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Abstract— A neuro adaptive control for deploying a partial
differential equation-based multi-agent system in 3D space with
a non-collocated observer is proposed in this study. Since the full
states of the system are unavailable in practice, an observer-based
control is developed to ensure stability of the underlying closed-
loop system. In addition, the system uncertainty is addressed by
introducing a neural network control. By choosing appropriate
system parameters, the desired control objectives can be achieved.
The proposed strategy is simple to implement and its implemen-
tation condition is easily satisfied. Finally, the effectiveness of the
designed method is verified by the simulation results.

Note to Practitioners— In this paper, we introduce a
neuro-adaptive control strategy for a multi-agent system based
on partial differential equations in 3D space, using a non-
collocated observer. This approach is particularly relevant for
practitioners dealing with dynamic and uncertain environments
in control systems. Neural networks are employed to manage
system uncertainties, adapting to changing conditions, which is
crucial in environments with variable system parameters. The
non-collocated observer allows for state estimation, beneficial
in situations where direct measurement is impractical. Ensuring
the observer’s accuracy is key for effective control. Our strategy
focuses on simplicity and ease of implementation, making it acces-
sible for integration into existing systems. The observer-based
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control ensures the stability of the closed-loop system, a critical
factor for consistent performance.

Index Terms— Adaptive control, multi-agent systems, partial
differential equations, non-collocated observer.

I. INTRODUCTION

IN RECENT years, multi-agent system (MAS) has been
widely used because of its high flexibility. Many

researchers have begun to study the formation control of
MASs, aiming to better enhance their collaborative capabilities
[1], [2], [3], [4], [5], [6]. A MAS can accomplish complex
tasks through cooperation between agents. Compared to single
individuals, MASs offer advantages such as scalability, fault
tolerance, and reliability. The purpose of formation control for
a MAS is to construct a suitable control protocol to enable a
group of agents to maintain a desired formation and reach a
prescribed goal trajectory [7].

For the agents modeled by the single-integrator, a distributed
formation control method based on relative position estimation
was proposed to improve the formation control performance
by using the estimated position information [8]. Reference [9]
investigated the distributed formation control problem for
a MAS with unknown leader velocity, measuring only the
relative position information of neighboring agents in a local
reference frame, and using the measured information for the
control law design. The time-varying formation control in
finite time for a high-order MAS with unknown leader inputs
and disturbance was studied in [10], and the formation tracking
of follower agents was implemented by combining the sliding
mode control method and the super-twisting algorithm. The
above studies on MASs only considered the interconnected
agents modeled by ordinary differential equations (ODEs).
The disadvantage of the traditional ODE methods is that the
growth in the number of agents would lead to an increase
in the number of ODEs, thus making control of large-scale
MASs more difficult. Furthermore, the MASs modeled by
ODEs are only the functions of time, ignoring the effect of the
spatial distribution of agents, and therefore cannot completely
describe the true spatiotemporal characteristics of the system.

To circumvent the above issue, a method for establishing
a system model based on partial differential equation (PDE)
has been proposed [11], [12], [13], [14], [15]. Reference [16]
analyzed the dynamics of MASs and verified the feasibility of
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modeling a MAS using PDEs. For large-scale heterogeneous
nonlinear MAS, [17] presents a novel framework based on
PDEs to facilitate their practically finite-time deployment.
A control strategy was designed for a finite-dimensional dis-
crete MAS obtained by proper discretization of the continuum
model PDEs, and the required communication topology was
imposed [18]. PDE modeling has several advantages. First,
PDEs combine traditional function analysis and control theory,
which can be used effectively to study MASs that require a
communication network to connect individuals in the system.
Second, compared with ODEs, PDEs can reduce the model
complexity of MAS and diminish the side effects on control
effectiveness when the agents have limited communication
performance and sensor performance. Although there are cur-
rently researchers building dynamic models of MASs based on
PDEs, they generally assume that the system state is known.
However, in practice, it is difficult to accurately obtain the
system state [19]. Therefore, an effective method is needed to
solve this issue. A widely adopted approach is to use observers
to estimate the unmeasurable states of the agents [20], [21],
[22], [23]. In [24], an observer based on measurable output
information is proposed to overcome the issue of unavailable
agent states. Reference [25] designed an observer based on
the backstepping method to observe the system states for use
as a dynamic triggering condition. In practice, the number
of sensors and actuators of MASs often doesnot match due
to sensor limitations, and thus the application of collocated
observers for estimating agents’ unknown states is limited,
which further motivates us to employ non-collocated observers
for state estimation of the agents.

