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Adaptive Fuzzy Fault-Tolerant Control for a
Riser-Vessel System With Unknown Backlash
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Abstract—In this article, we propose a new adaptive fuzzy
fault-tolerant control (FTC) for a three-dimensional riser-vessel
system with unknown backlash nonlinearity. A model for the
smooth inverse dynamics of the backlash is introduced; then, the
control input is divided into an expected input and a compensa-
tion error. Considering the imprecision of system modeling and
unknown external disturbances, we employ a fuzzy adaptive tech-
nology to achieve compensation. By incorporating the actuator
fault term and backlash error, the adaptive FTC is developed
to resolve loss faults in the actuator and compensate for the
unknown backlash to some extent. The direct Lyapunov method
is used to demonstrate the system’s bounded stability. Finally,
simulation results demonstrate the effectiveness of the derived
scheme.

Index Terms—Adaptive control, fault-tolerant control (FTC),
fuzzy control, inverse backlash dynamics, riser-vessel system.

I. INTRODUCTION

MARINE risers play a crucial role in deep water oil
and gas development projects, as they are the main

channels connecting offshore floating devices and submarine
pipelines [1]. Risers face a series of complex technical prob-
lems in harsh marine environments. For example, there is a
rise in pressure acting on the pipe as the depth increases.
Concurrently, capricious ocean currents also pose a threat
to pipe structures. Compared with rigid structures, flexi-
ble structures can make the riser lighter and more suitable
for the seabed environment. However, deformation inevitably
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appears in flexible risers owing to complicated environments,
vibrations, and unknown disturbances, which will affect the
service life of risers and even lead to oil and gas leakage.
Thus, efficient control technologies should be developed for
flexible risers.

The riser model is a distributed parameter system (DPS) [2].
If the system is reduced to a finite-dimensional state space
for control design, it may produce an adverse spillover effect.
Fortunately, this problem can be addressed via boundary con-
trol (BC), and fewer sensors and actuators are required during
execution [3], [4]. In recent years, significant progress has
been made in the study of BC methods for flexible risers [5].
In [6], a new boundary iterative learning control strategy was
proposed to compensate for external disturbances, input satu-
ration, and output constraint of one-dimensional (1-D) flexible
risers. To address parameter uncertainties and asymmetric non-
linear input dead zones in riser systems, a robust adaptive
control was designed in [7]. In [8], an adaptive robust con-
trol method for three-dimensional (3-D) uncertain riser-vessel
systems was developed. However, these previous studies were
limited to the vibration suppression of 1-D or 3-D flexible
riser systems, and the methods used are not applicable to 3-D
riser-vessel systems with input backlash.

Backlash is among the common nonlinearities in indus-
trial system mechanical actuators. It may be caused by gear
clearance and friction of control valve components, among
other causes. The backlash nonlinearity leads to an increase
in system performance degradation and even to an unstable
system. To address this problem, various approaches have
been proposed. The backlash is resolved by a simple anti-
backlash torsion torque and a virtual average motor model
in [9]. In [10], a fuzzy backlash model was adopted to describe
the uncertainty actuator backlash input nonlinearity. The best
way to compensate for input backlash is to use an inverse
to eliminate it [11]. The authors introduced a smooth inverse
function to model the backlash and incorporated it into the
controller design using the backstepping technique in [12].
Note that the literature was confined to stabilizing finite-
dimensional systems with backlash, and these methodologies
are not available for infinite-dimensional flexible systems.
Recently, significant advances in tracking the backlash of
flexible systems were documented in [13]. In [14], the back-
lash was formulated as a linear input and the addition of
interference-like terms; then, a new auxiliary term was intro-
duced to compensate for the influence of backlash. In [15],
a new control strategy was proposed by introducing adaptive
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inverse backlash dynamics to handle a flexible riser system
with input backlash. However, the aforementioned studies
handled the backlash nonlinearity in flexible systems in the
presence of known backlash parameters, and these approaches
are ineffective in addressing the uncertainties of backlash
slope. Moreover, the unsmooth backlash inverse dynamics
in [15] and [16] may result in more chattering in the actuators.
Although significant developments have been attained in dis-
posing the backlash of flexible systems, no research has been
reported on employing the smooth inverse backlash dynamics
to eliminate the backlash in 3-D flexible riser systems, which
is the motivation for the present study.

Uncertainties and actuator faults universally exist in con-
trolled system and pose a significant challenge to the control
design [17]. For actuator faults, an adaptive fault-tolerant
control (FTC) for in-wheel motor drive electric vehicles via
a reinforcement learning algorithm was proposed in [18].
In [19], an effective adaptive actuator fault compensation
scheme was adopted for a class of parameter-strict-feedback
MIMO nonlinear systems. In recent years, many researchers
have been dedicated to developing a wide variety of con-
trol methods to address the uncertainties or actuator faults in
flexible systems [20], [21]. In [22], considering the system
uncertainty, an adaptive neural feedback control for nonlin-
ear flexible DPSs was proposed. In [23], a robust adaptive
control allocation algorithm with actuator fault compensation
was presented for flexible string systems. Although successful
solutions have been provided on the BC of flexible systems
preceded by uncertainties or actuator faults, the control design
for a 3-D flexible riser-vessel system with unknown backlash,
actuator faults, and model uncertainties remains an open issue,
which drives further research.

Motivated by this background, we intend to develop a
new adaptive fuzzy FTC for a 3-D riser-vessel system with
unknown backlash, actuator faults, and model uncertainties.
The main contributions of the present study can be summa-
rized as follows.

1) In contrast to previous studies [8], [24], [25], [26],
the modeling uncertainties and external disturbances
are incorporated into the unmodeled terms, and then a
fuzzy-logic system (FLS) is utilized for approximation
compensation.

