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Observer-Based Relative-Output Feedback
Consensus of One-Sided Lipschitz Multi-Agent
Systems Subjected to Switching Graphs

Muhammad Ahsan Razaq

Abstraci—This article addresses a multiple Lyapunov
functions approach for investigating an observer-based
protocol for the consensus of nonlinear multiagent systems
(MASSs). Consensus protocol designs using relative-output
feedback are developed by considering leader-following
consensus and one-sided Lipschitz nonlinearity (OSL)
under switching topologies. Switching occurrences are
modeled using a relaxed average dwell time constraint.
Consensus protocol designs have been provided for
switching communication topologies that have a perma-
nent or frequent directed spanning tree (DST) with respect
to the leader. In contrast to conventional methods, a more
practical and complicated output feedback approach for the
consensus of OSL agents under switching topologies has
been addressed. In addition, the scenario of frequent DST
in a switching network is addressed for the first time to
the best of our knowledge for the observer-based control
protocol for MASs with OSL nonlinearities. Numerical sim-
ulations are provided for MASs to confirm observer-based
protocol’s proficiency at synchronization under switching
graphs.

Index Terms—Leader-following consensus, multiple Lya-
punov functions, observer-based control, one-sided Lips-
chitz condition, switching topology.

[. INTRODUCTION

N THE consensus control of multiagent systems (MASs),
a protocol has been designed that can help several agents
work together to reach an agreement on certain objectives. In
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real situations, consensus schemes are applied in flocking and
formation controls and have several applications such as the
coordination of unmanned vehicles, attitude alignment, robotic
systems, oscillators, military operations, and rescue operations
[1]. A survey of consensus control, its applications, and conver-
gence analysis for achieving an agreement was provided in [2]. A
framework for consensus under directed graphs with uncertainty,
the efficiency of switched systems, and spectral properties of
topologies were examined in [3].

Due to the nonlinear nature of MASs, several works have
been studied addressing the nonlinear effect: The event-triggered
control of interconnected nonlinear systems was presented in
[4] where an optimal control problem was solved by providing
a cost function for each subsystem. The global consensus for
Lipschitz MASs via the relative-state feedback by addressing
robustness against communication links for a consensus region
approach was discussed [5]. This work was further extended
for input delay constraint in [6], for cyber-physical systems in
[7], and LPV approach for adaptive distributed consensus [8].
One-sided Lipschitz (OSL) nonlinearity deals with a larger set of
functions than Lipschitz nonlinearity. Consensus methods on the
agreement of OSL systems were addressed in [9] for distributed
consensus under directed graphs, in [10] for adaptive distributed
consensus subject to undirected communications, and in [11] for
input saturation with leader-following topologies.

It is worth noting that none of the aforementioned works on
the consensus control of the nonlinear systems has discussed
the role of switching topologies for attaining agreement. The
work in [12] studied the consensus of linear systems with
varying communication links, which was extended in [13] for
the Lipschitz MASs. The consensus of OSL systems under
switching topologies, based on local relative-state information,
was recently reported in [14]. Multiple Lyapunov functions
(MLFs) were adapted to attain a broader range of solutions for
switching graphs in linear MASs [15]. A common disadvantage
of these exceptional methods [5]-[15] is the consideration of
state feedback rather than the output feedback realization, and
we cannot readily access the information of all states, which can
lead to an impractical scenario for state feedback. Accordingly,
observer-based consensus controllers can play a vigorous role
by estimating states through observers and using a relative of
estimated states, rather than the actual ones for feedback.
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To overcome the drawback of the unavailability of agents’
states, consensus protocols have been developed using observers
and relative outputs. An output-feedback formation control of
linear MASs was presented in [16]. The observer-based consen-
sus of linear MASs with disturbance rejection was examined
in [17], and the work was extended to switching networks
in [18]. Output feedback agreement in Lipschitz MASs under
switching networks was explored in [19] for under a perma-
nent directed spanning tree (DST). As far as OSL systems are
concerned, nonlinear observers [20], observer-based controllers,
and observer-based consensus protocols [21] have been designed
in the existing literature. The work of [21] designed a con-
sensus protocol under switching topologies by highlighting the
intermitted control paradigm. Notwithstanding, output feedback
controllers for attaining an agreement between OSL MASs
under switching networks have not been extensively reported
in the previous work. The role of relative-output consensus
control in providing a remedy for the violation of a DST in
communication topology in addition to straightforward design
methods is lacking in existing studies.

