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Abstract—This article proposes an adaptive control for a
flexible manipulator (FM) under the influence of distributed dis-
turbances, unknown dead zones, and input quantization. First,
the hybrid effect of the unknown dead zone and input quan-
tization is formulated and represented based on some essential
transformations. Then, an adaptive robust quantized control with
online updating laws is developed to address the uncertainty of
the dead zone, ensure robustness and angle position, and dampen
the vibration in the FM system. Subsequently, the Lyapunov the-
oretical analysis is employed to ensure the bounded stability of
the system. Finally, numerical simulations and experiments with
a Quanser platform are given to further verify the feasibility and
superiority of the designed scheme.

Index Terms—Adaptive control, flexible manipulator (FM),
input quantization, unknown dead zone.

I. INTRODUCTION

FLEXIBLE manipulators (FMs) play a significant role
in numerous applications, such as those related to

manufacturing industries, medical operations, and energy
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exploitation. Therefore, relevant technologies are constantly
being developed to meet the complex situations encountered in
the operating environment [1], [2], [3]. Owing to their advan-
tages of low cost, low energy, and satisfactory flexibility, FM
is higher than that for rigid manipulators. However, the oscil-
lations caused by their flexibility and extrinsic disturbances
affect their precise positioning [4], [5]. Therefore, appropri-
ate and effective control methodologies must be developed to
achieve vibration inhibition and position tracking of FMs.

Various control technologies have been proposed to atten-
uate vibration and improve the operation accuracy of FMs.
Boundary control exhibits prominent advantages over dis-
tributed control and model reduction, such as requiring fewer
sensors and actuators and generating no spillover [6]. In
recent years, research advances in FM boundary control have
been reported. Zhang et al. [7] proposed boundary controllers
based on high-gain observers to ensure that the system states
such as the position, speed, and vibration constraints were
bounded. Liu et al. [8] presented vibration control schemes to
eliminate vibrations and perform trajectory tracking in FMs.
Facing complex circumstances, researchers have developed
more advanced control tactics. Jiang et al. [9] proposed a
switching controller to suppress the residual vibration of FMs.
In [10], a feedback controller without deformation measure-
ments was designed to address the vibration suppression of
FMs. He et al. [11] presented a learning control strategy to
realize the satisfactory transient performance of FMs.

Dead-zone nonlinearity, which acts as a static input–output
characteristic, inevitably appears when implementing control
actuators with the insensitivity to small signals, and severely
destroys the system operation [12], [13], [14]. To eliminate
undesirable influences, researchers have developed techniques
to address dead-zone nonlinearity in flexible systems. The dead
zone was separated into a desired control term and a bounded
error term in [15], and a desired control law was derived to
treat the input nonlinear dead zone in an axial strip system.
In [16], robust control strategies were developed to ensure
position tracking, vibration abatement, and dead-zone elimi-
nation in flexible robots. In [17], adaptive vibration controllers
were designed to address uncertainties and compensate for the
dead zone in flexible risers. However, the aforementioned stud-
ies focused on the dead-zone nonlinearity in flexible systems
with known dead-zone parameters; these approaches cannot
be applied to systems with unknown dead-zone parameters.

Quantization is inevitable and useful in control systems
and has garnered widespread attention as it ensures
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sufficient precision and requires a low communication
rate [18], [19], [20]. Recently, considerable progress has been
fulfilled in the quantized control of nonlinear or linear systems.
In [21], input quantization was decomposed into a new nonlin-
ear function, and fuzzy-logic techniques were used to design
a fuzzy adaptive tracking controller. In [22], a robust track-
ing control was designed using a sector-bounded quantizer to
stabilize uncertain nonlinear systems. In [23], a state estima-
tor was designed to solve the intrinsic quantization error of
the quantized state and stabilize the control performance. The
aforementioned studies were confined to designing the quanti-
zation control of ordinary differential equation (ODE) systems;
these strategies are not directly applicable to partial differential
equation (PDE) flexible systems. Recently, new advances have
been made in the quantization control for flexible systems.
Gao and Liu [24] exploited an NN to resolve the vibration
inhibition problem of a flexible wing with unknown distur-
bances and input quantization. Wang and Liu [25] presented
a relative threshold strategy in an FM system considering
communication capacity constraints during signal transmission
and communication loading. In [26], a bilateral coordina-
tion quantization control scheme was developed to realize
the stability of a leader/follower flexible system. However,
these studies were limited to the quantization control of flex-
ible systems because the unknown dead zone was neglected.
Successful solutions for the quantization control of flexible
systems have been established, but a control design for an
FM with an unknown dead zone and input quantization is yet
to be developed.