2) The chattering issue caused by the unsmooth inverse
is resolved by introducing smooth inverse backlash
dynamics and an adaptive mapping operator.

3) An adaptive fuzzy FTC is established to address the
actuator faults, compensate for the model uncertain-
ties, eliminate the unknown backlash, and stabilize the
vibration in 3-D flexible riser systems.

II. PROBLEM STATEMENT

A. System Model

Fig. 1 depicts a schematic of a 3-D flexible riser-vessel
system, where ODEF represents the coordinate system. Here,
μ, ω, and τ denote the independent time variable, space
variable, and riser length, respectively; d(ω,μ), e(ω,μ), and
f (ω,μ) denote the vibrational deflection of the riser in

Fig. 1. Riser-vessel system.

the DEF directions; and �d(ω,μ),�e(ω,μ), and �f (ω,μ)

represent the distributed disturbances on the riser system in the
DEF directions. The model uncertainties of the riser system
are expressed as �fd(μ),�fe(μ), and �ff (μ); �d(μ), �e(μ),

and �f (μ) denote the extraneous disturbances that act upon
the tip of the riser; and �d(μ),�e(μ), and �f (μ) are the BC
inputs in the DEF directions. R represents a collection of real
numbers. For simplicity, some symbols are defined as follows:
(∗) = (∗)(ω,μ), (∗)μ = ∂(∗)/∂μ, (∗)ω = ∂(∗)/∂ω, (∗)ωμ =
∂2(∗)/∂ω∂μ. (∗)ωω = ∂2(∗)/∂ω2, (∗)ωωω = ∂3(∗)/∂ω3,
(∗)ωωωω = ∂4(∗)/∂ω4, (∗)μμ = ∂2(∗)/∂μ2, (∗)0 = (∗)(0, μ),
(∗)τ = (∗)(τ, μ), and ∗̃ = ∗−∗̂ for (ω,μ) ∈ [0, τ ]×[0,+∞).

First, we consider the system’s dynamical model as fol-
lows [8]:

ςdμμ = EA(fωωdω + dωωfω)+ Tdωω + 3

2
EAd2

ωdωω

−EIdωωωω + 1

2
EA

[
dωωe2

ω + 2dωeωeωω
]

+�d (1)

ςeμμ = EA(fωωeω + eωωfω)+ Teωω + 3

2
EAe2

ωeωω

−EIeωωωω + 1

2
EA

[
eωωd2

ω + 2eωdωdωω
]

+�e (2)

ς fμμ = EAdωdωω + EAeωeωω + EAfωω +�f (3)

with the following boundary conditions:

�d − mdτμμ = −EIdτωωω + EAdτωfτω + Tdτω − �d

+1

2
EA

(
dτωe2

τω + d3
τω

)
−�fd (4)

�e − meτμμ = −EIeτωωω + EAeτωfτω + Teτω − �e

+1

2
EA

(
eτωd2

τω + e3
τω

)
−�fe (5)

�f − mfτμμ = 1

2
EAd2

τω + 1

2
EAe2

τω + EAfτω − �f

−�ff (6)
d0ωω = e0ωω = f0ωω = 0, dτωω = eτωω = fτωω = 0 (7)
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where m represents the vessel mass, and the uniform mass per
unit length, tension, axial stiffness, and bending stiffness of the
flexible riser are expressed as ς , T , EA, and EI, respectively.

B. Actuator Fault and Input Backlash

In this study, we consider a riser-vessel system subject to
the unknown backlash and actuator fault.

Then, the backlash expressions are presented as [27]


j(μ) = B
(
�j(μ)

)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�j
(
�j − Brj

)
, if �̇j > 0 and

j = �j

(
�j − Brj

)
�j

(
�j − Blj

)
, if �̇j < 0 and

j = �j

(
�j − Blj

)

j(μ_), otherwise

(8)

where �j ≥ �0j, j = d, e, f , denote the slope of the lines,
with �0j, j = d, e, f , being small positive numbers. Brj and
Blj, j = d, e, f are constants greater than zero and less than
zero, respectively; �j(μ), j = d, e, f , represent the expected
control to be developed; 
j(μ), j = d, e, f , describe the actual
input affected by the backlash and 
j(μ_), j = d, e, f , show
no change in 
j(μ).

Remark 1: As opposed to previous studies [8], [24], [25],
we consider the modeling uncertainties including the uncer-
tainty of system parameters. For example, the deflection at
the top of the riser will have a significant impact on the top
tension of the marine riser [28]. In order to avoid design-
ing the adaptive laws of multiple parameters [29], we propose
a fuzzy compensation strategy. In addition, in previous stud-
ies [13], [15], the inverse backlash compensation control was
investigated based on the assumption that the backlash slope
is a known constant and the left and right “crossing” terms
are symmetrical. However, the backlash parameters may be
unknown in reality; therefore, a new compensation method is
required for backlash compensation.

To avoid the chattering caused by the unsmooth inverse
compensation operator, we introduce the following smooth
backlash inverse dynamics [12]:

�j(μ) = BI
(

j

) = 1

�j

j + BrjGrj

(

̇j

) + BljGlj
(

̇j

)
(9)

where Grj(
̇j) and Glj(
̇j), j = d, e, f , are defined as

Grj
(

̇j

) = e(Pj
̇j)

e(Pj
̇j) + e(−Pj
̇j)
(10)

Glj
(

̇j

) = e(−Pj
̇j)

e(Pj
̇j) + e(−Pj
̇j)
(11)

where Pj, j = d, e, f , are positive constants. The larger the Pj

values are, the closer Grj is to 1 and 0 when 
̇j → ∞ and

̇j → −∞, respectively. In contrast, Glj is closer to 0 and 1
when 
̇j → ∞ and 
̇j → −∞, respectively. Because both Grj

and Glj are continuously differentiable, the chattering caused
by the nonsmooth inverse indicator function can be settled.