Previous works [22]-[24] considered the controls of clas-
sical switching problems by analyzing the switching of linear
and Lipschitz-type nonlinear matrices. These classical theories
cannot be straightforwardly extended to the consensus control
of switching systems. The consensus control problem consid-
ers multiple agents with a switching communication topol-
ogy, rather than matrices appearing in the system dynamics.
Therefore, it needs specifically designed Lyapunov functions
to deal with the switching graphs along with the knowledge of
graph theory and the nature of network switching. The proposed
consensus control approach employs communications of agents’
outputs and estimated states through observers for implement-
ing the proposed control law. It can increase the load on the
communication network due to the transmission of both signals.
In [23], an approach was described using only the exchange of
outputs among agents. This approach is computationally simple
in implementation and requires fewer communication resources
for transmitting feedback information. However, the approach
restricts agents’ input and output matrices. In addition, such
approaches are difficult in the computation of controller gains
and can be vulnerable to measurement noise. Observer-based
control methods are dynamic in nature and can filter the effects
of unwanted signals while estimating states and using them as
feedback.

In this work, novel methods for the observer-based consensus
protocol realization by the application of MLFs are explored
for nonlinear OSL agents under switching networks. Consensus
protocol designs for the tracking of the leader by followers under
switching networks are discussed, and matrix inequality-based
solutions are developed to find the controller and observer gains.
Two cases with respect to DST in a graph topology are addressed
in this study. In the first scenario, it is assumed that a permanent
DST exists in all switching topologies for all time. Meanwhile,
the second case addresses a more practical situation for the con-
sensus of MASs to deal with the violation of a DST and assumes
the existence of a frequent (rather than permanent) spanning tree
in the communication topology. Moreover, a relaxed switching

constraint, namely, the ADT condition, is utilized in this work for
both control situations. The existing method in [21] is limited to
the permanent DST with dwell time consideration and does not
consider all scenarios of OSL and quadratic inner-boundedness
(QIB) parameters. In addition, Chu et al. [21] considered a slow
switching topology whereas we have accounted for the arbitrary
switching topologies. The proposed consensus controller de-
signs are obtained by considering information about the sign of a
combination of OSL and QIB parameters. Cone complementary
linearization methods can be used to ascertain a realistic solution
to the unpretentious matrix inequalities provided in our methods.
Compared to [19], the presented approach is applicable to a
larger class of nonlinear systems by employing more advanced
MLFs and average dwell time (ADT) methodologies, provides
a condition for heterogeneous agents (see Appendix A), and
renders a way of dealing with the switching graphs in different
agents. Moreover, Wen et al. [19] do not consider the case of a
topology having a frequent DST. The main contributions of this
article are as follows.

1) Anobserver-oriented consensus that uses MLFs and ADT
methods for the leader-following scenario of OSL MASs
under switching topologies with a permanent DST with
respect to the leader has been revealed.

2) The proposed approach has been protracted to switching
topologies without verifying a permanent DST due to
communication faults and data losses. To the best of our
knowledge, a relative-output feedback consensus under
a frequent DST that is applicable to any combination of
topologies with or without a DST has been probed for the
first time for OSL nonlinear agents.

3) The concern of heterogeneous MASs due to the noniden-
tical nature of agents has also been catered for a more
hardheaded observer-based control scenario.