In this article, we address the vibration attenuation and
tracking control of FMs with an unknown dead zone and
input quantization. The major contributions of this study are
summarized as follows.

1) An adaptive quantized controller with online updating
laws is proposed to resolve the dead zone and uncer-
tainty compensation, stabilize the vibration and angle
position, and achieve robustness in the FM system.

2) Compared with the NN controller that suppresses the
vibration of an FM with an input dead zone in [27],
the dynamic model proposed is constructed by PDEs
that is more accurate and contains all motion modes of
the system. Furthermore, the designed strategy reduces
the convergence time of the system output state
from 5 to 2 s.

3) The system’s bounded stability is investigated using the
direct Lyapunov method, and numerical simulations and
experiments are conducted on a Quanser platform to
validate the control performance.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. System Model

A simple FM model is presented in Fig. 1. Here, z, t,
and L denote the independent space, time, and length of the
manipulator, respectively. The FM is subjected to a time-
varying disturbance F(z, t), and the control torque τ(t) arises
at the manipulator’s initial position. The displacement κ(z, t)
is deduced as κ(z, t) = α(z, t)+ zθ(t), where α(z, t) and θ(t)

Fig. 1. FM system.

denote the system’s elastic deflection and the hub’s angle posi-
tion, respectively. θd describes a desired angle in the working
environment.

Remark 1: In this article, the following notations are used
for concise expressions: (�) = (�)(z, t), (�)′ = ∂(�)/∂z,
(�)′′ = ∂2(�)/∂z2, (�)′′′ = ∂3(�)/∂z3, (�)′′′′ = ∂4(�)/∂z4,
˙(�) = ∂(�)/∂t, ¨(�) = ∂2(�)/∂t2, (�)0 = (�)(0, t), and
(�)L = (�)(L, t).

The governing equation of an FM is given by [28]

ρκ̈ = −EIα′′′′ + Tκ ′′ − cκ̇ + F(z, t) ∀z ∈ [0,L] (1)

with c, T , EI, and ρ being the damping coefficient, tension,
bending stiffness, and density of the FM, respectively.

The state α(z, t) has the following boundary conditions:

α0 = α′
0 = α′

L = 0 (2)

Tα′
L = EIα′′′

L (3)

and the kinetics of θ(t) is obtained as

Iθ̈ − EIα′′
0 − TαL = τ(t) (4)

with I denoting the FM’s hub inertia.
Assumption 1: The time-varying disturbance F(z, t) satis-

fies |F(z, t)| ≤ F̄ ∀(z, t) ∈ [0,L] × [0,+∞), with F̄ ∈ R
+ as

a constant. This assumption is deemed to be rational owing to
the finite energy of F(z, t).

B. Input Quantization

In quantization control, the common quantizers are hys-
teresis and logarithmic quantizers. In this study, we selected
the hysteresis quantizer to design the controller, which is
advantageous to avoid chattering with the more accurate quan-
tization levels. The hysteresis quantizer was described in [18]
as follows:

Q(u(t)) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uisgn(u), if ui
1+δ < |u| ≤ ui, u̇ < 0, or

ui < |u| ≤ ui
1−δ , u̇ > 0

ui(1 + δ)sgn(u), if ui < |u| ≤ ui
1−δ , u̇ < 0, or

ui
1−δ < |u| ≤ ui(1+δ)

1−δ , u̇ > 0
0, if 0 ≤ |u| < umin

1+δ , u̇ < 0, or
umin
1+δ ≤ |u| < umin, u̇ > 0

Q
(
u
(
t−

))
, if u̇ = 0

(5)
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where u(t) is the control input, ui = ε(1−y)umin with y =
1, 2, . . . , δ = (1 − ε/1 + ε) with 0 < ε < 1, umin > 0 denotes
the dead zone of the quantization output.