To address the backlash parameter uncertainty, we
rewrite (9) as follows:

�j(μ) = B̂I
(

dj(μ)

) = 1

�̂j

[

dj(μ)+ �̂jBrjGrj

(

̇dj

)

+�̂jBljGlj
(

̇dj

)]
(12)

where 
dj(μ), j = d, e, f , represent the actual actuator inputs
after compensation. �̂j, �̂jBrj, and �̂jBlj denote the estimates
of �j, �jBrj, and �jBlj, j = d, e, f , respectively.

Invoking (12), the expressions of 
dj(μ) are given as


dj(μ) = �̂j�j(μ)− �̂jBrjGrj
(

̇dj

) − �̂jBljGlj
(

̇dj

)
. (13)

Further, the compensation errors can be expressed as


j(μ)−
dj(μ) = �̃j�j(μ)− �̃jBrjGrj
(

̇dj

)

−�̃jBljGlj
(

̇dj

) + gbj(μ). (14)

Suppose that there exist positive constants ḡj that sat-
isfy |gbj(μ)| ≤ ḡj for any μ ≥ 0, j = d, e, f .
Moreover, we define ϑ̂j(μ) = [̂�j, �̂jBrj, �̂jBlj]T , and νj =
[�j,−Grj(
̇dj),−Glj(
̇dj)]T , j = d, e, f . The compensation
errors in (14) can be rewritten as


j(μ)−
dj(μ) = ϑ̃T
j νj + gbj(μ). (15)

Assuming that the actuator input process does not work,
the actual inputs �j(μ) are not equal to 
j(μ), j = d, e, f .
According to [30], the forms of the actual actuator inputs
�j(μ) are defined as

�j(μ) = ηj
j(μ)+�fj(μ) (16)

where ηj ∈ (0, 1], j = d, e, f , are unknown constants express-
ing the fault degree of the actuators and �fj(μ), j = d, e, f , rep-
resent the floating faults of the actuators, which are unknown
functions. Thus, combining (15), the actual inputs can be
expressed as

�j(μ) = ηj
j(μ)+�fj(μ) = ηj
dj(μ)+ ηjϑ̃
T
j νj

+ ηjgbj(μ)+�fj(μ). (17)

Remark 2: Equation (16) is a classic actuator error expres-
sion. If ηj = 1, they imply that the actuators are completely
effective. Conversely, when ηj = 0, they denote that the
actuators totally lose efficiency. In this article, we consider
the incomplete loss of actuator efficiency, that is, ηj ∈
(0, 1]. �fj(μ) are time-varying parameters such that �fj(μ) ∈
[−�̄fj, �̄fj] with �̄fj > 0.

Remark 3: In practical application, the BC of the riser
system can be completed by a hydraulic system [31]. The
hydraulic system converts the pressure energy of the liquid
into mechanical energy through the hydraulic motor. However,
incomplete contact between the two gears inside the hydraulic
motor gearbox is inevitable, which is modeled as the backlash
of the actuators (8). In addition, if the actuator structures are
not continuously powered, actuator faults (16) will occur. It
is worth noting that since there is only one actuator in each
direction, the total loss of effectiveness fault or struck fault is
not considered [32].
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C. Fuzzy-Logic System Framework

Because of the excellent approximation performance of the
FLS, it has been widely used in nonlinear system control in
recent years [33]. Therefore, the FLS is used to compensate the
unmodeled dynamics instead of the adaptive design of multiple
parameters [29]. The FLS framework includes the fuzzifier,
center-average defuzzifier, and product inference. The fuzzy
rules are defined as follows [34]:

Rl : IF a1 is Fl
1, . . . , an is Fl

n

THEN, b is Ql, l = 1, 2, 3, . . . ,N

where a = {a1, a2, . . . , an} and b represent the fuzzy input
and output, respectively; {Fl

1, . . . ,F
l
n,Q

l} ∈ R are fuzzy sets;
and N denotes the number of fuzzy rules in the system. After
fuzzification and defuzzification, we obtain the FLS output
b as

b(a) =
∑N

l=1 b̄l

[∏n
i=1 ζFl

i
(ai)

]

∑N
l=1

[∏n
i=1 ζFl

i
(ai)

] (18)

where ζFl
i
(ai) = exp[−(ai − xl

i)
2/yl

i] denotes the system

membership function, with xl
i and yl

i representing the
centers and widths of ζFl

i
(xi), respectively. In addition,

b̄l = maxb∈RζQl(ai).
Then, we further express fuzzy output b as

b = δTε(a) (19)

where δT = [b̄1, b̄2, . . . b̄N] = [δ1, δ2, . . . , δN] and ε(a) =
[ε1(a), ε2(a), . . . , εN(a)]T . εl is given as

εl =
∏n

i=1 ζFl
i
(ai)

∑N
l=1

[∏n
i=1 ζFl

i
(ai)

] . (20)

The target uncertainty compound items χj(a), j = d, e, f ,
are expressed as

χj(a) = �fj(μ)+ �j(μ) = δ�Tj εj(a)+ βj(a). (21)

According to [34], FLSs can approach a smooth continuous
function defined on the set �j to a certain extent. Then, we
obtain

sup lim
a∈�j

|χj(a)− bj(a)| ≤ β̄j (22)

where β̄j, j = d, e, f , are positive constants.

D. Preliminaries

To facilitate the subsequent analysis, the following
assumptions and lemmas are provided.

Assumption 1: For disturbances �j(μ) and �j(ω,μ), j =
d, e, f , there exist positive constants �̄j and �̄j, j = d, e, f
satisfying |�d(μ)| ≤ �̄d, |�e(μ)| ≤ �̄e, |�f (μ)| ≤ �̄f ,
|�d(ω,μ)| ≤ �̄d, |�e(ω,μ)| ≤ �̄e, and |�f (ω,μ)| ≤ �̄f .

