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Adaptive Control of a Flexible Varying-length Beam with a Translating

Base in the 3D Space
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Abstract: This paper investigates a control scheme for a variable-length beam attached to a translating base under
an unknown boundary disturbance. The axial beam motion is assumed pre-defined. A hybrid system consisting of
a gantry, a trolley, and an expandible cantilever beam attached to the trolley is considered. Two control forces are
applied to the trolley and the gantry, respectively, to position them and suppress the vibration of the beam. According
to Hamilton’s principle, a nonlinear mathematical model is developed describing the dynamics of the transverse and
lateral oscillations of the beam, trolley, and gantry. Based on this dynamic model, a robust adaptive control law is
developed to handle the closed-loop stability of the axially moving system with unknown disturbances. Stability
analysis using the Lyapunov method proves that the closed-loop system under the proposed control law is uniformly
ultimately bounded. Finally, numerical simulations verify the proposed control laws’ effectiveness.
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1. INTRODUCTION

Structures consisting of a cantilever attached to a mov-
ing base are widely utilized in various applications such
as Cartesian robots, industrial cranes [1], gantry robots
(Fig. 1), flapping-wing robots [2], and refueling machines.
A cantilever beam of elastic material is naturally flexible
because one end is not hinged. A beam with low weight
has advantages in terms of cost and mobility but becomes
more flexible. With the advantages, elastic beams have re-
ceived significant attention recently. However, in contrast
to a stiff beam with negligible vibration, the vibration of
a flexible beam becomes critical in high-speed operation.
Specifically, in such systems consisting of an elastic beam
affixed to a moving base, the motion of the base can cause
vibrations along the beam. These vibrations are negative
factors affecting the performance of the system. There-
fore, suppressing the residual vibration after maneuvering
is highly desirable. Additionally, in practice, disturbances
such as frame vibration, wind, rail friction, or vibrations
in the uncontrolled beam span (i.e., see the upper part in
Fig. 2) can affect system dynamics. Therefore, this study
targets the boundary control of the variable-length beam
attached to a translating base in the presence of an un-

known disturbance.

A flexible beam is a distributed parameter system.
Therefore, its dynamics are described by partial differ-
ential equations (PDEs) [3-6]. The dynamic behavior of
flexible cantilever beams is a classical problem researched
for several decades. In such a configuration consisting of
an elastic beam attached to a translating/rotating base, the
beam’s dynamics affect the base’s motions and vice versa
[4,5]. Early studies on this topic were published by Kane
et al. [5] and Hanagud and Sarkar [7]. Park et al. [8] in-
vestigated the dynamic characteristics of a flexible beam
mounted to a moving base, including natural frequencies
and mode shapes. Later, Park and Youm [9] conducted an
experimental study to investigate the vibrational behavior
of the beam. The control problem of distributed parame-
ter systems, whose dynamics are described by PDEs, has
been investigated in the literature [10,11]. The boundary
control technique, wherein the control input is exerted on
the PDE through its boundary conditions [12-16], is an
effective method for handling control spillover problems.
The well-posedness issue of flexible cantilever beams was
intriguingly discussed in [17-19]. A dynamic model de-
rived from the extended Hamilton principle is well-posed.
The closed-loop system is also well-posed if a feedback
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Fig. 1. Machines consisting of a cantilever beam attached
to a moving base: (a) Liquid handling robot (www.
medicalexpo.com/prod/tecan), (b) gantry manip-
ulator (www.in-diamart.com/proddetail), and (c)
drill and injection robot (https://animalab.eu/drill-
and-injection-robot-with-stereotaxic-frame-1).

beam

T Flexible

Fig. 2. Scheme of a flexible beam attached to a translating
base operating in the 3D space.

control law is derived using a Lyapunov function. Due to
space limitations, the well-posedness issue is skipped in
this paper.

The control problem of an elastic beam attached to a
moving base has also been considered. For beams attached
to a rotating base, Liu et al. [20] addressed the adaptive
neural network control of the beam attached to a rotat-
ing hub. Liu et al. [21] developed a boundary control law

for a flexible robotic manipulator system, modeled as a
varying-length beam attached to a rotating hub. Later, this
system’s asymmetric input—output constraint control was
investigated in [22]. The vibration control of the rotating
beam under external disturbance was also considered in
[23]. For the beam attached to a translating base, Park et
al. [12] proposed an input preshaping method to suppress
the single-mode vibration of the beam, whereas Shah and
Hong [24] designed an input shaping control scheme for
an underwater elastic beam mounted to a moving trolley.
Pham et al. [25] presented an experimental investigation
on the performance of various types of input shaping con-
trol for vibration suppression of a non-uniform beam with
a moving hub. Lin and Chao [26] applied an intelligent
control strategy called adaptive neuro-fuzzy control to
suppress the vibration of a beam-hub system. These stud-
ies assumed that the base moves in one direction, result-
ing in beam vibrations restricted to the 1-D plane. Zhang
et al. [27] designed a control law for a three-dimensional
cable hung from a helicopter under output constraints, and
an input backlash scheme was designed. Shah and Hong
[13] investigated the control problem of a flexible beam
in the 3D space. The authors considered a flexible beam
system in the presence of a hydrodynamic force, wherein
the base moved along a plane. According to the linear
dynamic model of the system, a robust adaptive control
scheme was developed using the Lyapunov design method
to suppress both the transverse and lateral vibrations of the
beam. Pham et al. [28] extended the control technique in
[13] to the nonlinear system and further considered the
longitudinal displacement. Additionally, systems consist-
ing of a flexible string hung from a moving base, similar
to a beam attached to a moving hub, were also considered.

The mentioned studies on beams attached to a translat-
ing base assumed that the length of the beam/string is con-
stant. In gantry manipulators, robotic arms, which can be
treated as flexible beams, can extend or retract during op-
eration. This results in changes in beam length. When the
beam length changes over time, the beam can be treated
as an axially moving beam with a time-varying length.
Axially moving systems are characterized by gyroscopic
and distributed parameter properties [29,30]. One of the
most critical studies on the dynamics of axially moving
strings/beams of variable length is that by Zhu and Ni [31].
The authors developed mathematical models of axially
moving strings/beams with a time-varying length and dis-
cussed the energy of a system during extension and retrac-
tion. They highlighted that the vibration energy of axially
moving systems with variable lengths decreases during
extension and increases during retraction. Several studies
have explored the control of axially moving systems [32].
Fung er al. [33] investigated sliding-mode control for a
flexible cable with time-varying length, In contrast, Kim
and Chung [34] introduced a boundary control law for an
elastic beam deployed by a moving base. Zhu et al. [35]
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designed a pointwise control law for the variable-length
beam/string systems considered in [31]. These studies de-
veloped control laws based on the order-reduced mod-
els described by ordinary differential equations (ODEs).
However, control design using the ODE model can result
in spillover problems [29]. Many researchers have con-
ducted studies on control design using a PDE model to
overcome these spillover problems. Kim and Hong [36]
proposed boundary control for an overhead crane with
a varying-length string attached to a translating trolley.
Later, Ngo et al. [37] extended this control scheme to ad-
dress unknown boundary disturbances. In these studies,
the uniform stability of a closed-loop system was proven
using the Lyapunov method. By using this method, the
control problem of a varying-length Timoshenko beam
mounted to translating support was addressed by Pham et
al. [38]. For the vibration suppression of flexible strings
with a time-varying length in the 3D space, Xing et al.
[39] developed a boundary control law for eliminating the
transverse, lateral, and longitudinal vibrations of a string
under an input constraint. Subsequently, Xing and Liu [40]
considered a 3D flexible cable hung from a moving trol-
ley. A boundary control law was proposed for controlling
the system’s position and vibration suppression under in-
put amplitude and rate constraints. Additionally, the Lya-
punov design method was used to determine the control
law and verify the stability of the system.

The robotic arms of Cartesian robots can be modeled
as flexible beams of variable lengths affixed to a translat-
ing base. Additionally, in the case of large-amplitude vi-
bration, dynamic tension cannot be ignored, resulting in
beam vibrations described by nonlinear PDEs. Further-
more, unknown boundaries caused by the influences of
frame vibration, rail friction, or vibrations of the uncon-
trolled beam span (i.e., see Fig. 2) may appear and af-
fect the base dynamics. Therefore, this paper proposes
an adaptive boundary control law for a variable-length
beam attached to a translating base subjected to an un-
known boundary disturbance. A nonlinear dynamic model
of the system is established using the extended Hamil-
ton principle. Accordingly, an adaptive control law with
an adaptation law is designed to handle unknown distur-
bances. Based on the Lyapunov method, the ultimate uni-
form stability of the system under the proposed adaptive
control law is proved. Finally, numerical simulations are
conducted to verify the designed control laws in two cases,
with and without disturbance.