C. Unknown Dead-Zone Nonlinearity

The mathematical expression of the dead-zone nonlinearity
proposed is given as follows:

D(v(t)) =
⎧
⎨

⎩

g(v − l1), if v > l1
0, if l2 ≤ v ≤ l1
g(v − l2), if v < l2

(6)

where D(�) represents a dead-zone input, v(t) describes a
designed controller, g represents an unknown scale factor, and
l1 > 0 and l2 < 0 represent the width parameters of the
nonlinearity.

D. Preliminaries

The following lemmas facilitate the subsequent analysis.
Lemma 1: Let ι1(z, t), ι2(z, t) ∈ R be defined on (z, t) ∈

[0,L] × [0,+∞). Then, we then arrive at [17]

ι1ι2 ≤ �ι21 + 1

�
ι22 (7)

where � is a positive constant.
Lemma 2: If the condition ι(0, t) = 0 is satisfied, the

following inequalities hold [15]:

ι2 ≤ L
∫ L

0
ι′2dz (8)

∫ L

0
ι2dz ≤ L2

∫ L

0
ι′2dz. (9)

Lemma 3: The following inequality for (t) ∈ R has [29]:

0 ≤ |(t)| −(t) tanh

[
(t)

ψ

]

≤ ψ� (10)

with � = 0.2785 and ψ > 0.

III. CONTROL DESIGN

In this study, an adaptive robust quantized controller is con-
structed. The control method not only tracks the deflection
angle of the manipulator and suppresses the manipulator’s
vibration but also considers the nonlinear characteristics of
a dead zone with unknown parameters. Furthermore, the input
signal is hysteresis quantized to reduce the communication
burden, which makes the design of the controller more chal-
lenging. A block diagram of the proposed scheme for the FM
system is shown in Fig. 2.

A. Adaptive Robust Control

Before designing the controller, we first synthesize the
effect of the unknown nonlinearity and input quantization into
system input τ(t). Using some transforms described in [30],
we formulated the expression of τ(t) as

τ(t) = gq1(t)ud(t)+ gq2(t)+ r (11)

Fig. 2. Adaptive robust quantized control design for the FM.

where ud(t) is the desired control to be presented in the
subsequent design. q1(t), q2(t), and r are defined as follows:

q1(t) =
{

Q(ud)
ud

, if |ud(t)| ≥ d
1, if |ud(t)| < d

(12)

q2(t) =
{

0, if |ud(t)| ≥ d
Q(ud)− ud, if |ud(t)| < d

(13)

r =
⎧
⎨

⎩

−gl1, if q1(t)ud(t)+ q2(t) > l1
−gq1(t)ud − gq2(t), if l2 ≤ q1(t)ud(t)+ q2(t) ≤ l1
−gl2, if q1(t)ud(t)+ q2(t) < l2

(14)

where d is defined as the width of the dead zone for Q(ud) and
d > 0. Because the symbol is immutable in the quantization
process, we can derive that q1(t) > 0 from (12). If |ud(t)| < d,
then Q(ud) is bounded. Therefore, we know that q2(t) is
bounded, thus satisfying |q2(t)| < q̄2 with constant q̄2 > 0.
Meanwhile, according to [17, Remark 1], |r| ≤ r̄ with constant
r̄ > 0.

Remark 2: Considering the quantization factor, the expres-
sion of the control signal is more complex. If it is not
processed, it increases the difficulty in designing the con-
troller. Therefore, based on the dead-time characteristic of
quantization, we express the control signal in a simple form
through (12) and (13).