Assumption 2: We assume that the unknown disturbances
�j(μ), j = d, e, f , acting on the tip of the riser are related
to vessel displacements d(τ, μ), e(τ, μ), and f (τ, μ), and
their respective derivatives ḋ(τ, μ), ė(τ, μ), and ḟ (τ, μ),
respectively.

Lemma 1 [35]: If pj and rj are scalars and satisfy pj ∈
R, rj ∈ R+, j = d, e, f , we have

0 ≤ |pj| − p2
j√

p2
j + r2

j

≤ rj. (23)

If rj > 0 are uniformly bounded continuous functions with
limμ→∞

∫ μ
μ0

rj(μ)dμ ≤ r̄j, the above inequalities are satisfied.

III. CONTROL DESIGN

In this section, the smoothing inverse operator for backlash
compensation is introduced to obtain the compensation error
and the designed input. Then, the external disturbances and
model uncertainties are combined and approximated using the
FLS. Subsequently, by combining the unknown backlash error
with the time-varying actuator floating fault, an upper-bound
adaptive compensation scheme is proposed.

A. Adaptive Fuzzy Fault-Tolerant Control

Let qj = (1/ηj), j = d, e, f . To achieve the control
objectives, the following expected robust adaptive control
commands are proposed:


dd = −q̂dΥdd, 
de = −q̂eΥde, 
df = −q̂fΥdf (24)

where q̂j, j = d, e, f , denote the estimated values of qj with
the estimated errors defined as q̃j = qj − q̂j. Υdd, Υde, and Υdf

are defined as

Υdd =
(
dτμ + πτdτω

)
σ̂ 2

d√(
dτμ + πτdτω

)2
σ̂ 2

d + r2
d(μ)

+ �̂d
(
dτμ + πτdτω

)

4ιdεT
1 (a)ε1(a)

+mπτdτωμ + 2sddτμ (25)

Υde =
(
eτμ + πτeτω

)
σ̂ 2

e√(
eτμ + πτeτω

)2
σ̂ 2

e + r2
e (μ)

+ �̂e
(
eτμ + πτeτω

)

4ιeεT
2 (a)ε2(a)

+mπτeτωμ + 2seeτμ (26)

Υdf =
(
fτμ + πτ fτω

)
σ̂ 2

f√(
fτμ + πτ fτω

)2
σ̂ 2

f + r2
f (μ)

+ �̂f
(
fτμ + πτ fτω

)

4ιf εT
3 (a)ε3(a)

+mπτ fτωμ + 2sf fτμ (27)

where π, sd, se, sf , ιd, ιe, ιf > 0, and �̂j, j = d, e, f , are
the estimated values of ��j expressed as ��j = ‖δ�Tj ‖2,

with the estimation errors defined as �̃j = ��j − �̂j.
Further, σ̂j, j = d, e, f , are the estimated values of σj

defined as σj = sup limμ≥0 |ηjgbj + �fj|, with the esti-
mation errors represented as σ̃j = σj − σ̂j. The terms

((jτμ + πτ jτω)σ̂ 2
j /

√
(jτμ + πτ jτω)2σ̂ 2

j + r2
j (μ)), j = d, e, f ,

are used to compensate for the effects of the actuator float
faults and inverse backlash dynamics compensation errors.
rj(μ), j = d, e, f , are three positive uniformly bounded
integrable functions.

The dynamic adaptive update laws are designed as follows:

˙̂
�d = zd

(
dτμ + πτdτω

)2

4ιdεT
1 (a)ε1(a)

− εd�̂d (28)
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˙̂
�e = ze

(
eτμ + πτeτω

)2

4ιeεT
2 (a)ε2(a)

− εe�̂e (29)

˙̂
�f = zf

(
fτμ + πτ fτω

)2

4ιf εT
3 (a)ε3(a)

− εf �̂f (30)

˙̂
ϑd = Projϑd

{
�d

(
dτμ + πτdτω

)
νd

} − ϑ̂d (31)

˙̂
ϑe = Projϑe

{
�e

(
eτμ + πτeτω

)
νe

} − ϑ̂e (32)

˙̂
ϑf = Projϑf

{
�f

(
fτμ + πτ fτω

)
νf

} − ϑ̂f (33)

˙̂σd = γσd
(
dτμ + πτdτω

) − γσdσ̂d (34)

˙̂σe = γσe
(
eτμ + πτeτω

) − γσeσ̂e (35)

˙̂σf = γσ f
(
fτμ + πτ fτω

) − γσ f σ̂f (36)

˙̂qd = γd
(
dτμ + πτdτω

)
Υdd − q̂d (37)

˙̂qe = γe
(
eτμ + πτeτω

)
Υde − q̂e (38)

˙̂qf = γf
(
fτμ + πτ fτω

)
Υdf − q̂f (39)

where εj, zj, γηj, γj > 0, j = d, e, f , and �d, �e, and �f

∈ R3×3, j = d, e, f , are all positive-definite symmetric
matrices.

Remark 4: The reason for using Projϑj
(
) is to ensure that

the estimated ϑj values are restricted within certain ranges.
Clearly, if �̂j, j = d, e, f , do not fall within the ranges, they can
easily lead to a singularity when �̂j → 0, making the control
inputs infinite. Projξj(
), j = d, e, f , describe the projection
mappings defined in [36] as

Projξj(
) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
I − j

�ξj�T
ξj

�T
ξj
 j�ξj

)

, if ξ̂j ∈ �̄j

and �T
ξj


 > 0,

(
), if ξ̂j ∈ �̂j or
(
ξ̂j ∈ �̄j

and �T
ξj


 ≤ 0
)

(40)

where  j ∈ R3×3 are symmetric positive-definite matrices,
j = d, e, f . �̂j and �̄j, j = d, e, f , represent the interior of
the sets �j and the boundary of sets �j, respectively. Further,
�ξj , j = d, e, f , denote the normal vectors that point outward
when ξj, j = d, e, f , are at boundary �̄j, and ξj represent the
symbols replaced by ϑj in this article, j = d, e, f .