This paper overcomes the limitations of the existing
control strategies for varying-length beams/strings that re-
quire the implementation of control inputs at the free end
of the beam/string [40]. These control strategies may be
applicable in typical scenarios. However, as seen in Figs.
1 and 2, there is no way to apply control forces at the tip
position of the end-effectors of gantry manipulators with-
out hindering the system’s operation. This paper proposes

a control strategy that directly uses the control forces ap-
plied to the base to suppress the vibrations of the beam.
The main contributions of this study are as follows:

1) Develop a novel nonlinear dynamic model of a
variable-length beam attached to a translating base in
the presence of unknown disturbance, where the cou-
pling dynamics of the transverse and lateral vibrations
and the base are considered.

2) Design an adaptive control law for handling an un-
known boundary disturbance. Additionally, the uni-
form stability of the closed-loop system is proved,
and numerical simulations are conducted.

The remainder of this paper is organized as follows: The
dynamic model of the system is presented in Section 2,
and Section 3 develops an adaptive control law. In Section
4, numerical results are provided. Finally, our conclusions
are summarized in Section 5.

2. DYNAMIC MODEL

Fig. 2 presents a flexible cantilever beam of time-
varying length /() attached to a trolley of mass M, where
the trolley translationally moves along a gantry of mass
M,. The cantilever beam is treated as an Euler-Bernoulli
beam with mass density p, cross-sectional area A, Young’s
modulus E, and area moments of inertia /, and /.. The trol-
ley and gantry are controlled by two forces, f, and f;, re-
spectively. The trolley separates the vertical beam into two
spans: The upper span and the lower span, see Fig. 2. In
most practical systems, only the vibration of the beam’s
lower span is considered. Therefore, this span is referred
to as the controlled span. The influence of the vibration
of the upper span (i.e., the uncontrolled span) on the sys-
tem is manifested by the disturbance d(z) at the trolley.
This disturbance is assumed to be bounded by an unknown
positive constant dy, (i.e., |d(f)| < dp). Additionally, we as-
sume that the beam length /(¢) is a predefined time func-
tion. Therefore, the flexible beam can be treated as an ax-
ially moving beam with a time-varying length.

Let y(¢) and z(¢) denote the position of the trolley and
the gantry, respectively. The vibrations of the beam in the
j-axis and k-axis are defined as the transverse vibration
w(x,?) and the lateral vibration v(x, ), respectively. In this
paper, y, z, and [ denote the total derivatives of y(z),z(t),
and [(¢) with respect to 7, respectively; the subscripts in
(1) and (-), are the partial derivatives of the spatiotem-
poral functions with respect to x and ¢, respectively; and
D(-)/Dt = (-); +1(-), denotes the material derivative.

According to the Euler-Bernoulli beam theory, the ki-
netic energy K and the potential energy U are derived as
follows:

1
K= %pA/ [l'2+(y'+Dw/Dt)2+(z'+Dv/Dt)2
0
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+1 '2+1M'2 (1)
m -
MM
1 /!
U:E/0 P(x,t) (Wi +v3) dx
+l/lEA(w2+v2)2dx+lEI /lw2 dx
8.0 X X 2 }"0 xx
1 L,
+7EIZ/ Vi dx, )
2 0
where m = M + M, and P(x,t) = pA(l —x)(g — ) is the

axial force [13]. The work done due to the control forces,
disturbance, and structural damping is derived as follows:

)
5W:(fy+d)6y+fz5y7cw/ W, Swdx
0

1
—cv/ v, 0vdx, 3)
0

where ¢,, and ¢, are structural damping coefficients. Ac-
cording to (1)-(3), a dynamic model of the system can be
derived using the extended Hamilton principle as follows:

I
mji+pAly'—cw/ widx + ElLwy.(0,1) = fy+d, (4)
0

Mi+pAl; —c, /0 l Vidx+ELveo(0,1) = f., (5)
PA (§+D*w/Dt?) + c,yw; — (Pwy),

—EA[wy (Wi +7)], 2+ ELwan =0, (6)
w(0,1) = w,(0,1) =0, (7
EAw(1,t) [wi(l,1) +vi(1,1)] /2 — ELwy(L,1) =0,

wi(l,1) =0, ®)
PA (24 D*v/Df*) + ¢, v, — (Pvy),

—EA [vy (Wi +3)], /24 ELVy =0, ©)
v(0,1) = v, (0,1) =0, (10)
EAvi(1,t) [wi(l,t) +vi(1,1)] /2 — ELvy(L,t) = 0,

Vi(l,t) = 0. (1)

The nonlinear PDE-ODE model in (4)-(11) describes all
the dynamics of the considered system, where the trol-
ley and gantry’s motions are represented by two ODEs in
(4) and (5), respectively, and the two PDEs and boundary
conditions in (6)-(11) describe the transverse and lateral
vibrations of the flexible beam.

3. CONTROL DESIGN

This section describes the development of boundary
control laws for feedback control using the Lyapunov de-
sign method. The control objectives are to position the
gantry and trolley and simultaneously suppress the vibra-
tion energy of the beam’s controlled span (the lower part).
Accordingly, the two control forces f, and f; applied to
the trolley and gantry are designed to guarantee closed-
loop stability.

The length of the lower cantilever beam (the controlled
span) in this paper is time-varying, but its length changes
in a pre-described manner. The mechanical energy of the
vibrating beam consists of the energies due to the trans-
verse motion, lateral motion, and longitudinal motion of
the beam. But, the energy due to the longitudinal motion
is finite due to its prescribed motion and can be omitted
from the stability analysis of the closed-loop system [36].
The following assumption and lemmas are presented for
analyzing system stability.

Assumption 1: The axial force P(x,t) is bounded as
follows:

0 SP(XJ) < Prax,
PDmin <DP(X,I)/D[ S PDmax~ (12)

Lemma 1 [41]: Let y;(x,7) € R and y»(x,7) € R be
two functions defined on x € [0, {] and ¢ € [0, o). Then,
the following inequalities hold:

V(1) (1) < Y2 (x,0) /8 + SYA (1), V3 > 0.
(13)

Lemma 2 [42]: Let y(x,7) € R be a function defined
onx € [0,/] andz € [0, o) that satisfies the boundary con-
dition y(0,7) = y,(0,7) =0, Vr € [0, o). Then, the fol-
lowing inequalities hold Vx € [0, /]:

j ! 1
/ Wz(x,t)dxglzf wf(x,t)dx§l4/ V2 (x,1)dx,

0 0 0
(14)

) [
1112(x,t)§l/ wj(x,t)dxgﬁ/ V2 (x,t)dx.  (15)
0 0

Lemma 3 [43]: If y(x,7) : [0, /] x Rt — R is uni-
formly bounded, {w/(x,f)}.co, is equicontinuous on
¢, and tlimjé”l[/(x,r)szT exists and is finite, then

—$o0
tli_>m||l/l(x, 7)[| = 0, where {y(x,t)}co,) denotes the

function y(x,7) with x € [0,]; || - || is used to de-
note the norm of an infinite dimensional vector, i.e.,

1/2
lwenl = (Jy w2 (xn)dx)

The disturbance is assumed to be a periodic function
bounded by an unknown value d,. A robust adaptive
boundary control law is developed to handle an unknown
disturbance, wherein the adaptive law is designed to es-
timate the unknown bound dy. The design procedure for
the control law is illustrated in Fig. 3. One can see that
the Lyapunov function is the summation of the system’s
mechanical energy and auxiliary functions.

V=Vi+WV+V3+ V44 Vs, (16)

where

1
Vi :pA[/O (y+Dw/Dt)* dx
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)
+/O (2+Dv/Dr) dx} /2
+(k1+1)/ol [P(wi—i—vi) /2
+EA (W2 +12) /4} dx
!
+ (ki —|—1)Ely/0 wldx/2

'l
+(k1+1)Elz/ v2dx/2, (17)
JO

Vo =my? 2+ kel [2+ M2 2+ kse? )2, (18)
1 L (Dw\’
Vi3 = —kipA — | dx
3= 58P /o (Dt)
! D
—quA/ y'(y'+ W) dx + ksye,
Jo Dt
! Dw
A y+ —
+p a|/0 w<y+ Dt)dx
! ~ Dw
+a2/0 ey <y+ Dt> dx, (19)
1 L (Dv\?
Vi = -kipA — ] dx
4=5Kp /0<Dt>

! Dv
+k1pA/ Z'<Z+> dx+ksze,
0 Dt

[ Dv
Ab +— |d
+p 1/()V<Z+Dt> X
! D
+ by /0 e, (z+ D:) dx, (20)
Vs = &dy /2. 1)

In (18)-(21), e, = y — yq and e, = z — z4q denote the po-
sition errors of the trolley and gantry, respectively. d, =
dy, — cfb is the estimation error of the disturbance. k;, k»,
k3, k4, ks, a1, az, by, by, and &, are positive coefficients.
Note that V) is the mechanical energy of the vibrations
of the axially moving beam, V, represents the mechanical
energy of the trolley and gantry, V3 and V, are the auxil-
iary functions consisting of the motions in the j-axis and
the k-axis, respectively, and Vs corresponds to the distur-
bance. As indicated above, the longitudinal energy of the
beam was omitted in (17) for simplicity. Otherwise, the
total energy after suppression of the transverse and lateral
vibrations will converge to this energy.