Based on the above analysis, (4) is formulated as

Iθ̈ − EIα′′
0 − TαL = gq1(t)ud(t)+ gq2(t)+ r. (15)

Let q = gq1(t) and e1 = 1/qmin, where qmin is the lower
bound of q. Similarly, e2 = gq̄2 exists. Then, we define some
estimated values ê1 and ˆ̄r of e1 and r̄, with the estimated errors
defined as ẽ1 = ê1 − e1 and ˜̄r = ˆ̄r − r̄.

Considering the organization of (15), we introduce an
auxiliary signal n(t) as

n(t) = kua(t)+ Îβθ̇(t)+ T̂αL + k1αL

+ kθ θn(t)+ tanh

[
ua(t)

o2

]

ˆ̄r (16)

with β > 0, θn(t) = [θ(t) − θd] being a tracking error, and
ua(t) = θ̇ (t)+ βθn(t).

Then, the desired controller ud(t) is designed as

ud(t) = − ê2
1n2(t)ua(t)

|ê1n(t)ua(t)| + w
(17)

where w > 0.
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We then construct the following adaptive laws as:

˙̂e1 = μ1ua(t)n(t)− μ1μ2ê1 (18)
˙̂I = μ3ua(t)βθ̇(t)− μ3μ4 Î (19)

˙̄̂r = μ5ua(t) tanh

[
ua(t)

o2

]

− μ5μ6 ˆ̄r (20)

˙̂T = μ7ua(t)αL − μ7μ8T̂ (21)

where μi > 0, i = 1, 2, . . . , 8.
Remark 3: The advantage of the proposed controller in

comparison with the existing ones is that it needs only the state
information of the deflection angle of the manipulator, and
the unmeasurable states can be estimated with the presented
adaptive laws.

B. Stability Proof

The Lyapunov function is selected as

�(t) = �1(t)+�2(t)+�3(t)+ η(t) (22)

where

�1(t) = 1

2
ρ

∫ L

0
κ̇2dz + 1

2
EI

∫ L

0
α′′2dz + 1

2
T

∫ L

0
α′2dz

(23)

�2(t) = 1

2
Iua

2(t)+ 1

2
kθ[θ(t)−θd]2 (24)

�3(t) = βρ

∫ L

0
κ̇κedz (25)

η(t) = 1

2μ1e1
ẽ2

1 + 1

2μ3
Ĩ2 + 1

2μ5

˜̄r2 + 1

2μ7
T̃2 (26)

in which κe = α + z[θ(t)− θd] and we obtain κ̇e = κ̇ .
Lemma 4: The Lyapunov function (22) satisfies

0 ≤ γ1[�1(t)+�2(t)+ η(t)] ≤ �(t)

≤ γ2[�1(t)+�2(t)+ η(t)] (27)

where γ1, γ2 > 0.
Proof: See Appendix A.
Lemma 5: The time derivative of (22) is upper bounded as

�̇(t) ≤ −γ�(t)+ ε (28)

where γ, ε > 0.
Proof: See Appendix B.
Theorem 1: For the FM system modeled in (1)–(4), adopt-

ing the constructed adaptive quantized control tactics (16)–(21)
with the initial conditions and the appropriate control gains
to satisfy inequalities (44)–(49), the following properties are
obtained, which manifests the uniformly ultimate boundedness
of the FM system.

1) The elastic offset α(z, t) is guaranteed to converge to
set �1

�1 :=
{

α(z, t) ∈ R| lim
t→∞ |α(z, t)| ≤

√
2Lε

βTγ1γ

∀z ∈ [0,L]

}

. (29)

Fig. 3. Deflection α(z, t) of the FM without control.

Fig. 4. Displacement κ(z, t) of the FM without control.

2) The tracking error eventually converges to set �2

�2 :=
{

θn(t) ∈ R| lim
t→∞ |θn(t)| ≤

√
2ε

kθ γ1γ

}

. (30)

Proof: See Appendix C.
Remark 4: In the process of stability proof, we deduced

some constraint conditions as (44)–(50) that the parameter
settings must satisfy. We first select a set of appropriate param-
eters of σ1, σ4, σ5, and β to make (44) hold. Then, we can infer
the value range of σ2 in (46). The settings of σ6, σ7, k, and k1
need to constantly adjust to satisfy the inequality (47) and (48).
Finally, the values of σ3 and kθ can be derived. During
the parameter adjusting in simulation, appropriate values of
k, k1, kθ , and β are suitably tuned until excellent transient
and steady-state performance is derived.