Remark 5: In the execution process, we can obtain signals
dτ , eτ , fτ , dτμ, eτμ, fτμ, dτω, eτω, fτω, dτωμ, eτωμ, and fτωμ in
control laws (24)–(27) through sensors and corresponding
algorithms. Signals dτ , eτ , and fτ can be measured by the
laser displacement sensors and signals dτω, eτω, and fτω can
be measured by inclinometers. In addition, the remaining
signals dτμ, eτμ, fτμ, dτωμ, eτωμ, and fτωμ can be further
obtained by the backward difference algorithm based on the
measured values. Furthermore, hydraulic motors are gener-
ally used to generate a control torque in practical industrial
applications.

B. Stability Proof

We select a Lyapunov function �k(μ) as follows:

�k(μ) = �k1(μ)+ �k2(μ)+ �k3(μ)+ �k4(μ) (41)

where

�k1(μ) = 1

2
EA

∫ τ

0

[
fω +

(
d2
ω + e2

ω

)

2

]2

dω

+1

2
EI

∫ τ

0

(
d2
ωω + e2

ωω

)
dω + 1

2
T

∫ τ

0

(
d2
ω + e2

ω

)
dω

+1

2
ς

∫ τ

0

(
d2
μ + e2

μ + f 2
μ

)
dω (42)

�k2(μ) = πς

∫ τ

0
ω

(
dμdω + eμeω + fμfω

)
dω (43)

�k3(μ) = 1

2
m

(
dτμ + πτdτω

)2 + 1

2
m

(
eτμ + πτeτω

)2

+1

2
m

(
fτμ + πτ fτω

)2 (44)

�k4(μ) = 1

2zd
�̃2

d + 1

2ze
�̃2

e + 1

2zf
�̃2

f + ηd

2
ϑ̃T

d �
−1
d ϑ̃d

+ηe

2
ϑ̃T

e �
−1
e ϑ̃e + ηf

2
ϑ̃T

f �
−1
f ϑ̃f + 1

2γσ f
σ̃ 2

f + ηd

2γd
q̃2

d

+ ηe

2γe
q̃2

e + ηf

2γf
q̃2

f + 1

2γσd
σ̃ 2

d + 1

2γσe
σ̃ 2

e . (45)

Lemma 2 [37]: The Lyapunov candidate function given
by (41) has upper and lower bounds

0 ≤ κ1[A(μ)+ �k3(μ)+ �k4(μ)] ≤ �k(μ)

≤ κ2[A(μ)+ �k3(μ)+ �k4(μ)] (46)

where κ1 and κ2 are two positive constants and A(μ) is
described as

A(μ) ≤
∫ τ

0

[
d2
μ + e2

μ + f 2
μ + d2

ω + e2
ω + f 2

ω

+d4
ω + e4

ω + (dωeω)
2 + d2

ωω + e2
ωω

]
dω. (47)

Proof: The proof process is similar to [25, Lemma 4].
Lemma 3 [37]: The time derivative of (41) is upper

bounded as

�̇k(μ) ≤ −κ�k(μ)+ θ (48)

where κ and θ are two positive constants.
Proof: See the Appendix.
Theorem 1: For the riser-vessel system depicted in (1)–(7),

with the established adaptive fuzzy FTC strategy (24) and
online updating laws (28)–(39), if the initial conditions are
bounded and the designed parameters are properly selected
satisfying constraints (66)–(73), we conclude that the offsets
of the riser system uniformly and ultimately converge to a
small neighborhood around zero.

Proof: Using Lemma 3, we multiply (75) by eκμ and
integrate the resulting expression to obtain

�k(μ) ≤ �k(0)e−κμ + θ
κ

(
1 − e−κμ

)
. (49)

Using �k1(μ), A(μ), and Lemma 2 yields

1

τ
d2(ω,μ) ≤

∫ τ

0
d2
ω(ω,μ)dω ≤ A(μ) ≤ 1

κ1
�k(μ) (50)

1

τ
e2(ω,μ) ≤

∫ τ

0
e2
ω(ω,μ)dω ≤ A(μ) ≤ 1

κ1
�k(μ) (51)
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1

τ
f 2(ω,μ) ≤

∫ τ

0
f 2
ω(ω,μ)dω ≤ A(μ) ≤ 1

κ1
�k(μ) (52)

where (ω,μ) ∈ [0, τ ] × [0,+∞). Substituting (50)–(52)
into (49) yields

lim
μ→+∞ |d(ω,μ)| ≤ ρ, lim

μ→+∞ |e(ω,μ)| ≤ ρ (53)

lim
μ→+∞ |f (ω,μ)| ≤ ρ (54)

where ω ∈ [0, τ ] and ρ = √
(τθ/κ1κ).