Since actual MASs are often nonlinear, the linear MASs
model obtained by linearization and other methods can reflect
only the local and partial characteristics of the nonlinear
system. In addition, the actual MAS cannot be modeled
accurately owing to factors such as insufficient measurement
accuracy, and an insufficient understanding of the mechanism
of the actual MAS and its environment. As a result, the
obtained system model inevitably contains various uncer-
tainties. An effective means is to introduce the radial basis
function (RBF) neural networks to deal with system uncer-
tainty [26], [27]. Two immeasurable physical parameters of
the engine system were estimated by using neural networks
to attenuate the negative impact of system uncertainty on the
air-fuel ratio [28]. Reference [29] introduced an RBF neural
network to model the dynamics of the manipulator secondary
environment and to estimate its parameters. A neuro robust
control algorithm was then designed to handle the system
uncertainty. Note that the input vectors of the neural networks
in the above studies were measurable. For the input vectors
containing unmeasurable elements, the above-mentioned meth-
ods will no longer be applicable. This drives us for further
investigation.

This study is dedicated to addressing the deployment of
MASs in the presence of system uncertainty, taking into
account scenarios where not all system states are measurable.
Simultaneously considering the coupling of system uncertainty
and observer design poses a significant challenge. The main
contributions of this study are as follows.

(1) The PDEs are utilized for modeling the MAS, thereby
overcoming the limitations of ODE modeling, especially
when dealing with a large number of agents. The study
concentrates on MAS deployment in 3D space, providing
a broader range of application scenarios when compared
to 2D deployment [30].

(2) The majority studies made the assumption that the states
of the MAS were fully known [31], [32], which is not
reflective of reality. In light of situations where not all
system states are measurable, an observer is designed to
estimate the states of the MAS.

(3) In contrast to the approach taken in [33], which assumed
that the system’s uncertainty adheres to the Lipschitz
condition, an RBF neural network is employed in this
paper to address system uncertainty, avoiding the imposi-
tion of constraints on it. Additionally, a single-parameter
adaptive neural network is introduced to streamline the
computational workload during the uncertainty approxi-
mation process.

The rest of this paper is structured as follows: Section II
furnishes several useful inequalities. Section III outlines
the system model and provides an equivalent descrip-
tion. In Section IV, we delve into observer design and
observer-based control without uncertainty. Section V tackles
the design of a neuro-adaptive observer-based control, taking
into account uncertainty. Section VI presents numerical simu-
lation results. Finally, Section VII offers concluding remarks.

Notations: Let R, R+ and R p be the set of real numbers,
positive real numbers, and p-dimensional Euclidean space
with the norm ∥ · ∥, respectively. (∗)x and (∗)xx separately
represent the partial derivatives ∂(∗)/∂x and ∂(∗)2/∂2x .The
superscript ‘T’ is used for the transposition of vectors. ∥ · ∥2
denotes the ℓ2-norm. L2(a, b) is the Hilbert space of the square
integrable functions φ(ξ), ξ ∈ [a, b] with the norm given as

∥φ∥L2 =

√∫ b
a z2dξ .

II. PRELIMINARIES

Lemma 1: (A variant of the Poincaré-Wirtinger inequality
in the 1D spatial domain [34]). For σ1 < σ2 and any vector
function e ∈ H 1(σ1, σ2) and e ∈ Rm , we obtain the function∫ σ2

σ1

(eT (x)− eT (xd))(eT (x)− eT (xd))dx

≤
4ϕ
π2

∫ σ2

σ1

eT
x (x)ex (x)dx (1)

where ϕ = max(x2
d , (σ2 − xd)

2), and xd is a constant between
σ1 and σ2.

Lemma 2: (Young’s inequality [35]). For any vectors e1 and
e2 ∈ Rm , g ∈ R+, the following inequality holds

eT
1 e2 ≤

1
g

eT
1 e1 + geT

2 e2 (2)

Lemma 3: (Cauchy-Schwarz inequality [36]). For any vec-
tors x and y in Euclidean space Rn with the standard inner
product, the following inequality holds∣∣xT y

∣∣ ≤ ∥x∥∥y∥ (3)
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Lemma 4: ( [37]) Consider the basis functions of a Gaus-
sian RBF neural network (26) with ŝ being the input vector.
If ŝ = s−ψ̄ where ψ̄ is a bounded vector, and constant ε > 0,
then we have

h j (ŝi (x, t)) = exp

[
−

(
ŝi (x, t)− µ j

)T (
ŝi (x, t)− µ j

)
η2

i

]
h(ŝi (x, t)) = h(si (x, t))+ ε(si (x, t))ht (si (x, t))

where ht (si (x, t)) is a bounded vector function, and µ j is the
central vector value.