IV. NUMERICAL SIMULATION

Simulations were conducted to verify the control
performance of the designed strategy. Finite difference
algorithms were applied to model the operation of the
FM system. The system parameters were L = 0.419 m,
EI = 0.157 Nm2, T = 0.01 N, I = 0.0038 kg/m2,
c = 0.02 NS/m, and ρ = 0.1 kg/m [31]. The initial
vibration values of the FM were α(z, 0) = 0.5z2 and
α̇(z, 0) = 0. The existent distributed disturbance was defined
as F(z, t) = [0.6+sin(πzt)+sin(2πzt)+sin(3πzt)]×(z/100).
In the simulations, we selected the desired trajectory θd = 15◦
and the dead-zone characteristics as g = 1, l1 = 0.2, and
l2 = −0.2. The simulation results of the FM in the following
four cases were considered to analyze the dynamic process
with different schemes.

Without Control: The dynamics of the FM under no control
are depicted in Fig. 3, and it is evident that the flexible link
suffers from periodically sustained oscillations. As shown in
Fig. 4, the total deflection of the FM gradually increases with
the deflection angle as expected.

With the Proposed Control Scheme: We set the control gains
as k = 10, kθ = 90, β = 0.18, k1 = 0.1, o2 = 0.01, and
w = 0.01. Furthermore, we applied the proposed control (17)
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TABLE I
COMPARISON OF THREE CONTROL METHODS IN SIMULATION

Fig. 5. Deflection α(z, t) of the FM with adaptive quantized control.

Fig. 6. Displacement κ(z, t) of the FM with adaptive quantized control.

Fig. 7. End-point deflection of the FM.

Fig. 8. Angular position of the FM.

to the FM system. The control results obtained are shown in
Figs. 5 and 6. The deflection α(L, t) of the FM gradually con-
verges from 0.088 m to approximately 0.02 m within 1 s after
the operation and then converges to the minimal neighborhood
of 0 to reach stability. The deflection position of the manip-
ulator θ(t) tracks the neighborhood of the desired trajectory
position with a large range of motion in 1 s and finally coin-
cides with the desired trajectory. Both become stable in 3 s and
exhibit effective real-time performance. The output state vari-
ables are depicted in Figs. 7 and 9, in which κ(L, t), α(z, t),
and θ(t) are represented by a red solid line.

Fig. 9. Displacement of the FM.

With the PID Control Scheme: For comparison purposes,
we set a PID control described as u1(t) = −kp[θ(t) − θd] −
kd θ̇ (t) − ki

∫ T
0 [θ(t) − θd]dt by selecting the control gains as

kp = 20, ki = 0.01, and kd = 5. The control performance is
indicated by a green solid line in Figs. 7 and 9. The relevant
criterion of the control result is summarized in Table I. From
Fig. 7, we can conclude that this method takes twice as long to
suppress the end amplitude as the former. In position tracking,
the deflection speed of the manipulator is slightly low, and it
takes 0.69 s to track to the desired trajectory, as shown in
Fig. 8.

With the Adaptive Scheme: To highlight the superiority of
the designed controllers with an unknown dead zone and quan-
tization, we referred to [32] to set an adaptive control strategy
without considering the above-mentioned nonlinear character-
istics. The controller is described as u2(t) = −kua(t)− [k1 +
T̂(t)]α(L, t) − Î(t)βθ̇ − kθ [θ(t) − θd] by selecting the con-
trol gains as k = 1.8, k1 = 0.01, β = 0.02, and kθ = 4.7,
with adaptive laws as ˙̂T(t) = a1α(L, t)ua(t) − a1a2T̂(t) and˙̂I(t) = a3βθ̇(t)ua(t)− a3a4 Î(t). The simulation result is repre-
sented by the blue solid line in Figs. 7 and 9. It is apparent that
this method can suppress the end-point vibration as rapidly as
the proposed scheme, but the control effect of tracking the
desired position is worse than that of the above-mentioned
methods with a convergence time of 1.55 s, as shown in Fig. 8.