A robust adaptive boundary control law is proposed as
follows:

fy = (m/(m+kipAl)) [—ki (1 — pAl/m) ELw.(0,1)
— (ks + ksko/ (m+ ki pAl) — pAlks /m) e,
—key + (ki + 1)iw,(0,1)/ (g(1) + )]
—sgn(ae,/(m+kipAl) +y) dy, (22)

f. = (M/(M +kipAl)) [—ky (1 — pAL/M) ELvy(0,1)
— (ks +ksky/ (M + kypAl) — pAiks /M) e,

Dynamic model
(PDEs-ODEs)

A 4

Design an auxiliary
function Va(?)

; Construction the Lyapunov
Mechan?cal M function candidate
function Ve(f) V(0 = Velt) + Va(t)

True

Determining the time
derivative of ¥(7)

A 4

| Design boundary control laws |

Are the
parameter conditions
satisfied?,

False

Fig. 3. Design procedure for the boundary control law.

—kzy+ (ki + D)V (0,0)/ (h(t) +8,)],  (23)

where k;, i =1, 2, ..., 7 are control parameters, cfb is the
estimated value of d;, and

. k3€y . kse,

1) = —— W) =2+ —T— 24
s =y+ oar " =i o Y
o _ Jsenlle)lgl/2, ifg#0,

Y constant, if g=0,

sgn(ih)|h| /2, ifh+#0,
g, [renim Bl /2, ith 2 03)
constant, ifh=0,
The adaptive law is designed as follows:
A N 1 kipAl a .
dy=—-Cidp+— (1
(26)

where &, and &, define the adaptive gains.

Under the proposed control law, the following lemmas
and theorem are made.

Lemma 4: The Lyapunov function candidate in (16) is
upper and lower bounded as follows:

0< AW <V < LW, (27)
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where A; and A, are positive parameters and

[ l
W, :/ (Dw/Dt)zdx+/ (Dv/Dt)* dx
0 0
1 [
+/ wixdx—&-/ vfxdx—l—ei—&—e?—&-yz-i-z’z,
0 0
(28)
1 1
Wy =d?+ / (Dw/Dt)* dx+ / (Dv/Dt)* dx
0 0
1 1
+ / P (w2 +92) dx/2 + / (w2 +12) 2 dx/4
0 0
1 !
+/ w%xdx+/ vfxdx+e§+e§+y2+z'2.
0 0
(29)

Proof: See Appendix A. ]

Lemma 5: Under the boundary control laws in (22)-
(23) and adaptive law in (26), the time derivative of the
Lyapunov function candidate in (16) is upper bounded as
follows:

V< —AV +e, (30)

where € = & &d? /2 and A is a positive parameter.
Proof: See Appendix B. |
According to Lemma 5, the time derivative of V4 can be
evaluated as

V<e MV (0)+e(l—e ™)/ (31

The following inequalities are obtained based on Lemma
2 and the inequality in (31):

i
EL (ki + )w(x,1)?/2 < PEL(k; + 1) / w2 dx/2
0
<PV(r) <PV(0)e ™ +Pe(1—e™)/A, (32)

EL (ki + 1)v(x,1)*/2 < PEL (k1+1)/ v2dx/2

SPV() <PV(0)e ™ +Pe(1—e)/A, (33)
kel (1) /2 < V(1) <V(0)e ™ +e(1—e ) /A3, (34)
kel () /2 <V (1) <V(0)e ™ +e(1—e ) /A3, (35)
Edy(1)/2<V (1) <V(0)e ™ +e(1—e*)/A. (36)

The inequalities in (32)-(36) indicate that the transverse
and lateral vibrations of the beam, the position errors of
the trolley and gantry, and estimated error are uniformly
bounded. If the initial conditions are bounded, by using
(32)-(36), we can obtain

Tim w(x,1)| < /20 (AEL (ki + 1)), (37)
lim [v(x,1)| < /2% / (AEL (ki + 1)), (38)

lim le, (1)] < v/2€/Akez, (39)

lim|e.()] < /2€/ k. (40)

As shown in (37)-(40), due to the presence of the distur-
bance, the vibrations of the beam and position errors can-
not converge to zero. However, the solutions of the closed-
loop system, namely w(x,?), v(x,1), e,(t), and e.(t), are
uniformly ultimately bounded. If the design parameters
are selected such that A, ki, ko, and k4 are large, and € is
small, then the uniform ultimate boundedness region can
be arbitrarily made small near zero. Additionally, the con-
trol law is bounded. Furthermore, because the estimation
error is bounded, the boundedness of the adaptive law is
ensured. All the above results are summarized in the fol-
lowing theorem.

Theorem 1: Consider a hybrid system described by (4)-
(11) under the boundary control laws in (22) and (23) with
the adaptive law in (26). The solutions of the closed-loop
system, namely w(x,7), v(x,7), e,(¢), and e(r), are uni-
formly ultimately bounded.

Remark 1: If the disturbance is ignored, we further
conclude that the closed-loop system is exponentially sta-
ble in the sense that the transverse vibration w(x,?), lat-
eral vibration v(x,7), and position errors of the trolley and
gantry exponentially converge to zero.

The convergence of the vibration and position errors
can be proven by using Lemma 3. If the disturbance is
zero (d = 0 and d, = 0) and the initial value of the Lya-
punov function candidate, V (0), is bounded, the Lyapunov
function can be evaluated as follows:

V(1) <e MV(0) < oo. (41)

Using Lemmas 1 and 4, the following results are obtained.

1
WA (1) < P / W2, (x,1)dx < PWi (1) < PV (1)) M
0
< oo, (42)

lw(x, )| < PWi () < PV () /A < —1*V JAA,.
(43)

Inequality (42) implies that the w(x,#) is uniformly
bounded, whereas inequality (43) leads to the following
result.

llm/ () [Pt < ~1*Tim (V1) V(0)) /A
< oo, (44)

Furthermore, we also have

d|w(x,0)|? Jdi =2 /0 () Dw(x,)/Dr) dx

< Iw(x,)[I* + [1Dw (e, 1) /Dr||* < oo.
(43)

This inequality implies that w(x,¢) is equicontinuous in ¢.
According to Lemma 3, we can conclude that ||w(x,#)|| —
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0 as t — oo. Using the same approach, we can prove that
[lv(x,2)]] — O as ¢ — oo. Additionally, the convergence
of the position errors is also proven based on Barbalat’s
lemma: ey (r)|], ||e;(¢)]| — 0 as t — oo.

4. SIMULATION RESULTS

This section verifies the effectiveness of the proposed
control law through numerical simulations. Consider the
system described by (4)-(11), where the system parame-
ters are given as follows: M =8 kg, M, = 15kg, p =2,700
kg/m®, A =3x 107 m? E =69 GPa, I, = 1078 m?,
I,=5.63x10"° m?, ¢, = ¢, = 0.01 N-s/m?, and g = 9.8
m/s?. The trolley and gantry move from the initial posi-
tion y(0) = z(0) = 0 to the desired positions at y; = 4 m
and zg = 3 m, respectively. The system is influenced by a
boundary disturbance defined by d(¢) = 50sin(57xz). The
system responses are simulated using MATLAB, wherein
the finite difference method is adopted to handle the dif-
ferential equations. The space and time steps are A = 0.1
and Ar = 0.00001, respectively (i.e., & = x/I). We exam-
ine two cases for the beam: Extension and retraction. Ad-
ditionally, the control performance of the designed control
law is compared to that of the following laws proposed by
Shah and Hong [13]:

f\’(t) = _kyley(t) - ky2y(t) - ky3Wxxx(07t)7

fz(t) = *kzlez(t) - kzZZ(t) - kz3vxxx(07t)7 (46)

where ky1, ky2, ky3, k1, k;, and k3 are control gains. The
control law in [13] was developed for a flexible beam at-
tached to a translating base, where the beam length was
constant, and the axial motion of the beam was ignored.
This control law also uses the two control forces of the
trolley and gantry to position the base and suppress the
transverse and lateral vibrations of the beam.