III. PROBLEM FORMULATION

A set of agents moving in 3D space with coordinate axes
(x, y, z) are considered, and the dynamics of each agent are
given as

żi = vi (4)

where zi ∈ Rn , i = 1, 2, 3, respectively represent the
components of the agent states on the x , y, and z axes. vi ∈ Rn

is the component of the control for the agent. The aim is to
deploy agents on a given C2 curve γ : [0, 2π ] → R3.

Denote the line graph with n vertices as C = {D, E},
where D = {d1, . . . , dn} is the vertex set and E =

{(di , di+1), i =1, . . . , n − 1} ∪ {(dn, d1)} is the edge set.
We assign n points on the curve, denoted as γ (h), . . ., γ (nh),
where h = 2π/n. Then, the following displacement-based
protocol is given as

ż1(t) = a
z2(t)− z1(t)

h2 − a
γ (2h)− γ (h)

h2

żi (t) = a
zi−1(t)+ zi+1(t)− 2zi (t)

h2

− a
γ ((i − 1)h)+ γ ((i + 1)h)− 2γ (ih)

h2

i = 2, . . . , n − 1

żn(t) = a
zn−1(t)− zn(t)

h2 − a
γ ((n − 1)h)− γ (nh)

h2 (5)

where a > 0 is a control gain, and guarantees that all agents
converge to the formation

F :=
{
(z1, . . . , zn) | zi − z j = γ (ih)− γ ( jh), i ̸= j

}
(6)

When the system contains a substantial number of agents,
particularly when n is large, the entire group of agents within
the system can be viewed as a continuum. Consequently, the
collective dynamics of MASs can be represented by PDEs.

This leads to

zt (α, t) = a(zαα(α, t)− γαα(α)) (7)

It is worth noting that the MAS (7) is unable to reach the
desired curve γ , instead, it attains only a constant translation.
Related theories addressing this issue have been explored
in [7]. Consequently, an additional controller is required to
guide the agents to the designated spatial location while
preserving the formation.

Denoting the error w(x, t) = z(x, t)−γ (x) and considering
the system uncertainty, we arrive at the following error system:

wt (x, t) = awxx (x, t)+ u(x, t)+ f (s(x, t))
w(0, t) = w(2π, t)
wx (0, t) = wx (2π, t)

(8)

where w(x, t) = [w1(x, t), w2(x, t), w3(x, t)]T ,wi (x, t) ∈

Rn . x ∈ [0, 2π ] and t ≥ 0 respectively represent spatial
position and time. u(x, t) = [u1(x, t), u2(x, t), u3(x, t)]T

denotes the control input for the agent, with ui (x, t) ∈

Rn . f (s(x, t)) =
[

f1(s(x, t)), f2(s(x, t)), f3(s(x, t))
]T rep-

resents the system uncertainty, with fi (s(x, t)) ∈ Rn and
s(x, t) = [w(x, t), wt (x, t)]T . The desired formation is a
closed C2 curve, corresponding to the periodic boundary
conditions w(0, t) = w(2π, t) and wx (0, t) = wx (2π, t).

Remark 1: The controller to be designed necessitates com-
plete state information regarding the system (8). Nevertheless,
in practical scenarios, attaining such information is typically
challenging due to device limitations and cost constraints.
Hence, a non-collocated observer is required to estimate the
unobtainable states of the system, which serves as the driving
force behind our proposal for the following outcomes.

IV. NON-COLLOCATED OBSERVER AND
OBSERVER-BASED CONTROL DESIGN

In situations where complete state information of the
system (8) is inaccessible, we introduce the subsequent
non-collocated observer to estimate the agents’ unknown
states. Specifically, only one selected agent is able to access
its own location, precisely the agent positioned at x = π . This
approach serves to simultaneously decrease the sensor count.
The observer is designed as follows:

ŵt (x, t) = aŵxx (x, t)+ u(x, t)+ P(w(π, t)− ŵ(π, t))
ŵ(0, t) = ŵ(2π, t)
ŵx (0, t) = ŵx (2π, t)

(9)

where ŵ(x, t) =
[
ŵ1(x, t), ŵ2(x, t), ŵ3(x, t)

]T is the esti-
mated state, with ŵi (x, t) ∈ Rn . P is the observer gain to be
designed.

Remark 2: In contrast to [38] and [39], which utilize com-
plete state information of MASs for controller design, our
proposed observer-based protocol solely relies on the output
information from a single agent.