Furthermore, we compared the designed control signal with
the quantization input signal as shown in Fig. 10, from which
we conclude that the control signal after dead zone and quanti-
zation has superior convergence. The quantization input signal
is described in Fig. 11. Through comparison with the other
two methods, the proposed scheme is found to exhibit a fast
convergence speed and stable control accuracy. The simulation
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Fig. 10. Designed control signal and quantized control signal.

Fig. 11. Quantized control signal.

results agree closely with those of the stability analysis and
validate the feasibility of the designed quantized control.

V. EXPERIMENTAL VERIFICATION

An experimental platform was established, as shown in
Fig. 12, to further validate the proposed control strategy. The
experimental platform was originally developed by Quanser
Inc. and comprises a rotary flexible link, strain gauge, con-
troller, servomotor drive unit power, amplifier, and filter. A dc
motor rotates the flexible link in the horizontal plane, and an
installed strain gauge detects the deflection of the tip in the
end of the motor.

Before performing the experiments, we conducted a test of
the dead zone in this platform. We concluded that the actuator
did not operate when we applied an input signal from −0.2
to 0.1 V. Then, we built Simulink modules according to our
control scheme. On the physical platform, we also conducted
experiments on the other two methods mentioned in the sim-
ulation to verify the superiority of the designed strategy, and
the control effects are shown in Figs. 13 and 14. The relevant
criterion of the control result is summarized in Table II. From
Fig. 13, adopting the proposed strategy, the FM system only
takes 0.35 s to reach the neighborhood of the desired trajectory

Fig. 12. Rotary flexible link system.

Fig. 13. Angular position θ(t) with the proposed control.

Fig. 14. Tip deflection α(L, t) with the proposed control.

with almost no overshoot. From Fig. 14, compared with other
control methods, the proposed scheme can effectively suppress
the vibration of FM. Further, we can conclude from the experi-
mental processes that the proposed control better positions the
FM at the desired angle, stabilizes the offset at a small neigh-
borhood around zero, and disposes of the unknown dead zone
and quantization, verifying the validity and effectiveness of
the theory. The system control input τ(t) is shown in Fig. 15.
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TABLE II
COMPARISON OF THREE CONTROL METHODS IN EXPERIMENT

Fig. 15. Control input τ(t) with the proposed control.

VI. CONCLUSION

This article proposed an adaptive robust quantized scheme
for an FM system against the effects of an unknown dead
zone, input quantization, and external disturbances. An adap-
tive robust quantized control framework was established to
restrain the flexible vibration, cope with the unknown dead
zone and quantization, eliminate the uncertainty, and realize
localization in the FM. By decomposing the nonlinear ele-
ments of the FM system, an adaptive control law was designed
to estimate and compensate the bounded part of the non-
linearity. The designed strategy guaranteed that the elastic
deformation of the FM stabilizes to a minimal interval of
zero, and the trajectory tracking was simultaneously fulfilled.
Through analysis of the theoretical, simulation, and experi-
mental results, stable control results are effectively verified.
Future work will focus on the applicability verification when
the controlled target object is multilink FM. In addition, we
will consider the effect of the state and output quantization
problem and attempt to develop relevant control strategies in
the FM system.

APPENDIX A

Using Lemmas 1 and 2 to (25), we obtain

|�3(t)| ≤ βρ

∫ L

0
|κ̇α|dz + βρ

∫ L

0
L|κ̇[θ(t)− θd]|dz

≤ βρ(1 + L)

2

∫ L

0
κ̇2dz + βρL2

2

∫ L

0
α′2dz

+ βρL

2
θ2

n (t) ≤ χ1[�1(t)+�2(t)] (31)

where χ1 = βmax[ρ(1 + L), βL2

T ,
ρL
kθ

]. Then, we have

(1 − χ1)[�1(t)+�2(t)] ≤ �1(t)+�2(t)+�3(t)

≤ (1 + χ1)[�1(t)+�2(t)]. (32)

Considering (26) yields

γ1[�1(t)+�2(t)+ η(t)] ≤ �(t) ≤ γ2[�1(t)+�2(t)+ η(t)]

(33)

where γ1 = min[1 − χ1, 1] and γ2 = max[1 + χ1, 1],
respectively.