For the extension case, the beam’s length is extended
from [y, = 1.5 m to [y = 3 m over 2 sec. Figs. 4 and
5 present the responses of the closed-loop system, where
the disturbance is ignored. From these simulation results,
we can conclude that the proposed control law in (22) and
(23) can position the trolley and gantry and significantly
suppress the vibration of the beam without disturbances.
During the extension process, the proposed control law
minimizes vibrations more effectively than the control law
proposed in [13]. However, the control law in [13] also
exhibits good control performance in this case. The vibra-
tion energy of the beam decreases during extension [28].
In other words, the axial motion of the beam in this case is
a factor suppressing the vibration energy. Therefore, even
though the control law in [13] was designed without con-
sidering the axial motion of the beam, it still effectively
suppresses the vibration. The outstanding advantages of
the proposed control law are highlighted in the retraction
case, where the beam’s length is reduced from /;,,x =3 m
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Fig. 6. Retraction case: (a) Trolley position and (b) gantry
position of the system, where the boundary distur-
bance is not considered.

to Imin = 1.5 m over 2 sec. Because the vibration energy of
the beam increases during retraction [31], the control law
in [13] cannot handle vibrations during retraction (i.e., the
red dashed lines in Figs. 6 and 7). The amplitude of the
oscillations significantly increases during the first 2 sec
(Fig. 7). In contrast, the proposed control law, which is
designed to account for both the base motion and beam
axial motion, can significantly attenuate the vibration of
the beam (i.e., the solid blue line in Figs. 6 and 7). This
result demonstrates that the designed vibration control law
is necessary to guarantee the stability of the system, par-
ticularly in the retraction case.

The robustness of the proposed control law is illustrated
in Figs. 8-13. Figs. 8 and 9 present the base positions and
beam vibrations of the system under a boundary distur-
bance d(t) during extension. The boundary disturbance
significantly affects the transverse vibration (see the sys-
tem’s responses under the control law [12]), whereas its
influence on lateral vibration is insignificant. Figs. 8(a)
and 8(b) reveal that the proposed control law addresses
the disturbance and guarantees the minimization of the
transverse and lateral vibrations of the beam, respectively.
The estimated bound of the disturbance is revealed in Fig.
10. These simulation results demonstrate the effectiveness
of the proposed robust adaptive control method in the ex-
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Fig. 7. Retraction case: (a) Transverse vibration and (b)
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Fig. 8. Extension case: (a) Trolley position and (b) gantry
position of the system, where the boundary distur-
bance is considered.
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tension case. For the retraction case, Figs. 11 and 12 re-
veal that the trolley and gantry can track the desired po-
sitions and that the transverse and lateral vibrations con-
verge to a small neighborhood around zero. In these fig-
ures, the dashed lines illustrate the bound of the signals
calculated by (37)-(40). The convergence of the bound of
disturbances is also shown in Fig. 13. Accordingly, the ef-
fectiveness of the designed boundary control method in
the retraction case is proven.
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5. CONCLUSION

This study addressed the position and vibration control
problem of a variable-length beam attached to a translat-
ing base in the presence of an unknown disturbance. A
dynamic model of a hybrid system consisting of a trol-
ley, gantry, and flexible beam of time-varying length was
developed using the Hamilton principle. To handle the un-
known disturbance, the boundary control law in (22)-(23)
and the adaptation law in (26) were designed based on the
Lyapunov design method. Under this robust adaptive con-
trol law, the closed-loop system is uniformly ultimately
bounded in the existence of the unknown disturbance. Nu-
merical simulations were performed to verify the designed
control law. The superior capabilities of the proposed ro-
bust adaptive control law for positioning control and vi-
bration suppression were apparent in the simulation re-
sults.

The proposed method was developed for a cantilever
beam with no additional mass at the tip; therefore, its ap-
plication is limited in handling the load at the tip. When
a payload at the tip is considered, the dynamics will be
more involved. The proposed method will be extended to
the varying length beam with unknown tip mass. Last but
not least, the experiment will be conducted to verify the
performance of the proposed control law.

APPENDIX A: PROOF OF LEMMA 4

Lety,i=1,2, ..., 6, be positive design parameters. Ac-
cording to Lemmas 1 and 2, terms V3 and V, can be evalu-
ated as follows:

I Dw 1 1/ Dw\?
——dx| < —Iy” / — ) d Al
/OyDtx_%er%O(Dt) X, (A.1)
1 l4 1
/ wydx| < — / W2 dx + Iy, (A2)
0 Y2 Jo
1 D l4 ) ! D 2
W—de < —/ wixdx—&—yz/ <W> dx,
o Dt % Jo o \ Dt
(A.3)

(ks +aal)ye, < (ks +anl) y* + (ks +azl) e,?,  (A.4)

I Dw 1 L/ Dw\?

——dx| < —le,? / — ] d A5
Oe}Dtx_%ey—l—%O(Dt) X, (AS5)
I Dy 1 I/ Dv\?

el < —12 / ) I A6
Othx_y4z+Y40(Dt> X, (A.6)
1 14 1
/ vidx| < = / Vo dx + 12, (A7)
0 Y5 Jo
) 4ol L/ Dy 2
v—vdx < —/ vﬁxdx+7/5/ (v) dx, (A.8)
o Dt 5 Jo o \ Dr

(ks +bal)ze, < (ks +bal) 2+ (ks +bal) e, (A9)

L Dy 1 L/ Dy \
ol < Lie? / Y ax. (A0
/OeZDt X =% e +% b (Dt) X ( )

By using (42) to (A.5), the bounds for V are obtained as
follows:

V 2 [kipA/2 = kipAyi — a1 pAy, — ar 3]
x /0 ' (Dw/Dr)dx
+ [kipA/2 — ki pAYy, — b1pAYs — by Y]
x /O | (Dv/Dr)dx

)
+ [(ky +1)EL /2 — 2a1 pAl* /5] /O W2 dx

l
+ [(ki + 1)EL/2 —2b, pAl* /4] / V2 dx
0

+[ko/2 = (ks +arl + axl [ 13)] e

4 [m/2+k pAl—ki pAl |y —a, pAYl —ks —ayl]y?

+[ka/2 — (ks +bal +bol [ 16)) €2

+ (M)2+k pAl—k pAL/ys— b1 pAYsl—ks—byl) £
> M

! 1 !
{/0 (Dw/Dt)2dx—|—/O (DV/DI)ZdJH—/0 w2 dx
1
+/ vixdx+e§+)>2+e§+z'2]
0

=MW,
V<(pPA(1+ki )2+ ki +arp)+ays)

l
X / (Dw/Drt)? dx
0
+(PA(1 +ki 2+ k1 Ya+b175) + ba¥e)

x /0 | (Dv/Dr)dx

(A.11)

!
+(k1+1)/ [P(wx2_|_vx2)dx/2
0
(w2 ,2) d /4] dx
)
+ [(ks +1)EL /2 +2a1 pAl* ) 5] /0 W2 dx

1
+ [(ky +1)EL/2 +2bypAl* /5] / V2 dx
0

+(ks+ad+al/y+k/2)e;

+ (kipAl(1+1/71) +a1pApl + ks +asl
+m/2+ pAl)y*

+ (ks + bol +bal [ Y6+ ky /2) €2

+ (kipAl(1+1/v4) +b1pAYysl + ks + byl
+M/2+ pAl)Z

! !
<l |:d~b2+ / (Dw/Dt)*dx+ / (Dv/Dt)* dx
0 0
! !
+/ P(wi+v}) dx/2+/ (W§+v§)2dx/4
0 0

1 !
+/ wixdx—&—/ vﬁxdx—l—ei—&—eg—l—yz—i—z'z}
0 0
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=L Ws, (A.12)

where

A= min{klpA/Z—klpAy] —a1pAYy, — ay s,
kipA/2 —kipAyy —bipAYs — b2,
(ki +1)EL /2 —2a,pAl* |y,
(ki +1)EL/2 = 2b1pAl* /1,
ky/2 — (ks +axl +azl /),
m/2+ pAlky(1—1/1) — a1pApl — ks — aol,
ka2 — (ks +bal + byl /%),
M [2+kipAl—kipAl [ Ys—by pAysl—ks—byl },
(A.13)
Ao =max {pA(1+ki 2+ kiyi +arp) +arps,
PA(1+ki/2+kiYa+Db1%s) +baYe,
EA(ki+1), (k1 +1),
(ki + 1)EL /2 +2a,pAl* |y,
(ky + 1)EL /2 +2b1pAl* /¥,
ks+asl +axl/vs +k2 /2,
PAL (ki +ki /i +arp+1)+ks+axl +m/2,
ks + byl +bal [ Ys + ks /2,
PAL (ki + ki /Va+b1vs+ 1) + ks +bal +M/2}.
(A.14)