To obtain the appropriate value of P that guarantees ŵ(x, t)
converging to w(x, t), we propose w̃(x, t) = w(x, t)−ŵ(x, t)
to denote the estimation error of the observer. Thus, we get

w̃t = aw̃xx (x, t)+ f (s(x, t))− Pw̃(π, t)
w̃(0, t) = w̃(x, t)
w̃x (0, t) = w̃x (2π, t)

(10)

An observer-based feedback controller is designed to ensure
the stability of the system (8) in the case that f (s(x, t)) is zero

u(x, t) = −kŵ(x, t)− Pw̃(π, t) (11)

where k is the control gain to be determined. Using the
Lyapunov method, and Lemmas 1 and 2, the observer design
problem can be solved by the following theorem.
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Theorem 1: Assuming f (s(x, t)) is zero, we consider the
MAS (8) without system uncertainty. For system parameters
a > 0, k > 0, and P > 0, if the following matrix inequalities
are fulfilled by choosing proper values,

41 =

[ a
4 ∗

2P−a
4

a
4

]
> 0

and

42 =

[
k +

a
4 ∗

−
a
4

a
4

]
> 0

the exponential stability of the error system (8) and (10) can
be demonstrated in the sense of ∥ · ∥2.

Proof: Consider a Lyapunov function for the estimation
error system

V1(t) =
1
2

∫ 2π

0
w̃T (x, t)w̃(x, t)dx (12)

The time derivative of V1(t) gives

V̇ 1(t)

=

∫ 2π

0
w̃T (x, t)w̃t (x, t)dx

=

∫ 2π

0
w̃T (x, t)

[
aw̃xx (x, t)− Pw̃(π, t)

]
dx

= a
∫ 2π

0
w̃T (x, t)w̃xx (x, t)dx − P

∫ 2π

0
w̃T (x, t)w̃(π, t)dx

(13)

By integrating by parts and applying Lemma 1, we obtain

a
∫ 2π

0
w̃T (x, t)w̃xx (x, t)dx = −a

∫ 2π

0
w̃T

x (x, t)w̃x (x, t)dx

≤ −
a
4

∫ 2π

0

[
w̃T (x, t)− w̃T (π, t)

][
w̃(x, t)− w̃(π, t)

]
dx

(14)

where the periodic boundary conditions in (10) are considered.
Substituting (14) into (13), we obtain

V̇ 1(t)

= −a
∫ 2π

0
w̃T

x (x, t)w̃x (x, t)dx − P
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

≤ −
a
4

∫ 2π

0

[
w̃T (x, t)− w̃T (π, t)

][
w̃(x, t)− w̃(π, t)

]
dx

− P
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

≤ −
a
4

∫ 2π

0
w̃T (x, t)w̃(x, t)dx −

a
4

∫ 2π

0
w̃T (π, t)w̃(π, t)dx

− (P −
a
2
)

∫ 2π

0
w̃T (x, t)w̃(π, t)dx (15)

Form (15), we have

V̇ 1 ≤ −

∫ 2π

0
ξ141ξ1

T dx (16)

where ξ1 =
[
w̃T (x, t) w̃T (π, t)

]
. If the matrix 41 is positive

definite, we can find a constant µ1 > 0 such that the
inequality (16) is rewritten as

V̇ 1(t) ≤ −µ1V1(t) (17)

Thus, the exponential stability of the estimation error system
can be guaranteed with suitable observer gain. Next, we con-
sider the following Lyapunov function:

V (t) = V1(t)+ V2(t) (18)

V2(t) is defined as

V2(t) =
1
2

∫ 2π

0
ŵT (x, t)ŵ(x, t)dx (19)

The time derivative of V2(t) yieds

V̇ 2(t) =

∫ 2π

0
ŵT (x, t)ŵt (x, t)dx

=

∫ 2π

0
ŵT (x, t)

[
aŵxx (x, t)+ u(x, t)+ Pw̃(π, t)

]
dx

(20)

Integrating by part and using Lemma 1 give

a
∫ 2π

0
ŵT (x, t)ŵxx (x, t)dx

= −a
∫ 2π

0
ŵT

x (x, t)ŵx (x, t)dx

≤ −
a
4

∫ 2π

0

[
ŵT (x, t)− ŵT (π, t)

][
ŵ(x, t)− ŵ(π, t)

]
dx

(21)

Substituting (11) and (21) into (20), we obtain:

V̇ 2(t) ≤ (−k −
a
4
)

∫ 2π

0
ŵT (x, t)ŵ(x, t)dx

+
a
2

∫ 2π

0
ŵT (x, t)ŵ(π, t)dx

−
a
4

∫ 2π

0
ŵT (π, t)ŵ(π, t)dx (22)

Using (15) and (22), the time derivative of V (t) is given as

V̇ (t) = V̇ 2(t)+ V̇ 1(t)

