of the three
methods are plotted in Figs. 2–5.

A. Case 1

In this case, we set the model uncertainty as ΔL=−0.1L to
simulate the more desirable work environment. The simulation
comparison results are presented in Figs. 2 and 3. Fig. 2(a)–
2(c) illustrate the comparison of control performance between
ANNC and IRLC under case 1. Specifically, Fig. 2(a) shows
the tracking of θ and φ, Fig. 2(b) displays the control input tra-
jectories and quantized input trajectories, and Fig. 2(c) records
the tracking error magnitude. Similarly, Fig. 3(a)–3(c) compare
the control performance of RLC and IRLC under the same
conditions. From these simulation figures, it is evident that all
three control schemes achieve good control performance under
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Fig.5. Control performance under RLC and IRLC in case 2. (a) Tracking
performance. (b) Original signal u and quantized signal H. (c) Tracking
errors z11 and z12.

Fig. 6. Quanser Aero 2 experiment platform.

ideal conditions. However, when subjected to strong distur-
bances, while ANNC and RLC still demonstrate good control
capabilities, IRLC outperforms them.

B. Case 2

The uncertainty is set as ΔL=−0.6L to model the complex
effects of high uncertainty with strong perturbations in this case.
The comparison of the control performance of ANNC, RLC,
and IRLC in case 2 is given in Figs. 4 and 5, respectively.
Similarly, the trajectory tracking of the helicopter system in
ANNC, RLC, and IRLC is given in Figs. 4(a) and 5(a), respec-
tively. Figs. 4(b) and 5(b) show the input and quantized signals,
while Figs. 4(c) and 5(c) show the comparison of tracking error
magnitude.

Combining cases 1 and 2, we can see that all control schemes
have good control effects under more ideal operating conditions

Fig. 7. Control performance under ANNC, RLC, and IRLC in the exper-
iments. (a) Tracking performance. (b) Control input u. (c) Tracking errors
z11 and z12.

or single nonlinearities, and IRLC is slightly better than ANNC
and RLC; however, facing the complex cases with high un-
certainties and strong perturbations, ANNC and RLC cannot
make the tracking error converge to near 0, and RLC shows
multiple input oscillations, which shows poorer performance,
while IRLC still has good control performance and stability,
and is significantly better than the other two. In summary, the
proposed control scheme can be applied to 2-DOF helicopter
systems under different operating conditions.

V. EXPERIMENTS

To further validate the effectiveness of the proposed con-
trol strategy, a series of experiments are conducted using the
Quanser Aero 2 based on the findings of previous simulations.
The Quanser Aero 2 platform is illustrated in Fig. 6. Notably,
the input limits are set between −24 and +24 V. The strong
disturbance in the experiment consists of the disturbance that
we simulate with a fan and the air disturbance.

Fig. 7(a) shows that θ and φ effectively track the desired
trajectories xd1 and xd2, with the IBLF ensuring that the system
state remains within the specified range. Analyzing Fig. 7(b), it
is evident that under ANNC scheme, the input voltage exhibits
multiple fluctuations, leading to a heavy communication bur-
den, which may result in system instability. In contrast, RLC
and IRLC strategy effectively mitigates quantization oscilla-
tions, producing a smoother voltage trajectory. Additionally,
Fig. 7(c) reveals that while ANNC achieves a smaller tracking
error, its performance is unstable; RLC can effectively address
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quantization oscillations but requires a lengthy training period
to learn the system and adjust the strategy. In contrast, IRLC
efficiently handles input quantization and unknown perturba-
tions, causing the tracking error to rapidly converge to near zero,
demonstrating superior control performance and robustness.
Based on the above simulation and experimental results, we
conclude that the proposed IRLC strategy is suitable for real
helicopter systems, offering good communication efficiency
and excellent control performance.

VI. CONCLUSION

This study presented an IRLC strategy for trajectory tracking
in a 2-DOF helicopter system. The strategy involved using an
action NN to approximate the system uncertainty and adjust the
control strategy, whereas a critic NN estimated the cost func-
tion and evaluated the current strategy. State constraints were
enforced using the IBLF to improve control performance and
robustness. Simulation and experimental results validated the
effectiveness of the IRLC strategy. Future research directions
include applying this strategy to quadcopter and hexacopter
UAVs, which require further investigation.
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