Several complexities are considered in this work. First, it deals
with the consensus of generalized Lipschitz nonlinear MASs, in
which the design is complicated by different bounds and various
parameter settings. Second, the observer-based consensus of
nonlinear agents requires the computation of both the consensus
controller and observer gains, in addition to the coupling pa-
rameters. Thus, the well-known separation principle cannot be
applied in this case. To deal with this scenario, two independent
terms are considered to verify the stability with some bounds.
Third, this work applies MLFs and ADT, which are advanced
concepts in the consensus control theory, requiring several Lya-
punov functions, exponential analysis, Lyapunov redesign, and
averaging methods. Fourth, the consideration of frequent DST
requires the analysis of two MLFs to investigate and combine
the stability and instability margins in order to ensure the overall
stability of the consensus error. To epitomize the efficiency of
our work, simulations comprised of six agents are presented for
mobile systems and aircraft.

A column vectoris ¢ € R™ andam x nmatrixis ) € R™*",
where R defines real numbers. The dot product between two
vectorsis (¢, a), and the Kronecker product is denoted by @ ® A.
The positive definiteness of a matrix 7" is denoted as 7' > 0, and
a semipositive matrix is represented as T > 0. Anin(Q) gives
the minimum eigenvalue of Q.
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Il. SYSTEM DESCRIPTION

Let the Oth agent be a leader and 1, ..., N be the followers
for a total of N + 1 agents. The relations for the ¢th agent are

¥ (1) = Ax; (t) + Bu; (t) + C (2 (t) , 1)
y; (t) = Dxz; (t),i=0,1,..., N (D

where the ith agent’s state, output, and control input are de-
noted as z;(t) € R", y;(t) € RY, and u;(t) € RP, respectively.
The nonlinear dynamics are represented by ¢ (x;(t),t). A,C €
R™™ B e R™P and D € R?”™ are time-invariant compo-
nents, and u(¢) = 0 is taken throughout this work.
Assumption 1: ¢ (x;(t),t) with p € R satisfies

(W (w,8)=(z,1)) " (w=2) < p(w—2)" (w—2) Vw, z € R,
2
Assumption 2: (x;(t),t) for e, € R validates

(& (w,t) = (2,0)" (¢ (w,t) =9 (2,)) < e(w = 2)"

X (w—2)+nw—2)" (¥ (w,t) —¢(z,t) Yw,z € R™.
3)

The OSL and QIB conditions in Assumptions 1-2 [that is,
(2)-(3), respectively] cover a broader range of nonlinearities
than the simple Lipschitz condition [14]. The later inequality
is needed in the controller or observer synthesis due to its
characteristics. The parameters p, 7, and € can be positive,
negative, or zero, which expands the solution’s feasibility re-
gion. For a Lipschitz nonlinear function, the OSL constant p
in (2) can provide a smaller or equal value than the corre-
sponding Lipschitz constant. Therefore, we can design a less
conservative observer-based controller employing OSL non-
linearity with the support of the QIB condition. Employing
the Cauchy—Schwarz inequality, we can prove that Lipschitz
is a subset of the OSL inequality (v)Te < pele = |1/)Te|2 <
PTpele < p\eTe|2 = T4p < peTe). Furthermore, substitut-
ing 7 = 01in QIB (3) results in a simple Lipschitz condition. The
limitation of (2)—(3) is that the design includes more parameter
computations and complex computational design. To further
clarify this, suppose f(x) is an OSL function. Considering
two dynamics & = f(z) and Z = f(Z), we desire to attain
synchronization between these systems. Given e = z — I, we
have ¢ = f(z) — f(&). For energy function V = 0.5¢Te, we
attain V = é¢Te = (f(x) — f(£))" (x — &) , which represents
the rate of energy change, on the left-hand side of the OSL con-
dition. To have a stable system, we require Vv < 0, which indi-
cates (f(z) — (@) (x — %) < p(z — &))" (x — &) < 0 under
the OSL condition. Hence, the OSL condition represents a bound
on the rate of energy change of the synchronization manifold.