≤ (−
a
4

− k)
∫ 2π

0
ŵT (x, t)ŵ(x, t)dx

+
a
2

∫ 2π

0
ŵT (x, t)ŵ(π, t)dx

−
a
4

∫ 2π

0
ŵT (π, t)ŵ(π, t)dx

−
a
4

∫ 2π

0
w̃T (x, t)w̃(x, t)dx

−
a
4

∫ 2π

0
w̃T (π, t)w̃(π, t)dx

+ (
a
2

− P)
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

≤ −

∫ 2π

0
ξ242ξ2

T dx −

∫ 2π

0
ξ141ξ1

T dx (23)
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Fig. 1. Diagram for the observer-based neuro adaptive control scheme.

where ξ2 =
[
ŵT (x, t) ŵT (π, t)

]
. Similarly, if the matrices

41 and 42 are both positive definite, we can find a constant
µ2 > 0 to obtain the following

V̇ (t) ≤ −µ2V (t) (24)

From (24), we can deduce that by selecting appropriate
controller and observer parameters, we can establish the expo-
nential stability of the closed-loop coupled MAS described by
(8) and (10).

Remark 3: In this section, we make the assumption that
f (s(x, t)) is equal to zero, although achieving this condition
in practical scenarios can be challenging. In the subsequent
section, we explore the scenario where f (s(x, t)) is non-zero.

V. NEURO-ADAPTIVE CONTROL DESIGN

Real-world MASs typically exhibit nonlinear behavior, and
due to uncertainties in their dynamic models, accurate mod-
eling becomes challenging. In this section, we focus on a
specific type of MAS characterized by uncertainty. To handle
the system uncertainty function ∥ f (s(x, t))∥, we introduce an
RBF neural network [40], featuring radial basis functions as
activation functions, capable of accurately approximating any
function with rapid learning convergence speed. We express
∥ f (s(x, t))∥ as a combination of a constant ideal weight W ∗T

and a basis function h(s(x, t)). This is achieved as

∥ fi (si (x, t))∥ = W ∗T
i hi (si (x, t))+ εi (si (x, t)) (25)

with si (x, t) ∈ Rm being the input of the network and
W ∗T

i ∈ Rq . εi (si (x, t)) is the approximation error satisfying
|εi (si (x, t))| ≤ ε̄, with ε̄ ∈ R+ being an unknown con-
stant. q denotes the number of neural network nodes and
hi (s(x, t)) =

[
h1(s(x, t)), . . . , hq(s(x, t))

]T
∈ Rq is the RBF

neural network architecture employing Gaussian functions in
the form of

h j (si (x, t)) = exp

[
−

(
si (x, t)− µ j

)T (
si (x, t)− µ j

)
η2

i

]
(26)

where j = 1, . . ., q, µ j ∈ Rm is the center of the receptive
field and ηi ∈ R+ is the width of the Gaussian function.

Assumption 1: There is an upper bound on the optimal
weight matrices W satisfying ∥W ∗T

i ∥ ≤ W ∗T
m .

To alleviate the computational load, we opt to estimate only
the weight norm of the neural network. We define φi (x, t) =∥∥W ∗

i

∥∥2, where |φi (x, t)| ≤ φm due to assumption 1. φ̂(x, t)
represents the estimation of φ(x, t), and the error is denoted
as φ̃(x, t) = φ(x, t)−φ̂(x, t). Through the design of an online
updating law for the neural network, we ensure that the neural
network can meet the accuracy requirements of the function
f (s(x, t)) and achieve adaptive learning. A flowchart of the
MAS is depicted in Fig. 1.

Using the estimated states obtained from the observer,
we design the controller as follows:

ui (x, t) = −
gφ̂i hT (ŝi (x, t))h(ŝi (x, t))

2πŵi (x, t)
− kŵi (x, t)− Pw̃i (π, t) (27)

where

ŵi (x, t) =

{
ŵi (x, t), ŵi (x, t) ̸= 0
ŵi (x, t)|t=t0 , ŵi (x, t) = 0

The network adaptation law is designed as

˙̂φi =
gβhT (ŝi (x, t))h(ŝi (x, t))

2π
− βφ̂i (28)

Remark 4: In contrast to the neural network design
approach outlined in [41], our method doesnot involve esti-
mating the ideal weights of the RBF neural network; instead,
we focus solely on estimating its norm. This design strategy
enables us to estimate just one unknown parameter, thereby
reducing the computational load on the system.

Theorem 2 offers a method for the feedback control law (27)
with observer (9) for the nonlinear MAS described by (8).

Theorem 2: Consider a MAS with uncertainty. For given
constants a > 0, P > 0, and g > 0, by choosing appropri-
ate parameters, the following limited matrix inequalities are
fulfilled as

43 =

[ a
4 −

3
g ∗

2P−a
4

a
4

]
> 0

Authorized licensed use limited to: Qingdao University. Downloaded on March 14,2025 at 02:29:39 UTC from IEEE Xplore.  Restrictions apply. 