APPENDIX B

The time derivative of (22) is obtained as

�̇(t) = �̇1(t)+ �̇2(t)+ �̇3(t)+ η̇(t). (34)

The first term of (34) yields

�̇1(t) = ρ

∫ L

0
κ̇ κ̈dz + EI

∫ L

0
α′′α̇′′dz + T

∫ L

0
α′α̇′dz. (35)

From the dynamical model (1)–(3), integrating results in

�̇1(t) ≤ −EIθ̇ (t)α′′
0 − T θ̇ (t)αL − (c − σ1)

∫ L

0
κ̇2dz

+ 1

σ1

∫ L

0
F2(z, t)dz (36)

where σ1 > 0.
The second term of (32) yields

�̇2(t) = Iua(t)u̇
2
a(t)+ kθ θ̇ (t)[θ(t)− θd]. (37)

Combining (15) and (17) yields

�̇2(t) = ua(t)

[

EIα′′
0 + TαL + Iβθ̇(t)+ gq2(t)+ r

− gq1(t)
ua(t)ê2

1n2(t)

|ua(t)ê1n(t)| + w

]

+ kθ θ̇ (t)[θ(t)− θd]. (38)

Invoking (16) and using the substitution variables, (36) can
be rewritten as

�̇2(t) ≤ ua(t)

[

n(t)− kua(t)+ EIα′′
0 + TαL − T̂αL − k1αL

+ Iβθ̇(t)− Îβθ̇(t)− kθ [θ(t)− θd] − tanh

[
ua(t)

o2

]

ˆ̄r

− q
ua(t)ê2

1n2(t)

|ua(t)ê1n(t)| + w
+ e2 + r̄

]

+ kθ θ̇ (t)θn(t)
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≤ ua(t)n(t)− kua
2(t)+ ua(t)EIα′′

0 − ua(t)T̃αL

− ua(t)k1αL − ua(t)Ĩβθ̇(t)− kθβθ
2
n (t)

− ua(t) tanh

[
ua(t)

o2

]

ˆ̄r + w

e1
− ua(t)ê1n(t)

e1

+ ua(t)e2 + ua(t)r̄. (39)

�̇3(t) of (34) is derived as

�̇3(t) = βρ

∫ L

0
κ̈κedz + βρ

∫ L

0
κ̇ κ̇edz. (40)

Applying κe = α + zθn(t) yields

�̇3(t) ≤ −βEIθn(t)α
′′
0 − βTθn(t)αL −

(
βEI − σ2βL4

)

∫ L

0
α′′2dz −

(

βT − βcL2

σ4

)∫ L

0
α′2dz

+ (βρ + βcσ4 + βcLσ5)

∫ L

0
κ̇2dz +

(
βcL

σ5
+ σ3βL2

)

θ2
n (t)+

(
β

σ2
+ β

σ3

)∫ L

0
F2(z, t)dz. (41)

The fourth term of (34) is given by

η̇(t) = 1

μ1e1
ẽ1

˙̂e1 + 1

μ3
Ĩ ˙̂I + 1

μ5

˜̄r ˙̄̂r + 1

μ7
T̃ ˙̂T. (42)

Invoking (18)–(21) obtains

η̇(t) ≤ ua(t)ẽ1

e1
n(t)− μ2

2e1
ẽ2

1 + μ2

2
e1 − μ8

2
T̃2 + μ8

2
T2

+ ua(t)Ĩβθ̇(t)− μ4

2
Ĩ2 + μ4

2
I2 + ua(t)T̃αL

+ ua(t) tanh

[
ua(t)

o2

]

˜̄r − μ6

2
˜̄r2 + μ6

2
r̄2. (43)