The interaction between MASs is shown via§ = (V, &), with
collection of N + 1 nodes via V' and edges via & A transfer
of information from node v; to v; is denoted by the edge
ei; = (v;,v;). A condition (e;; = ej;) is true for undirected
graphs, but not necessarily true for directed graphs. If infor-
mation can be transferred from node v; to v; using intermedi-
ate nodes vy,,% = 1,2,...,(, then there exists a directed path
from v; to v;. If the node v; can transfer information to all
other nodes using directed paths, then the graph owns a DST

with respect to the node v;. The adjacency matrix is A(t) =
[ai;(£)] (N 11)x (v 1)- For as; > 0, we have e;; € & Laplacian
matrix & = [li;] n 41y, (nv41) can be partitioned as

0 0%
x’l?(t) — [ N (4)

IO

For the time intervals [t,,t,11),q € N, with ¢; =0, 7 >
tq+1 —tq > 7 > 0, 7 symbolizes the conventional dwell time.
The switching instances are taken to be ¢, t2, ..., and we can
show it using a piecewise signal ¥(¢) : [0, +00) — {1,...,m}.
In practice, ADT is used as it has fewer constraints than the sim-
ple dwell time on the switching instance; it can allow switching
to occur at different time instances. The ADT approach relaxes
the switching constraint.

Definition 1: The parameter 7, > 0 is called the ADT for
9(t) if the following inequality holds for Y, > 0

Yo (1,1) Yo+ ((t = 7)/7a) , YVt > 7 >0 5)

where Yy (7, t) depicts the number of switching instances for
¥(t) in (7,t) and Y, > 0 denotes the chatter bound.

Since we do not have access to the states of nodes, we need
observers for agents. The observer dynamics are given as

Ti (t) = A& (t) + Bu; (t) + C (2 (1) , 1)
+ayay (OF (5 (6) = 6, (1)
§=0

¥; (t) = Dz, (t),
where the ith observer agent’s state is Z;(t) € R", the output is
denoted as 7;(t) € RY, and the nonlinear dynamics are given as
¥(2;(¢),t). The constant « and matrix F' € R™*? are unknown
parameters and are needed to be encountered. The signal 0;(¢)
is defined as the error between the outputs of the observer and
system

i=1,...,N (©6)

6 (t) =0 (t) —yi (t) = D (%i (t) — 24 (1)) . @)

In contrast with the conventional observers, the proposed
observer (6) incorporates OSL nonlinearity, switching param-
eters due to a?j(t)
observers.

Assuming that the leader’s state is known as it has to act as
a reference signal for the followers and that the leader gets no
information from its followers, we select Zo(t) = z((t). The
control protocol for the agreement between OSL systems is

(t), and information regarding ¢;(¢) from other

N
ui () = sK > al” (8) (& (t) = : (1) ,i=1,....N (8)
j=0

where s is the coupling constant and K € RP*™ is the pro-
tocol. If we define z(t) = [« (t) --- x%(t)}Tand (t) =
[Z] () - i%(t)}T, then substituting (8) into (1) and using
the Kronecker product, we obtain

2 9(t)

i (t) = (IN®A)x(t)—s(% ®BK)§(t)

+(INn@C)E(x(t),t). )
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Similarly, substituting (8) into (6) leads to

2 9(t)

B0 = (xo a0 -s (8o 8K) i)

+Iye O @E WM, ) —a (2" e F)sw 0

SoR]" ) = [aTw) s 0],
= [0 &1, TEW,0 = [$T@ 0,0 - ¥7
(@En (). 0], and E(x(t),)=[p"(@1(t).t) 0T (@n (D),

t)]T. Let us define the error between the states of agents
and the leader as e;(t) = z;(t) — zo(t) and the error be-
tween agents’ and observers® states as €;(t) = x;(t) — Z;(t).
With the error vectors as e(t) = [ef (t) -+ - e%(t)]Tand é(t) =

[er@) - e5]",
~ 9(t)

(iﬂ(t) ® BK):% (t) = (x

where () = [07 (¢) -
Aﬁ(t)

we can find that

® BK) (e(t) —&(t)).
By using the relations Q(z(t),t) = Z(x(t),t)— 1y @ ¢
(xo(t),t) and O(xz(t),t) = E(x(t),t) — T(&(t),t), the deriva-
tives of e(t) and é(¢) can be obtained as
Et)=[Ivoa—a(2" @ rD)|e)
+(InNn®C)O(x(t),t)

é(t) = [(1N®A)—s (J@ﬂ‘””@BK)} e (t)y+s (i‘”“@BK)

Y

12)

XE(t)+(IneC)Q(x(t),1). (13)
Combining (12)~(13) and é(t) = [&7(t) e (¢)]", we have
é(t) = Aé(t) + (Tan @ O) P (€ (1) 1) (14)

- 1N®A—a(sl‘9“)®FD) 0
B s (ﬁlﬂ(t) ® BK) (In®A) —s (5&”“) ® BK)
s (360

s)

Assumption 3: The graphs gﬁ(” € g always have a DST
with respect to agent 0, where § = {G!, gmym > 1.