6184 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 22, 2025

44 =

[
k +

a
4 ∗

−
a
4

a
4

]
> 0

Then, the MAS is uniformly ultimately bounded in the sense
of ∥ · ∥2.

Proof: Consider the Lyapunov function for the MASs (8)
and (10)

V (t) = V1(t)+ V2(t)+ V3(t) (29)

V3(t) is defined as

V3(t) =
1

2β

∫ 2π

0

3∑
i=1

φ̃2
i (x, t)dx (30)

where β is the designed constant. The time derivative of V (t)
gives

V̇ (t)

= V̇ 1(t)+ V̇ 2(t)+ V̇ 3(t)

=

∫ 2π

0
ŵT (x, t)

[
aŵxx (x, t)+ u(x, t)+ Pw̃(π, t)

]
dx

+

∫ 2π

0
w̃T (x, t)

[
aw̃xx (x, t)+ f (s(x, t))− Pw̃(π, t)

]
dx

−
1
β

∫ 2π

0

3∑
i=1

φ̃i (x, t) ˙̂φi (x, t)dx (31)

Using the integral by parts, we obtain

V̇ (t) = −a
∫ 2π

0
ŵT

x (x, t)ŵx (x, t)dx

− a
∫ 2π

0
w̃T

x (x, t)w̃x (x, t)dx

− P
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

−
1
β

∫ 2π

0

3∑
i=1

φ̃i (x, t) ˙̂φi (x, t)dx

+

∫ 2π

0
ŵT (x, t)

[
u(x, t)+ Pw̃(π, t)

]
dx

+

∫ 2π

0
w̃T (x, t) f (s(x, t))dx (32)

By applying Lemmas 1 and 3, and substituting (25) and (27)
into (32), we have

V̇ (t) ≤ (−k −
a
4
)

∫ 2π

0
ŵT (x, t)ŵ(x, t)dx

+
a
2

∫ 2π

0
ŵT (x, t)ŵ(π, t)dx

−
a
4

∫ 2π

0
ŵT (π, t)ŵ(π, t)dx

−
g

2π

∫ 2π

0
φ̂(x, t)hT (ŝ(x, t))h(ŝ(x, t))dx

−
a
4

∫ 2π

0
w̃T (x, t)w̃(x, t)dx

+ (
a
2

− P)
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

−
a
4

∫ 2π

0
w̃T (π, t)w̃(π, t)dx

+ ∥w̃(x, t)∥[W ∗T h(s(x, t))+ ε(s(x, t))]

−
1
β

∫ 2π

0

3∑
i=1

φ̃i (x, t) ˙̂φi (x, t)dx (33)

By applying Lemma 4 and using the properties, we have

W ∗T h(s(x, t)) = W ∗T h(ŝ(x, t))− W ∗T ε(s(x, t))ht (s(x, t))

(34)

By using Lemma 2 and 3, we have the following inequalities

∥w̃(x, t)∥W ∗T h(ŝ(x, t))

≤
1
g
∥w̃(x, t)∥2

+ g∥W ∗T h(ŝ(x, t))∥2

≤
1
g
∥w̃(x, t)∥2

+ g∥W ∗
∥

2
∥h(ŝ(x, t))∥2

≤
1
g
∥w̃(x, t)∥2

+ gφ(x, t)hT (ŝ(x, t))h(ŝ(x, t)) (35)

− ∥w̃(x, t)∥W ∗T ε(s(x, t))ht (s(x, t))

≤
1
g
∥w̃(x, t)∥2

+ g∥W ∗T ε(s(x, t))ht (s(x, t))∥2

≤
1
g
∥w̃(x, t)∥2

+ gφm(x, t)ε̄2(s(x, t))h2
t (s(x, t)) (36)

∥w̃(x, t)∥∥ε(s(x, t))∥ ≤
1
g
∥w̃(x, t)∥2

+ gε̄2(s(x, t)) (37)

Substituting (28), and (35)-(37) into (33) yields

V̇ (t) ≤ (−k −
a
4
)

∫ 2π

0
ŵT (x, t)ŵ(x, t)dx

+
a
2

∫ 2π

0
ŵT (x, t)ŵ(π, t)dx

−
a
4

∫ 2π

0
ŵT (π, t)ŵ(π, t)dx

+ (
3
g

−
a
4
)

∫ 2π

0
w̃T (x, t)w̃(x, t)dx

+ (
a
2

− P)
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

−
a
4

∫ 2π

0
w̃T (π, t)w̃(π, t)dx

+

∫ 2π

0

3∑
i=1

φ̃i (x, t)φ̂i (x, t)dx

+ gφm(x, t)ε̄2(s(x, t))h2
t (s(x, t))