If the control parameters k; (i = 1, 2, ..., 5) and design
parameters ay, a,, by, by, and ¥; (i=1, 2, ..., 6) are selected
such that

A >0, (A.15)

then 0 < LW, <V < ,W,. Therefore, Lemma 4 is
proven. |

APPENDIX B: PROOF OF LEMMA 5
Because the flexible beam is an axially moving beam of
time-varying length, the time rates of its vibration energy
Vi, and the two auxiliary functions V3 and V, should be
determined based on the Reynolds transport theorem for

a translating medium with variable length [17]. The time
rate of V, is derived as follows:

Vi =pA /0 l (y+Dw/Dt) (§+ D*w/Dt*) dx
+ pA /0 l (¢+Dv/Dt) (:+D*v/Dt*) dx
Ha 1) | [ 0F/D0 (412 dnf2
1 1
—l—/o Pw, (Dwx/Dt)dx—i—/O Pv, (Dv,/Drt)dx

1

!
+ / EA (w}/2+4v}/2) vy (Dvy/Dt)dx
0
!
+EI / Wi (DWyy/Dr) dx
0
I
+EIZ/ Vix (Dvy/Dr) dx] . (B.1)
0

By integrating by parts for the last two terms and consid-
ering the fact that (Dw/Dt), = (y + Dw/Dt),, (A.11) can
be rearranged as follows:

Vi =pA /0 : (y+Dw/Dt)(5+ D*w/Dt*)dx
+ pA /01 (z+Dv/Dt)(;+ D*v/Dt*)dx
+(k1+1>/01[wa+Ewa(w§+v%)/2
— ElLwew] (5 Dw/Di)sdx + (ky + 1) /0 '[Py
+ EAv,(W? +v?) /2 — ELvy] (24 Dv/Dr) udx

k41 /0 (DP/DE) (1 +v))dx 2

— (ki + 1) ELiIwy (0,1)* — (ky + 1) ELIv,.(0,1)%.
y
(B.2)

Substituting the dynamic model of the beam in (6) and (9)
into (A.12) and using the boundary conditions in (8) and
(11) yields

! o !
V= fcw/ wtzdxfcwl/ w,wxdxfycw/ wedx
0 0 0

1 !
+ YELwyy(0,1) — cv/ v,zdx — cvl/ Vivedx
0 0

~ e, /0 i 2E Ly (0,1)

+ky /Ol[waJrEAwX(wﬁ+v§)/27EIywm}
X (y+Dw/Dt),dx

kg /0 '[Py EAv (02 +12)/2 — ELvon]
X (z+Dv/Dt)dx

k41 /0 |(DP/DE) (1 +v))dx 2

— (ki + DELIw2,(0,t) — (ki + ) ELIVE(0,1).
(B.3)

By using the dynamic model of the trolley and gantry,
(A.13) can be rewritten as

! I
V) = —CW/ wtzdx—cwl/ wthdx—i—)'lfy—my)'i—pAlyz
0 0

l . Z .
fcv/vlzdxfcvl/v,vxdx+z'foMz'prAlz'2
0 0
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1
+k / [Pw, + EAw, (w? +12)/2
0

1
— ELwy] 5+ Dw/Dt)ydx + ki / [Py,
0
+ EAv,(W? +v%) /2 — ELv] (2 + Dv/Dt) dx
1
+ (ki +1) / (DP/Dt)(w? +12)dx/2
0

— (ki + DELIw2.(0,) — (ki + 1)ELIVZ(0,1)
+yd. (B.4)

The time rate of V, can be calculated using the time deriva-
tive as follows:

Vz = myy+k2eyy+MZZ+k4ezz (BS)
The time rate of V5 is derived as follows:
I
V3 = klpA/ (y+Dw/Dt)(y+D2w/Dt2)dx+k1pAlyy
0
+ (ki AL+ k3 + anl)y* + ks e,

.l
+pAar / (Dw/Dt)2dx
JO

!
+pAa1/ w(3+ D*w/Dt*)dx
0
_ !
+arleyy+ (pAay +az)/ y(Dw/Dt)dx
0

I
—|—a2/ ey(y'—l—Dzw/th)dx. (B.6)
0

By substituting the equation of motion corresponding
to the transverse vibration in (6) into (B.1) and integrating
by parts, (B.1) can be rewritten as follows:

I I
Vi = —klycw/ w,dx—klcw/ W,zdx
0 0

N 9
—klcwf/ wowydx +ky / [+ Dw/Dt)(Pwy
0 Jo

+ EAWX(W)ZC + Vz)/z - Elywm)x]dx + k3)".ey

+ k] pAlyy + (klpAl + k3 + (121))32

1 !
+ pAa; / (Dw/Dt)*dx — ¢,y / ww,dx
0 0

1 !
fal/ Pw)zcdxfalEA/ w2 (w? +v2)dx/4
0 0
_ 1
+azle),y—a1EIy/ wﬁxdx
0
1
+ (pAay +az) / ¥(Dw/Dr)dx
0

!
_ cwaz/ eywdx/pA+ are,EI,w.(0,1)/pA.
0
(B.7)

Similarly, the time rate of V, is obtained as follows:

! 1
Vy= fklz'cv/ vtdx—klcv/ vtzdx
0 0

9] 1
—klcvl'/ v,vxdx—i—kl/ [(z+Dv/Dt)(Pvy
0 0

+ EAv, (W +v2) /2 — ELvyy ) )dx
+ k1 pALZZ + (ki pAl + ks + byl)Z?

1
+ ksze, + pAb, / (Dv/Dt)*dx
Jo

i i
—cvbl/ vv,dx—bl/ Pv)zcdx
0 0
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fblEA/ V2(wW2 4+v2)dx/4 4 byle 2
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—blEIz/ V2 dx
0
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+(pAb1+b2)/0 Z(DV/D[)dx
I
—cvbz/ evidx/pA+bre,Elv,.(0,t)/pA.
0
(B.8)

From (A.14), (A.15), (B.2), and (B.3), and the dynamic
model corresponding to the trolley and gantry, the time
derivative of V can be derived as follows:

V=V, +V,+V,, (B.9)
where
Vi, = kse,d /m+ (kipAl/m+1)yd
—(k1+1)cw/o'l w2dx/2
[k +1)en/2 — pAay] /O ' (Dw/Dr)dx

falEIy/Ol w2 dx

+k EL(1— pAl/m)ywy(0,1)

+ (k2 — kapAl /m)eyy + (1 + ki pAl /m)yf,
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+El(arey/pA—ks/m)eywi(0,1)
+kseyfy/m— (ki + 1)ELIw? (0,1)
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+k1cw(pAl/m—1)/yw,dx
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—[(ky +1)c,/2 — pAby] /O : (Dv/Dr)*dx

+ K EL(1 — pAl/M)2v,(0,1)

+ (ks — kspAl/M)ez
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Jo 0
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0 0
(B.12)
We now evaluate V,,, V,, and V,,,. Let & (i =1, 2, ..., 10)
be the positive design parameters. By applying Lemmas 1
and 2 to the terms in (B.5), V,, can be evaluated as follows:

VW < —CW[—61k1(1 —pAl/m) — 63611
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(B.13)

Under the boundary control law in (22) and adaptation law

in (26), (B.8) can be rewritten as follows:
Ve < —cy[(ky +1)/2 = 81k (1 — pAl/m) — 83a

— Silks /m—ax/pA] /Ol w2dx — [(ky +1)cy /2

!
— pAar — 8 (pAar +a»)] /0 (Dw/Dr)dx
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— (ki + 1)EL|gl|iwz,(0,1)/(2|g| +sgn(lg)g)
+818a2dy /2 - 8182dy /2 6180dy /2. (B.14)

V, can be evaluated similarly. Additionally, we have
V,, < —2min (a1, b) /OIP (W2 +12) dx/2
_min(al,bl)/olEA (W2 +12) dx/4.  (B.15)
Noted that [w,(0,7)?|gl|/(2|g| + sgn(ig)g) > O and
v (0,8)2|hi| /(2| h] + sgn(ik)h) > 0. According to (B.9)

and (B.10), if the control and design parameters are se-
lected to satisfy

a k3 kiks pAl
@ B kb PAY g (B6
(pA m) m—|—k|pAl< m ) , (B.16)
by ks kiks 17p7Al =0, (B.17)
pA M) M+kpAl M