By substituting (36), (39), (41), and (43) into (34), �̇(t) can
be derived as

�̇(t) ≤ −(c − σ1 − βρ − βcσ4 − βcLσ5)

∫ L

0
κ̇2dz

−
(
βEI − σ2βL4

) ∫ L

0
α′′2dz + w

e1
+ μ8

2
T2

−
[

βT − βcL2

σ4
− σ6(T + k1)L

] ∫ L

0
α′2dz + μ2

2
e1

−
(

k − T + k1

σ6
− σ7

)

ua
2(t)+ 1

σ7
e2

2 + μ4

2
I2

−
(

kθβ − βcL

σ5
+ σ3βL2

)

θ2
n (t)+ 0.2785r̄o2

− μ2

2e1
ẽ2

1 − μ4

2
Ĩ2 − μ6

2
˜̄r2 − μ8

2
T̃2 + μ6

2
r̄2

+
(

1

σ1
+ β

σ2
+ β

σ3

) ∫ L

0
F2(z, t)dz (44)

where σ2, σ3 > 0, and the gains k, kθ , k1, o2, β, and μi,
i = 1, 2, . . . , 8 are selected to satisfy the following:

ζ1 = c − σ1 − βρ − βcσ4 − βcLσ5 > 0 (45)

ζ2 = βEI − σ2βL4 > 0, ζ6 = μ2

2e1
> 0 (46)

ζ3 = βT − βcL2

σ4
− σ6(T + k1)L > 0, ζ7 = μ4

2
> 0 (47)

ζ4 = k − T + k1

σ6
− σ7 > 0, ζ8 = μ6

2
> 0 (48)

ζ5 = kθβ − βcL

σ5
+ σ3βL2 > 0, ζ9 = μ8

2
> 0 (49)

ε = w

e1
+ μ2

2
e1 + μ4

2
I2 + 0.2785r̄o2 + μ6

2
r̄2 + μ8

2
T2

+ 1

σ7
e2

2 +
(

1

σ1
+ β

σ2
+ β

σ3

)

LF
2
< +∞. (50)

Invoking (44)–(50) obtains

�̇(t) ≤ −ζ1

∫ L

0
κ̇2dz − ζ2

∫ L

0
α′′2dz − ζ3

∫ L

0
α′2dz

− ζ4ua
2(t)− ζ5θ

2
n (t)− ζ6ẽ2

1

− ζ7 Ĩ2 − ζ8ẽ2
2 − ζ9 ˜̄r2 + ε

≤ −γ3[�1(t)+�2(t)+ η(t)] + ε

≤ −γ�(t)+ ε (51)

where γ3 = min([2ζ1/ρ], (2ζ2/EI), (2ζ3/T), (2ζ4/I), (2ζ5/kθ ),
2ζ6, 2ζ7, 2ζ8, 2ζ9), and γ = (γ3/γ1).

APPENDIX C

Multiplying (28) by eγ t yields

∂

∂t

[
�(t)eγ t] ≤ εγ t. (52)

We then derive

�(t) ≤
[

�(0)− ε

γ

]

e−γ t + ε

γ
. (53)

Invoking (23) and Lemma 2 yields

1

2L
βTα2 ≤ β

2
T

∫ L

0
α′2dz ≤ �1(t) ≤ 1

γ1
�(t). (54)

Then, we obtain

|α(z, t)| ≤
√

2L

βTγ1

[

�(0)+ ε

γ

]

∀z ∈ [0,L]. (55)

We further have

lim
t→∞ |α(z, t)| ≤

√
2Lε

βTγ1γ
∀z ∈ [0,L]. (56)

Furthermore, the uniform boundedness of θn(t) is derived
as follows:

|θn(t)| ≤
√

2

kθ γ1

[

�(0)+ ε

γ

]

∀t ∈ [0,+∞). (57)

Therefore, we deduce

lim
t→∞ |θn(t)| ≤

√
2ε

kθ γ1γ
. (58)

Ultimately, the output states α(z, t) and θn(t) can be ensured
to converge to a diminutive neighborhood around 0 by appro-
priately adjusting the design parameters.
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