+ gε̄2(s(x, t)) (38)

Consider the following inequality gives

φ̂2
i (x, t)

= (φi (x, t)− φ̃i (x, t))2

= φ2
i (x, t)− 2φ̃i (x, t)φi (x, t)+ φ̃2

i (x, t)

= φ2
i (x, t)− 2φ̃i (x, t)(φ̃i (x, t)+ φ̂i (x, t))+ φ̃2

i (x, t)

= φ2
i (x, t)− 2φ̃i (x, t)φ̂i (x, t)− φ̃2

i (x, t) ≥ 0 (39)
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For (39) we further get

φ̃i (x, t)φ̂i (x, t) ≤
1
2
(−φ̃2

i (x, t)+ φ2
i (x, t)) (40)

Thus, we have

V̇ (t) ≤ (−k −
a
4
)

∫ 2π

0
ŵT (x, t)ŵ(x, t)dx

+
a
2

∫ 2π

0
ŵT (x, t)ŵ(π, t)dx

−
a
4

∫ 2π

0
ŵT (π, t)ŵ(π, t)dx

+ (
3
g

−
a
4
)

∫ 2π

0
w̃T (x, t)w̃(x, t)dx

+ (
a
2

− P)
∫ 2π

0
w̃T (x, t)w̃(π, t)dx

−
a
4

∫ 2π

0
w̃T (π, t)w̃(π, t)dx

−
1
2

∫ 2π

0

3∑
i=1

φ̃
2
i (x, t)dx

+ gφm(x, t)ε̄2(s(x, t))h2
t (s(x, t))

+ gε̄2(s(x, t))+
3
2
φ2

m(x, t)

≤ −

∫ 2π

0
ξ343ξ3

T dx −

∫ 2π

0
ξ444ξ4

T dx

−
1
2

∫ 2π

0

3∑
i=1

φ̃
2
i (x, t)dx + gε̄2(s(x, t))+

3
2
φ2

m(x, t)

+ gφm(x, t)ε̄2(s(x, t))h2
t (s(x, t)) (41)

where ξ3 =
[
w̃T (x, t) w̃T (π, t)

]
and ξ4 =[

ŵT (x, t) ŵT (π, t)
]
.

Considering 43 > 0, 44 > 0, (29), and (41) gives

V̇ (t) ≤ −λV + gφm(x, t)ε̄2(s(x, t))h2
t (s(x, t))

+ gε̄2(s(x, t))+
3
2
φ2

m(x, t) (42)

We denote b = gφm(x, t)ε̄2(s(x, t))h2
t (s(x, t)) +

gε̄2(s(x, t))+
3
2φ

2
m(x, t) and multiply (42) by eλt

V̇ (t)eλt
≤ −λV (t)eλt

+ beλt (43)

Then, by integrating both sides of (43), we have

V (t) ≤ V (0)e−λt
+

b
λ
(1 − e−λt ) (44)

The following inequality is then obtained

1
2
∥w(x, t)∥2

≤ V2(t) ≤ V (t) (45)

Considering (44), we have

lim
t→∞

∥w(x, t)∥ ≤

√
2b
λ
, (46)

Thus, the closed-loop MAS is uniformly ultimately bounded
by choosing appropriate system parameters.

We discretize the PDE model (8) using the finite differ-
ence method, allowing us to implement the proposed control

Fig. 2. Communication relationship between agents.

method when the number of agents is limited. Different
finite-difference methods result in distinct communication
network topologies. In this study, we opt for the three-point
central difference method, which gives rise to a chain-like
topology (illustrated in Fig. 2). The defined communication
topology graph is undirected and comprises n nodes, with each
node representing an agent positioned at that node. Given that
the desired curve is closed in C2, it is reasonable to assume
that the chain-like communication topology is also closed.

VI. SIMULATIONS

In this section, numerical simulation examples are employed
to validate the theoretical findings. Utilizing the estimated
state of the agent acquired through the observer (9) and
integrating it with the RBF neural network, a controller (27)
with network adaptation law (28) is derived to guide the MAS
from its initial position to the target position. The detailed
procedure is outlined in Procedure 1. The MATLAB simu-
lation program is found on the finite difference method, and
The number of simulated agents n is 40. Each agent’s initial
position z(x, 0) is evenly distributed along the coordinates(
0.5 ∗ sin

(
i 2π

n

)
, 0.5 ∗ cos

(
i 2π

n

)
, 0

)
, where i = 1, . . . , n. As for

the C2 curve target, we provide the target position γ (x) evenly
distributed across (sin(α), cosα, sin(α) cos(α)+ 5).