M—&kl (1_’);1“> — &a

2
& %—Z—Z >0, (B.18)
(klzr D sk (1 - ply> — &b
+ 8o %_% >0, (B.19)
then V can be evaluated as follows:
V< —1W, +&, (B.20)

where € = & &d?2 /2 > 0 and

A = min{(k1 e /2 — pAar — 8 (pAar + @),
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2min(ay,by),

(ki +1)ey/2 — pAby — 8;(pAb; + bs),
§1&/2,
alEIy—alcwl4/53—(k1+1)(cw[2+ﬁamax)lz/2,
biEL—c,bil*/8&— (ki +1)(col* +Pomax)1* /2,
ke — ki (PAI + ¢l /8)(1 — pAl/m) — ks — asl
+ pAl — (pAa; +a2)l/ 8 — asi| 8,

kg — ki (pAl +¢,1/86) (1 — pAl /M) — ks — byl
+ pAl — (pAby + by)1 /8 — byl 810,

k3 3k ;
— pA
m+ ki pAl (k2 ot kpal P lk3/m>
— (cwlks —maa|l/84mpA+asli] / 55),

ks ksks .
— 2kt ——L— — pAiks/M
M+k1pAl<4+M+k1pAl pAlks/ )

~ (eulks — Mbalt/&:MpA+ bl 510) ). (B.21)

The control gains and design parameters are selected to
satisfy the following condition:

A3 > 0. (B.22)
By using Lemma 4 and (B.15), V can be evaluated as
follows: V < —AV + ¢, where A = A3/4,. Accordingly,
Lemma 5 is proven.

CONFLICT OF INTEREST

The authors declare that there is no competing financial
interest or personal relationship that could have appeared
to influence the work reported in this paper.

REFERENCES

[1] K.-S. Hong and U. H. Shah, Dynamics and Control of In-
dustrial Cranes, Springer, Singapore, 2019.

[2] H. Huang, W. He, J. Wang, L. Zhang, and Q. Fu, “An all
servo-driven bird-like flapping-wing aerial robot capable of
autonomous flight,” IEEE/ASME Transactions on Mecha-
tronics, vol. 27, no. 6, pp. 5484-5494, 2022.

[3] J.-S. Huang, R.-F. Fung, and C.-R. Tseng, “Dynamic
stability of a cantilever beam attached to a transla-
tional/rotational base,” Journal of Sound and Vibration,
vol. 224, no. 2, pp. 221-242, 1999.

[4] G.-P. Cai, J.-Z. Hong, and S. X. Yang, “Dynamic analy-
sis of a flexible hub-beam system with tip mass,” Mechan-
ics Research Communications, vol. 32, no. 2, pp. 173-190,
2005.

[5] T. R. Kane, R. R. Ryan, and A. K. Banerjeer, “Dynamics
of a cantilever beam attached to a moving base,” Journal
of Guidance, Control, and Dynamics, vol. 10, no. 2, pp.
139-151, 1987.

[6] W. Yao, Y. Guo, Y. F. Wu, and J. Guo, “Robust adaptive
dynamic surface control of multi-link flexible joint manip-
ulator with input saturation,” International Journal of Con-
trol, Automation, and Systems, vol. 20, no. 2, pp. 577-588,
2022.

[7] S. Hanagud and S. Sarkar, “Problem of the dynamics of a
cantilevered beam attached to a moving base,” Journal of
Guidance, Control, and Dynamics, vol. 12, no. 3, pp. 438-
441, 1989.

[8] S. Park, W. K. Chung, Y. Youm, and J. W. Lee, “Natural
frequencies and open-loop responses of an elastic beam
fixed on a moving cart and carrying an intermediate lumped
mass,” Journal of Sound and Vibration, vol. 230, no. 3, pp.
591-615, 2000.

[9] S. Park and Y. Youm, “Motion of a moving elastic beam
carrying a moving mass-analysis and experimental verifi-
cation,” Journal of Sound and Vibration, vol. 240, no. 1,
pp- 131-157, 2001.

[10] D. Wu, T. Endo, and F. Matsuno, “Exponential stability of
two Timoshenko arms for grasping and manipulating an
object,” International Journal of Control Automation and
System, vol. 19, no. 3, pp. 1328-1339, 2021.

[11] K. Yang and L. Zhao, “Command-filter-based backstep-
ping control for flexible joint manipulator systems with
full-state constrains,” International Journal of Control, Au-
tomation, and Systems, vol. 20, no. 7, pp.2231-2238, 2022.

[12] S. Park, B. K. Kim, and Y. Youm, “Single-mode vibration
suppression for a beam—mass—cart system using input pre-
shaping with a robust internal-loop compensator,” Journal
of Sound and Vibration, vol. 241, no. 4, pp. 693-716, 2001.

[13] U. H. Shah and K.-S. Hong, “Active vibration control of a
flexible rod moving in water: Application to nuclear refu-
eling machines,” Automatica, vol. 93, pp. 231-243, 2018.

[14] Y. Liu, X. Chen, Y. Mei, and Y. Wu, “Observer-based
boundary control for an asymmetric output-constrained
flexible robotic manipulator,” Science China Information
Sciences, vol. 65, no. 3, pp. 1-3, 2022.

[15] M. A.Eshag, L. Ma, Y. Sun, and K. Zhang, “Robust bound-
ary vibration control of uncertain flexible robot manipula-
tor with spatiotemporally-varying disturbance and bound-
ary disturbance,” International Journal of Control, Au-
tomation, and System, vol. 19, no. 2, pp. 788-798, 2021.

[16] Y.Liu, F. Guo, X. He, and Q. Hui, “Boundary control for an
axially moving system with input restriction based on dis-
turbance observers,” IEEE Transactions on Systems, Man,
and Cybernetics: Systems, vol. 49, no. 11, pp. 2242-2253,
2018.

[17] Z.Han, Z. Liu, W. Kang, and W. He, “Boundary feedback
control of a nonhomogeneous wind turbine tower with ex-
ogenous disturbances,” IEEE Transactions on Automatic
Control, vol. 67, no. 4, 1952-1959, 2021.

[18] A. Tavasoli, “Well-posedness and exponential stability of
two-dimensional vibration model of a boundary-controlled
curved beam with tip mass,” International Journal of Sys-
tems Science, vol. 49, no. 13, pp. 2847-2860, 2018.


https://doi.org/10.1109/TMECH.2022.3182418
https://doi.org/10.1109/TMECH.2022.3182418
https://doi.org/10.1109/TMECH.2022.3182418
https://doi.org/10.1109/TMECH.2022.3182418
https://doi.org/10.1006/jsvi.1998.2112
https://doi.org/10.1006/jsvi.1998.2112
https://doi.org/10.1006/jsvi.1998.2112
https://doi.org/10.1006/jsvi.1998.2112
https://doi.org/10.1016/j.mechrescom.2004.02.007
https://doi.org/10.1016/j.mechrescom.2004.02.007
https://doi.org/10.1016/j.mechrescom.2004.02.007
https://doi.org/10.1016/j.mechrescom.2004.02.007
https://doi.org/10.2514/3.20195
https://doi.org/10.2514/3.20195
https://doi.org/10.2514/3.20195
https://doi.org/10.2514/3.20195
https://doi.org/10.1007/s12555-020-0176-x
https://doi.org/10.1007/s12555-020-0176-x
https://doi.org/10.1007/s12555-020-0176-x
https://doi.org/10.1007/s12555-020-0176-x
https://doi.org/10.1007/s12555-020-0176-x
https://doi.org/10.2514/3.20429
https://doi.org/10.2514/3.20429
https://doi.org/10.2514/3.20429
https://doi.org/10.2514/3.20429
https://doi.org/10.1006/jsvi.1999.2631
https://doi.org/10.1006/jsvi.1999.2631
https://doi.org/10.1006/jsvi.1999.2631
https://doi.org/10.1006/jsvi.1999.2631
https://doi.org/10.1006/jsvi.1999.2631
https://doi.org/10.1006/jsvi.2000.3198
https://doi.org/10.1006/jsvi.2000.3198
https://doi.org/10.1006/jsvi.2000.3198
https://doi.org/10.1006/jsvi.2000.3198
https://doi.org/10.1007/s12555-020-0075-8
https://doi.org/10.1007/s12555-020-0075-8
https://doi.org/10.1007/s12555-020-0075-8
https://doi.org/10.1007/s12555-020-0075-8
https://doi.org/10.1007/s12555-020-0810-1
https://doi.org/10.1007/s12555-020-0810-1
https://doi.org/10.1007/s12555-020-0810-1
https://doi.org/10.1007/s12555-020-0810-1
https://doi.org/10.1006/jsvi.2000.3307
https://doi.org/10.1006/jsvi.2000.3307
https://doi.org/10.1006/jsvi.2000.3307
https://doi.org/10.1006/jsvi.2000.3307
https://doi.org/10.1016/j.automatica.2018.03.048
https://doi.org/10.1016/j.automatica.2018.03.048
https://doi.org/10.1016/j.automatica.2018.03.048
https://doi.org/10.1007/s11432-019-2893-y
https://doi.org/10.1007/s11432-019-2893-y
https://doi.org/10.1007/s11432-019-2893-y
https://doi.org/10.1007/s11432-019-2893-y
https://doi.org/10.1007/s12555-020-0070-0
https://doi.org/10.1007/s12555-020-0070-0
https://doi.org/10.1007/s12555-020-0070-0
https://doi.org/10.1007/s12555-020-0070-0
https://doi.org/10.1007/s12555-020-0070-0
https://doi.org/10.1109/TSMC.2018.2843523
https://doi.org/10.1109/TSMC.2018.2843523
https://doi.org/10.1109/TSMC.2018.2843523
https://doi.org/10.1109/TSMC.2018.2843523
https://doi.org/10.1109/TSMC.2018.2843523
https://doi.org/10.1109/TAC.2021.3071021
https://doi.org/10.1109/TAC.2021.3071021
https://doi.org/10.1109/TAC.2021.3071021
https://doi.org/10.1109/TAC.2021.3071021
https://doi.org/10.1080/00207721.2018.1526348
https://doi.org/10.1080/00207721.2018.1526348
https://doi.org/10.1080/00207721.2018.1526348
https://doi.org/10.1080/00207721.2018.1526348