IV. NUMERICAL SIMULATION

To verify the effectiveness of the proposed FTC strategy,
a numerical simulation is carried out using the finite differ-
ence method. The system parameters are presented as follows:
τ = 1000 m, EI = 1.22 × 105 Nm2, m = 9.6 × 106 kg,
T = 2.75×108 N, EA = 3.92×108 Nm2, and ς = 108 kg/m.
In this study, the simulation time step and spatial displace-
ment are set to �μ = 0.06 s and �ω = 50 m, respectively.
The distributed disturbance of the system is detailed in [38].
According to Assumption 2, the distributed disturbances of the
system are given as �d(μ) = (dτ + dτμ + sin(0.5t)) × 104,
�e(μ) = (eτ + eτμ + sin(0.5t)) × 104, and �f (μ) = (fτ +
fτμ + sin(0.5t)) × 103. The model uncertainties are consid-
ered as �fd = 0.1(Tdτω + EAdτωfτω + EAdτωe2

τω − EIdτωωω),
�fe = 0.1(Teτω + EAeτωfτω + EAeτωd2

τω − EIeτωωω), and
�ff = 0.1(EAfτω + EAd2

τω + EAe2
τω). The initial states of

the system are d(ω, 0) = e(ω, 0) = f (ω, 0) = (4ω/τ) and
dμ(ω, 0) = eμ(ω, 0) = fμ(ω, 0) = 0. The parameter set-
tings of the proposed controllers are presented as follows
sd = se = 1.6 × 107, sf = 1 × 106, zd = ze = 0.04,
zf = 0.05, εd = εe = εf = 1 × 10−3, π = 4.9 × 10−4,
�d = �e = �f = 10−3�3×3, γd = γe = 1.28 × 10−4,
γf = 1.2 × 10−3, γσd = γσe = γσ f = 1, ιd = ιe =
50, ιf = 100, and Pd = Pe = Pf = 20. In this study, the FLS
inputs {a1, a2, . . . , an} are set to {dτω, eτω, fτω, dτμ, dτωμ},
{dτω, eτω, fτω, eτμ, eτωμ}, and {dτω, eτω, fτω, fτμ, fτωμ}. We
choose the fuzzy membership functions for the system states
a1, a2, . . . an as follows:

ζFl
i
(ai) = exp

[
−(ai + 1 − (l − 1))2

]
(55)

where l = 1, . . . , 5. The fuzzy basis functions are defined as

εi(a) =
∏5

i=1 ζFl
i
(ai)

∑5
l=1

[∏5
i=1 ζFl

i
(ai)

] . (56)

For the loss of the actuator effectiveness fault, the effi-
ciency factors are set to ηd = ηe = ηf = 0.5 and
�fd(μ) = �fe(μ) = �ff (μ) = 100sinμ. In addition, the
actuator clearance parameters are chosen as ϑd = ϑe =
ϑf = [1, 3 × 105,−2 × 105]. The limit values are given as
ϑdmin = ϑemin = ϑf min = [0.8, 2.16 × 105,−2.4 × 105], and
ϑdmax = ϑemax = ϑf max = [1.2, 3.96 × 105,−1.92 × 105].

When no control was applied (�d = �e = �f = 0), as
shown in Fig. 2, the system freely vibrated in a 3-D space. The
maximum deflection can reach 4 m, which has significant side
effects for pipeline transportation. Under the adaptive fuzzy
FTC depicted in (24)–(39), we can observe a control effect

Fig. 2. 3-D offset of the riser.

from Fig. 2. It can be seen that the 3-D direction deflection
of the riser system can be stabilized under control.

Fig. 3 shows the time variation diagrams of the actual
inputs �d, �e, and �f and expected inputs �d, �e, and �f ,
respectively. Therefore, with the designed controller, the actual
outputs are affected by the faults; however, effective controls
can still be achieved. Compared with previous studies [13],
[15], [16], the actual inputs do not produce chattering under
the influence of backlash, which proves the effectiveness of
the smooth inverse backlash dynamics (12).

V. CONCLUSION

In this article, a new adaptive fuzzy FTC strategy was
proposed to stabilize a 3-D riser-vessel system affected by
actuator faults, unknown backlash nonlinearity, and model
uncertainty. Smooth inverse backlash dynamics were utilized
to address the chattering caused by the previous unsmooth
inverse operator. The FLS was introduced to compensate for
the influence of unknown disturbances and model uncertain-
ties. Further, an unknown upper-bound adaptive compensation
strategy was proposed to offset the side effects caused by the
inverse operator compensation error and actuator floating fault.
The designed control guaranteed uniform boundedness of the
controlled system. The control performance was further evalu-
ated by applying theoretical and simulation analyses. Despite
its many advantages, the proposed control strategy cannot be
applied to actuator stuck-type faults [39], [40] or intermit-
tent actuator faults [41]. When the system actuator is stuck
or the efficiency factor changes, the controlled system may
no longer be stable. This problem will be addressed in future
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Fig. 3. 3-D control inputs of the riser.

work. Moreover, the iterative learning control of controlled
riser-vessel systems will also be addressed in future work.

APPENDIX

PROOF OF LEMMA 3

Proof: We differentiate (41) to derive the following:

�̇k(μ) = �̇k1(μ)+ �̇k2(μ)+ �̇k3(μ)+ �̇k4(μ). (57)

Function �̇k1(μ) yields

�̇k1(μ) = (
�d + �d +�fd − mdτμμ

)
dτμ + (�e + �e

+�fe − meτμμ
)
eτμ + (

�f + �f +�ff

−mfτμμ
)
fτμ +

∫ τ

0

[
dμ�d + eμ�e + fμ�f

]
dω. (58)

Moreover, the derivative of Lyapunov function �k2(μ) is
given as

�̇k2(μ) = −3

8
πEA

∫ τ

0
d4
ωdω − 3

8
πEA

∫ τ

0
e4
ωdω

−πEA
∫ τ

0
fωd2

ωdω − πEA
∫ τ

0
fωe2

ωdω

−3

4
πEA

∫ τ

0
(dωeω)