In the MAS deployment figure, the red and blue dashed
lines, respectively, represent the target formation and the
initial positions of the MAS agents. Each solid gray line
represents the trajectory of an agent as it moves in 3D space.
In the tracking error and error system figures, each solid line
corresponds to the tracking error and estimation error of the
respective agent.

We begin with the scenario where there is no system
uncertainty. The adjustable system parameters are configured
as follows: a = 6, k = 1.8, and P = 2.4. As depicted in Fig.3,
the agents successfully reach the desired spatial location. This
demonstrates that the proposed control method facilitates the
deployment of the networked MAS onto the desired C2 curve.
Figs.4-6 display the tracking errors of the agents along the x ,
y, and z axes. It is evident that these errors ultimately converge
to zero in a short time. Figs. 7-9 depict the discrepancies
between the actual state of the agent and the estimated state
of the observer, showcasing the observer’s good performance.

Next, we provide an example for the scenario involving
system uncertainty. The adjustable system parameters are

Authorized licensed use limited to: Qingdao University. Downloaded on March 14,2025 at 02:29:39 UTC from IEEE Xplore.  Restrictions apply. 



6186 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 22, 2025

Procedure 1 The Flowchart of Observer-Based Feedback Control Scheme With RBF Neural Network for Multi-Agent Systems

Steps Descriptions

Step 1: Build system model Given in (8);
Step 2: Consider the observer ŵt (x, t) = aŵxx (x, t)+ u(x, t)+ Pw̃(π, t);
Step 3: Introduce the RBF neural network ∥ fi (si (x, t))∥ = W ∗T

i hi (si (x, t))+ εi (si (x, t));
Step 4: Design the observer-based control law ui (x, t) = −

gφ̂i hT (ŝi (x,t))h(ŝi (x,t))
2πŵi (x,t)

− kŵi (x, t)− Pw̃i (π, t);

Step 5: Update estimated parameters ˙̂φi =
gβhT (ŝi (x,t))h(ŝi (x,t))

2π − βφ̂i ;
Step 6: Numerical Simulations;

Fig. 3. Real-time deployment trajectory of the multi-agent system.

Fig. 4. The tracking error on x-axes.

Fig. 5. The tracking error on y-axes.

configured as follows: a = 6.4, k = 5, P = 2.6, and
β = 1. The system uncertainty of the MAS is defined as

Fig. 6. The tracking error on z-axes.

Fig. 7. The state of the error system (10) on x-axes.

Fig. 8. The state of the error system (10) on y-axes.

f (s(x, t)) = w(x, t)wt (x, t). The matrices µi and ηi are set as
µi =

[
−1 −0.5 0 0.5 1 − 6 −3 0 3 6

]
and ηi = 1. Fig. 10

illustrates the performance of MAS deployment with system
uncertainty, demonstrating that the agents successfully achieve
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Fig. 9. The state of the error system (10) on z-axes.

Fig. 10. Real-time deployment trajectory of the multi-agent system after
using RBF neural networks to deal with the uncertainty of the system.

Fig. 11. The tracking error of the multi-agent system with RBF neural
networks on x-axes.

Fig. 12. The tracking error of the multi-agent system with RBF neural
networks on y-axes.

the desired control objective while dealing with the existing
system uncertainty. Figs.11-13 depict the tracking errors in
each coordinate. After a brief tuning period, the tracking errors

Fig. 13. The tracking error of the multi-agent system with RBF neural
networks on z-axes.

Fig. 14. The norm of the weight of the neural network on x-axes.

Fig. 15. The norm of the weight of the neural network on y-axes.

Fig. 16. The norm of the weight of the neural network on z-axes.

of the agents converge to very small values. The evolution
of the neural network weight matrix norm parameter is illus-
trated in Figs. 14-16. The results indicate that in scenarios
where system uncertainty exists, the incorporation of RBF
neural networks enables the tracking error to converge to zero
within 2 seconds, matching the convergence speed observed
in situations without system uncertainty. This highlights the
significant advantage of the adaptive control method proposed
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in this paper, which utilizes neural networks to effectively
address system uncertainty.

VII. CONCLUSION

This study was primarily focused on a deployment method-
ology for MAS in 3D space. A non-collocated observer was
introduced to address the issue of incomplete state information
for the agents, with only a designated agent having access to its
own location information. The uncertainty present in the MAS
was approximated using an RBF neural network. Through
Lyapunov’s theory, it was established that the closed-loop
MAS was uniformly ultimately bounded. It was demonstrated
that the MAS could converge to any closed C2 curve by
appropriately selecting system parameters. Future research
directions include the investigation of fault estimation and
fault-tolerant control for nonlinear MASs.
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