[19]

(20]

(21]

(22]

(23]

[24]

(25]

(26]

[27]

(28]

[29]

(30]

(31]

(32]

Adaptive Control of a Flexible Varying-length Beam with a Translating Base in the 3D Space

K. J. Yang, K.-S. Hong, W. S., Yoo, and F. Matsuno,
“Model reference adaptive control of a cantilevered flex-
ible beam,” JSME International Journal Series C Mechan-

ical Systems, Machine Elements and Manufacturing, vol.
46, no. 2, pp. 640-651, 2003.

Y. Liu, X. Chen, Y. Wu, H. Cai, and H. Yokoi, “Adaptive
neural network control of a flexible spacecraft subject to in-
put nonlinearity and asymmetric output constraint,” /EEE
Transactions on Neural Networks and Learning Systems,

vol. 33, no. 11, pp. 6226-6234, 2021.

Y. Liu, Y. Mei, H. Cai, C. He, T. Liu, and G. Hu, “Asym-
metric input-output constraint control of a flexible variable-
length rotary crane arm,” IEEE Transactions on Cybernet-
ics, vol. 52, no. 10, pp. 10582-10591, 2022.

Y. Liu, W. Zhan, M. Xing, Y. Wu, R. Xu, and X. Wu,
“Boundary control of a rotating and length-varying flexible
robotic manipulator system,” /[EEE Transactions on Sys-
tems, Man, and Cybernetics: Systems, vol. 52, no. 1, pp.
377-386, 2022.

Y. Liu, Y. Fu, W. He, and Q. Hui, “Modeling and observer-
based vibration control of a flexible spacecraft with exter-
nal disturbances,” IEEE Transactions on Industrial Elec-
tronics, vol. 66, no. 11, pp. 8648-8658, 2018.

U. H. Shah, K.-S. Hong, and S.-H. Choi, “Open-loop vibra-
tion control of an underwater system: Application to refuel-
ing machine,” IEEE/ASME Transactions on Mechatronics,
vol. 22, no. 4, pp. 1622-1632, 2017.

P.-T. Pham, G.-H. Kim, Q. C. Nguyen, and K.-S. Hong,
“Control of a non-uniform flexible beam: Identification of
first two modes,” International Journal of Control, Au-
tomation, and Systems, vol. 19, no. 11, pp. 3698-3707,
2021.

J. Lin and W. S. Chao, “Vibration suppression control of
beam-cart system with piezoelectric transducers by decom-
posed parallel adaptive neuro-fuzzy control,” Journal of Vi-
bration and Control, vol. 15, no. 12, pp. 1885-1906, 2009.

J. Zhang, Y. Liu, Z. Zhao, T. Zou, and K.-S. Hong, “Vibra-
tion control for a nonlinear three-dimensional suspension
cable with input and output constraints,” IEEE Transac-
tions on Systems, Man, and Cybernetics: Systems, vol. 52,
no. 12, pp. 7821-7832, 2022.

P. T. Pham, Q. C. Nguyen, M. Yoon, and K.-S. Hong, “Vi-
bration control of a nonlinear cantilever beam operating in
the 3D space,” Scientific Reports, vol. 12, no. 1, 13811,
2022.

K.-S. Hong, L.-Q. Chen, P.-T. Pham, and X.-D. Yang, Con-
trol of Axially Moving Systems, Springer, Singapore, 2022.

P.-T. Pham and K.-S. Hong, “Dynamic models of axially
moving systems: A review,” Nonlinear Dynamics, vol. 100,
no. 1, pp. 315-349, 2020.

W.D. Zhu and J. Ni, “Energetics and stability of translating
media with an arbitrarily varying length,” Journal of Vibra-
tion and Acoustics, vol. 122, no. 3, pp. 295-304, 2000.

K.-S. Hong and P.-T. Pham, “Control of axially moving
systems: A review,” International Journal of Control, Au-
tomation and Systems, vol. 17, no. 12, pp. 2983-3008,
2019.

(33]

(34]

[35]

(36]

(37]

(38]

(39]

(40]

[41]

[42]

[43]

725

R. F. Fung, J. H. Lin, and C. M. Yao, “Vibration analysis
and suppression control of an elevator string actuated by a
PM synchronous servo motor,” Journal of Sound and Vi-
bration, vol. 206, no. 3, pp. 399-423, 1997.

B. Kim and J. Chung, “Residual vibration reduction of a
flexible beam deploying from a translating hub,” Journal
of Sound and Vibration, vol. 333, no. 16, pp. 3759-3775,
2014.

W. D. Zhu, J. Ni, and J. Huang, “Active control of translat-
ing media with arbitrarily varying length,” Journal of Vi-
bration and Acoustics, vol. 123, no. 3, pp. 347-358, 2001.

C.-S. Kim and K.-S. Hong, “Boundary control of container
cranes from the perspective of controlling an axially mov-
ing string system,” International Journal of Control, Au-
tomation and Systems, vol. 7, no. 3, pp. 437-445, 2009.

Q. H. Ngo, K.-S. Hong, and I. H. Jung, “Adaptive control of
an axially moving system,” Journal of Mechanical Science
and Technology, vol. 23, no. 11, pp. 3071-3078, 2010.

P.-T. Pham, G.-H. Kim, and K.-S. Hong, “Vibration control
of a Timoshenko cantilever beam with varying length,” In-
ternational Journal of Control, Automation, and Systems,
vol. 20, no. 1, pp. 175-183, 2022.

X. Xing, J. Liu, and Z. Liu, “Dynamic modeling and vibra-
tion control of a three-dimensional flexible string with vari-
able length and spatiotemporally varying parameters sub-
ject to input constraints,” Nonlinear Dynamics, vol. 95, no.
2, pp. 1395-1413, 2018.

X. Xing and J. Liu, “Vibration and position control of
overhead crane with three-dimensional variable length ca-
ble subject to input amplitude and rate constraints,” IEEE
Transactions on Systems, Man, and Cybernetics: Systems,
vol. 51, no. 7, pp. 4127-4138, 2021.

C. D. Rahn, Mechanical Control of Distributed Noise and
Vibration, Springer, New York, 2001.

G. H. Hardy, J. E. Littlewood, and G. Polya, Inequalities,
Cambridge University Press, Cambridge, 1959.

K.-S. Hong and J. Bentsman, “Direct adaptive control of
parabolic systems: Algorithm synthesis and convergence
and stability analysis,” IEEE Transactions on Automatic
Control, vol. 39, no. 10, pp. 2018-2033, 1999.