2dω − 3

2
πEI

∫ τ

0
d2
ωωdω

−3

2
πEI

∫ τ

0
e2
ωωdω − 1

2
πT

∫ τ

0
d2
ωdω

−1

2
πT

∫ τ

0
e2
ωdω − 1

2
πEAτ

[
1

2
d2
τω

+1

2
e2
τω + fτω

]2

− 1

2
πTτd2

τω

−1

2
πEA

∫ τ

0
f 2
ωdω − 1

2
πς

∫ τ

0
d2
μdω

−1

2
πς

∫ τ

0
e2
μdω − 1

2
πς

∫ τ

0
f 2
μdω

+πτ fτω
(
�f + �f +�ff − mfτμμ

)

+1

2
πςτ

[
d2
τμ + e2

τμ + f 2
τμ

]

−1

2
πTτe2

τω + πτdτω
(
�d + �d +�fd

−mdτμμ
) + πτeτω

(
�e + �e +�fe − meτμμ

)

+π
∫ τ

0
ω

(
dω�d + eω�e + fω�f

)
dω. (59)

Subsequently, we take the derivative of �k3(μ)

�̇k3(μ) = (
dτμ + πτdτω

)(
mdτμμ + mπτdτωμ

)

+(
eτμ + πτeτω

)(
meτμμ + mπτeτωμ

)

+(
fτμ + πτ fτω

)(
mfτμμ + mπτ fτωμ

)
. (60)

The derivation of function �k4(μ) yields

�̇k4(μ) = − �̃d
(
dτμ + πτdτω

)2

4ιdεT
1 (a)ε1(a)

+ ηdϑ̃
T
d �

−1
d ϑ̂d

− �̃e
(
eτμ + πτeτω

)2

4ιeεT
2 (a)ε2(a)

+ ηd

γd
q̃dq̂d + εd

zd
�̃d�̂d

+εe

ze
�̃e�̂e − �̃f

(
fτμ + πτ fτω

)2

4ιf εT
3 (a)ε3(a)

+ εf

zf
�̃f �̂f

−ηdϑ̃
T
d �

−1
d Proj

[
�d

(
dτμ + πτdτω

)
νd

]

−ηeϑ̃
T
e �

−1
e Proj

[
�e

(
eτμ + πτeτω

)
νe

]

−ηf ϑ̃
T
f �

−1
f Proj

[
�f

(
fτμ + πτ fτω

)
νf

]

−ηdq̃d
(
dτμ + πτdτω

)
Υdd − σ̃d

(
dτμ + πτdτω

)

−ηeq̃e
(
eτμ + πτeτω

)
Υde + ηe

γe
q̃eq̂e + σ̂dσ̃d

−ηf q̃f
(
fτμ + πτ fτω

)
Υdf + ηf

γf
q̃f q̂f + σ̂eσ̃e

−σ̃e
(
eτμ + πτeτω

) − σ̃f
(
fτμ + πτ fτω

)

+ηf ϑ̃
T
f �

−1
f ϑ̂f + σ̂f σ̃f + ηeϑ̃

T
e �

−1
e ϑ̂e. (61)

According to 0 < εT
i (a)εi(a) ≤ 1, i = 1, 2, 3, the following

inequalities can be obtained after further derivation:

(
dτμ + πτdτω

)
δ�Td ε1(a) ≤

(
dτμ + πτdτω

)2[
δ�Td ε1(a)

]2

4ιd

+ιd ≤
(
dτμ + πτdτω

)2
)
��dε

T
1 (a)ε1(a)

4ιd
+ ιd

≤ ιd +
(
dτμ + πτdτω

)2
��d

4ιdεT
1 (a)ε1(a)

(62)

(
dτμ + πτdτω

)
βd(a) ≤ 1

4

(
dτμ + πτdτω

)2 + β�2d (63)
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σ̃dσ̂d = σ̃d(σd − σ̃d) ≤
(

−σ̃ 2
d + 1

2
σ̃ 2

d + 1

2
σ 2

d

)

= 1

2
σ 2

d − 1

2
σ̃ 2

d (64)

where |βd| ≤ β�d with β�d is a positive constant. The derivation
of polarization terms eτ and fτ is similar to that of dτ and will
not be expanded upon here.

Invoking (41), (62)–(64), (1/2)d2
τω ≥ f 2

τω, (1/2)e2
τω ≥

f 2
τω, and ξ̃T

j �
−1
j (
 − Projξj(
)) ≤ 0, j = d, e, f . Applying

Lemmas 1, Young’s inequality [25, Lemma 1], Sobolev’s
inequality [25, Lemma 2], and Assumptions 1 and 2, the
proposed adaptive laws (28)–(39) and control laws (24)–(27)
are substituted into the differentiation of �k(μ)

�̇k(μ) ≤ −
(

1

2
πς − 1

α1

) ∫ τ

0
d2
μdω −

(
sd − 1

2
πςτ

)
d2
τμ

−
(

1

2
πς − 1

α2

) ∫ τ

0
e2
μdω −

(
se − 1

2
πςτ

)
e2
τμ

−
(

1

2
πς − 1

α3

) ∫ τ

0
f 2
μdω −

(
sf − 1

2
πςτ

)
f 2
τμ

−
(

1

2
πEA − πτα6

)∫ τ

0
f 2
ωdω −

(
3

8
πEA

−πEA

2α7

) ∫ τ

0
d4
ωdω − εd

2zd
�̃2

d + εe

2ze
��2e

−
(

3

8
πEA − πEA

2α8

) ∫ τ

0
e4
ωdω + β�2d

−
(

1

2
πT − πτα4 − πEAα7

4

) ∫ τ

0
d2
ωdω

−
(

1

2
πT − πτα5 − πEAα8

4

) ∫ τ

0
e2
ωdω

+
(
α1 + πτ

α4

)∫ τ

0
�2

ddω +
(
α2 + πτ

α5

) ∫ τ

0
�2

edω

+
(
α3 + πτ

α6

)∫ τ

0
�2

f dω − 3

2
πEI

∫ τ

0
d2
ωωdω

−3

2
πEI

∫ τ

0
e2
ωωdω − 3

4
πEA

∫ τ

0
(dωeω)