Phuong-Tung Pham received his B.S. and
M.S. degrees in mechanical engineering
from Ho Chi Minh City University of
Technology (HCMUT), Vietnam, in 2016
and 2018, respectively, and a Ph.D. degree
from the School of Mechanical Engineer-
ing, Pusan National University, Korea, in
2022. Currently, he is working as an As-
sistant Professor at HCMUT, Vietnam. His

research interests include nonlinear control, adaptive control, vi-
bration control, computer vision, and artificial intelligence.


https://doi.org/10.1299/jsmec.46.640
https://doi.org/10.1299/jsmec.46.640
https://doi.org/10.1299/jsmec.46.640
https://doi.org/10.1299/jsmec.46.640
https://doi.org/10.1299/jsmec.46.640
https://doi.org/10.1109/TNNLS.2021.3072907
https://doi.org/10.1109/TNNLS.2021.3072907
https://doi.org/10.1109/TNNLS.2021.3072907
https://doi.org/10.1109/TNNLS.2021.3072907
https://doi.org/10.1109/TNNLS.2021.3072907
https://doi.org/10.1109/TCYB.2021.3055151
https://doi.org/10.1109/TCYB.2021.3055151
https://doi.org/10.1109/TCYB.2021.3055151
https://doi.org/10.1109/TCYB.2021.3055151
https://doi.org/10.1109/TSMC.2020.2999485
https://doi.org/10.1109/TSMC.2020.2999485
https://doi.org/10.1109/TSMC.2020.2999485
https://doi.org/10.1109/TSMC.2020.2999485
https://doi.org/10.1109/TSMC.2020.2999485
https://doi.org/10.1109/TIE.2018.2884172
https://doi.org/10.1109/TIE.2018.2884172
https://doi.org/10.1109/TIE.2018.2884172
https://doi.org/10.1109/TIE.2018.2884172
https://doi.org/10.1109/TMECH.2017.2706304
https://doi.org/10.1109/TMECH.2017.2706304
https://doi.org/10.1109/TMECH.2017.2706304
https://doi.org/10.1109/TMECH.2017.2706304
https://doi.org/10.1007/s12555-020-0913-8
https://doi.org/10.1007/s12555-020-0913-8
https://doi.org/10.1007/s12555-020-0913-8
https://doi.org/10.1007/s12555-020-0913-8
https://doi.org/10.1007/s12555-020-0913-8
https://doi.org/10.1177/1077546309104184
https://doi.org/10.1177/1077546309104184
https://doi.org/10.1177/1077546309104184
https://doi.org/10.1177/1077546309104184
https://doi.org/10.1109/TSMC.2022.3165586
https://doi.org/10.1109/TSMC.2022.3165586
https://doi.org/10.1109/TSMC.2022.3165586
https://doi.org/10.1109/TSMC.2022.3165586
https://doi.org/10.1109/TSMC.2022.3165586
https://doi.org/10.1038/s41598-022-16973-y
https://doi.org/10.1038/s41598-022-16973-y
https://doi.org/10.1038/s41598-022-16973-y
https://doi.org/10.1038/s41598-022-16973-y
https://doi.org/10.1007/s11071-020-05491-z
https://doi.org/10.1007/s11071-020-05491-z
https://doi.org/10.1007/s11071-020-05491-z
https://doi.org/10.1115/1.1303003
https://doi.org/10.1115/1.1303003
https://doi.org/10.1115/1.1303003
https://doi.org/10.1007/s12555-019-0592-5
https://doi.org/10.1007/s12555-019-0592-5
https://doi.org/10.1007/s12555-019-0592-5
https://doi.org/10.1007/s12555-019-0592-5
https://doi.org/10.1006/jsvi.1997.1102
https://doi.org/10.1006/jsvi.1997.1102
https://doi.org/10.1006/jsvi.1997.1102
https://doi.org/10.1006/jsvi.1997.1102
https://doi.org/10.1016/j.jsv.2014.04.004
https://doi.org/10.1016/j.jsv.2014.04.004
https://doi.org/10.1016/j.jsv.2014.04.004
https://doi.org/10.1016/j.jsv.2014.04.004
https://doi.org/10.1115/1.1375809
https://doi.org/10.1115/1.1375809
https://doi.org/10.1115/1.1375809
https://doi.org/10.1007/s12555-009-0313-6
https://doi.org/10.1007/s12555-009-0313-6
https://doi.org/10.1007/s12555-009-0313-6
https://doi.org/10.1007/s12555-009-0313-6
https://doi.org/10.1007/s12206-009-0912-4
https://doi.org/10.1007/s12206-009-0912-4
https://doi.org/10.1007/s12206-009-0912-4
https://doi.org/10.1007/s12555-021-0490-5
https://doi.org/10.1007/s12555-021-0490-5
https://doi.org/10.1007/s12555-021-0490-5
https://doi.org/10.1007/s12555-021-0490-5
https://doi.org/10.1007/s11071-018-4635-x
https://doi.org/10.1007/s11071-018-4635-x
https://doi.org/10.1007/s11071-018-4635-x
https://doi.org/10.1007/s11071-018-4635-x
https://doi.org/10.1007/s11071-018-4635-x
https://doi.org/10.1109/TSMC.2019.2930815
https://doi.org/10.1109/TSMC.2019.2930815
https://doi.org/10.1109/TSMC.2019.2930815
https://doi.org/10.1109/TSMC.2019.2930815
https://doi.org/10.1109/TSMC.2019.2930815
https://doi.org/10.1109/9.328823
https://doi.org/10.1109/9.328823
https://doi.org/10.1109/9.328823
https://doi.org/10.1109/9.328823

726 Phuong-Tung Pham, Quoc Chi Nguyen, Junghan Kwon, and Keum-Shik Hong

Quoc Chi Nguyen received his B.S. de-
gree in mechanical engineering from Ho
Chi Minh City University of Technology
(HCMUT), Vietnam, in 2002, an M.S. de-
gree in cybernetics from HCMUT, Viet-
nam, in 2006, and a Ph.D. degree in
mechanical engineering from the Pusan
National University, Korea, in 2012. Dr.
Nguyen was a Marie Curie FP7 postdoc-
toral fellow at the School of Mechanical Engineering, Tel Aviv
University, from 2013 to 2014. He is currently an Associate
Professor at the Department of Mechatronics, HCMUT. Dr.
Nguyen’s current research interests include nonlinear systems
theory, adaptive control, robotics, distributed parameter systems,
computer vision, and artificial intelligence.

Junghan Kwon received his B.S. and
M.S. degrees in naval architecture and
ocean engineering from Seoul National
University, Seoul, Korea, in 2008 and
2010, respectively. He was a Research En-
—— gineer with the Daewoo Shipbuilding and
N Marine Engineering (DSME) from 2010 to
‘uﬁ / m 2016. He received a Ph.D. degree in me-
chanical engineering from Seoul National
University in 2021. After working at Harvard Microrobotics Lab
as a Postdoctoral Researcher, he joined the School of Mechan-
ical Engineering at Pusan National University as an Assistant
Professor. His research interests include robotics, control, and
advanced manufacturing.

Keum-Shik Hong received his B.S. de-
gree in mechanical design and production
engineering from Seoul National Univer-
sity in 1979, his M.S. degree in mechani-
cal engineering from Columbia University,
New York, in 1987, and both an M.S. de-
gree in applied mathematics and a Ph.D.
in mechanical engineering from the Uni-
versity of Illinois at Urbana-Champaign in
1991. He was with the School of Mechanical Engineering, Pusan
National University during 1993-2022, and is a Professor Emer-
itus since 2022. His Integrated Dynamics and Control Engineer-
ing Laboratory was a National Research Laboratory designated
by the Ministry of Science and Technology of Korea in 2003. In
2009, under the auspices of the World Class University Program
of the Ministry of Education, Science, and Technology of Ko-
rea, he established the Department of Cogno-Mechatronics En-
gineering, PNU. He holds a Distinguished Professorship from
the Institute For Future, School of Automation, Qingdao Uni-
versity, Qingdao, China. He is an IEEE Fellow, a Fellow of the
Korean Academy of Science and Technology, an ICROS Fellow,
a Member of the National Academy of Engineering of Korea,
and many other societies. Dr. Hong served as Associate Editor
of Automatica (2000-2006) and an Editor-in-Chief of the Jour-
nal of Mechanical Science and Technology (JMST, 2008-2011)
and the International Journal of Control, Automation, and Sys-
tems (IJCAS, 2018-2022). He was a past President of the In-
stitute of Control, Robotics and Systems (ICROS), Korea, and
the Asian Control Association (2020-21). He was the Organiz-
ing Chair of the ICROS-SICE International Joint Conference
2009, Fukuoka, Japan. Dr. Hong received the Presidential Award
of Korea (2007) and the Service Merit Medal of Korea (2022)
from the Korean government. His academic awards include the
Best Paper Award from the KFSTS of Korea (1999), the F. Ha-
rashima Mechatronics Award (2003), the IICAS Scientific Ac-
tivity Award (2004), the ICROS Achievement Award (2009), the
1JCAS Contribution Award (2010, 2011, 2020), the Premier Pro-
fessor Award (2011), the IMST Contribution Award (2011), the
IEEE Academic Award (2016), etc. His current research inter-
ests include brain-computer interface, nonlinear systems theory,
adaptive control, distributed parameter systems, autonomous ve-
hicles, and innovative control applications in brain engineering.

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.