2dω

−
(

1

4
πTτ − sdπ

2τ 2
)

d2
τω − εf

2zf
�̃2

f − ηd

2γd
q̃2

d

−
(

1

4
πTτ − seπ

2τ 2
)

e2
τω − εe

2ze
�̃2

e + εf

2zf
��2f

−
(
πTτ − sfπ

2τ 2
)

f 2
τω + β�2e + β�2f + εd

2zd
��2d

−
(

sf − 1

4

)(
fτμ + πτ fτω

)2 + ηd

2γd
q2

d − ηe

2γe
q̃2

e

−
(

sd − 1

4

)(
dτμ + πτdτω

)2 + ηe

2γe
q2

e − ηf

2γf
q̃2

f

−
(

se − 1

4

)(
eτμ + πτeτω

)2 − ηf

2

ϑ̃T
f �

−1
f ϑ̃f

λfmax

(
�−1

f

)

+re(μ)+ 1

2
σ 2

e − 1

2
σ̃ 2

e − ηd

2

ϑ̃T
d �

−1
d ϑ̃d

λdmax

(
�−1

d

)

−1

2
πEAτ

[
1

2
d2
τω + 1

2
e2
τω + fτω

]2

+ 1

2
ϑ2

fm

+ ηf

2γf
q2

f + rd(μ)+ 1

2
σ 2

d − 1

2
σ̃ 2

d + 1

2
ϑ2

dm

+rf (μ)+ 1

2
σ 2

f − 1

2
σ̃ 2

f − ηe

2

ϑ̃T
e �

−1
e ϑ̃e

λemax

(
�−1

e

)

+1

2
ϑ2

em + ιd + ιe + ιf (65)

where |βe| ≤ β�e and |βf | ≤ β�f with β�e and β�f are two pos-
itive constants. In addition, α1 ∼ α8 > 0 and parameters π ,
sd, se, sf , αi, and i = 1 · · · 8 are chosen to satisfy the follow-
ing constraints (66)–(73). Owing to the existence of adaptive
mapping operators, three constants, ϑdm, ϑem, and ϑfm > 0,
are guaranteed to exist satisfying ‖ϑ̃d‖ ≤ ϑdm, ‖ϑ̃e‖ ≤ ϑem,
and ‖ϑ̃f ‖ ≤ ϑfm, respectively.

The constraint conditions making (65) hold are
formulated as

κ1 = 1

2
πς − 1

α1
> 0, κ2 = 1

2
πς − 1

α2
> 0 (66)

κ3 = 1

2
πς − 1

α3
> 0, κ4 = 1

2
T − τα4 − EAα7

4
> 0 (67)

κ5 = sd − 1

2
πςτ > 0, κ6 = 1

2
EA − τα6 > 0 (68)

κ7 = 3

8
EA − EA

2α7
> 0, κ8 = 3

8
EA − EA

2α8
> 0 (69)

κ9 = sf − 1

2
πςτ > 0, κ10 = se − 1

2
πςτ > 0 (70)

κ11 = 1

2
T − τα5 − EAα8

4
> 0, T ≥ 4sdπτ (71)

sd >
1

4
, se >

1

4
, sf >

1

4
, T ≥ 4seπτ, T ≥ sfπτ (72)

θ =
(
α1 + πτ

α4

)
τ�̄2

d +
(
α2 + πτ

α5

)
τ�̄2

e +
(
α3 + πτ

α6

)
τ�̄2

f

+1

2
ϑ2

dm + 1

2
ϑ2

em + 1

2
ϑ2

fm + r̄d + r̄e + r̄f + hd + he

+ εd

2zd
��2d + εe

2ze
��2e + εf

2zf
��2f + ηd

2γd
q2

d + hf

+ ηe

2γe
q2

e + ηf

2γf
q2

f + β�d 2 + β�e 2 + β�f 2
< +∞ (73)

where hj = (1/2)σ 2
j , j = d, e, f .

Invoking (66)–(73), we obtain

�̇k(μ) ≤ −κ1

∫ τ

0
d2
μdω − κ2

∫ τ

0
e2
μdz − κ3

∫ τ

0
f 2
μdω

−κ4π

∫ τ

0
d2
ωdω − κ5d2

τμ − κ6π

∫ τ

0
f 2
ωdω

−κ7π

∫ τ

0
d4
ωdω − κ8π

∫ τ

0
e4
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−
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2
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(
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d

)

−
(

sf − 1

4

)(
fτμ + πτ fτω

)2 − ηd

2γd
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d

−ηe

2

ϑ̃T
e �

−1
b ϑ̃e

λemax

(
�−1

e

) − ηf

2

ϑ̃T
f �

−1
f ϑ̃f

λfmax

(
�−1

f

)

−1

2
σ̃ 2

d − 1

2
σ̃ 2

e − 1

2
σ̃ 2

f + θ
≤ −κ3(A(μ)+ �k3(μ)+ �k4(μ))+ θ (74)

where κ3 = min(κ1, κ2, κ3, κ4π, κ5, κ6π, κ7π, κ8π, κ9,

κ10, κ11π, (3/2)πEI, (3/4)πEA, [(2sd − 0.5)/m], [(2se −
0.5)/m], [(2sf − 0.5)/m], [1/λdmax(�

−1
d )], [1/λemax(�

−1
e )],

[1/λfmax(�
−1
f )], εd, εe, εf , γσd, γσe, γσ f , 1).

Invoking (74), we further obtain

�̇k(μ) ≤ −κ�k(μ)+ θ (75)

where κ = (κ3/κ2). This completes the proof.
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