We need to find the parameters o > 0, s > 0, ' € R™*9, and
K € RP*" for observer-based protocol (6) and (8) to attain con-
sensus for the nonlinear MASs (1) under switching topologies.

I1l. OBSERVER-BASED CONSENSUS CONTROL DESIGN

Two cases are discussed in this section; the first deals with
consensus in MASs with switching graph topologies that per-
manently have a DST and the second considers the frequent
occurrence of a DST in graph topologies.

A. Consensus Control Under Permanent DST

Here, we find the parameters of observer-based protocol de-
sign for the consensus of systems (1) under switching networks.

Knowing ug(t) = 0,Vt > 0, and (1), we obtain
To (t) = Auxy (t) + C’Lﬂ(.’];‘o(t), t). (16)

The followers (1) (i = 1,...,N) are required to track the
leader dynamics (16). We consider a fundamental leader-
following consensus problem with zero input at the leader, which
can provide a way for dealing with nonzero input at the leader,
similar to the error boundedness criterion in Appendix A.

Theorem 1: Under Assumptions 1-3 for constants v; > 0,
vg >0,¢1>0,v3>0,v4>0,c0>0,5>0,7>0 and positive-
definite matrices M € R™*", J € R™*", suppose that a solution
to inequality (17) along with any equation in (18)—(20) with
respect to different scenarios of a scalar vsp + v4e exists for

= ﬂe] + JA + ATJ — ClDTD + Q(Ulpln + ’Ugé‘[n), XQ =
YM + AM + M AT — c;BBT, =JC — v, +vanl,,

Xy =C —vsM +vimM, and X5 = M+/2vspl,, + 2v4el,
X; X3
[ . 21}21.”} <0. a7
Xy Xy X
i) Ifogp+wve >0, | * —2v4l, 0O <0. (18)
* * —1,
Xy Xy
i) If vgp + v4e =0, <0. (19)
* —2’[)4In
Xo—U X4
i) If vgp + v4e < O, <0 (20)
* —2u4l,

where U = —2MT£113@LL + v4el, )M, and A, = min;—;
Amin (&' + (D7)~ 1(a"*”f) ®%). ® can be selected via

~ 4 ~ ;. T
ot — § Iny if L +(X)
>, otherwise,

>0,

..,,1; .,,1: T . . .
YIE () Y >0,5 > eIy, < Iy (2D

where 0 < g; < 1, which defines the conservatism index of
the solution. Then, the protocol (8) ensures consensus of
nonlinear agents (1) with K = BTM~', F = J'DT, o>
c1/Ao,and s > ca /A, for 7, > In(k,)/min{3,~}, where k, =
max; je{1,..., m},i;éj{Amax{(ﬁl}/lmin{éj}}

Proof: We take MLFs for (12) and (13) as

(t) (qﬁ“) ® J) &)+t (1) (@W) ® M*l) e ().
(22)

V(t)=éT

The time-derivative of (22) results in

V(t)=A+ A (23)

9(t)

A =éT(1) (970w (JA+ATT) ~20 ("2 2 FD))

& () + 287 (1) (qﬁ(t) ® Jc) O(x(t),t) (24

9(t)

A =2seT (1) (qﬂ(“x ® M‘lBK) &(t) + € (t)

x (cbﬁ“)@ (M1A+ ATMY)
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= 9(t)

~2s (qﬁ(f)x ® M*lBK)) e (t)

+2¢7 (1) (qﬁ(” ® M—lc) Q(x(t),1). (25)

We shall separately investigate the upper bounds on A and A.
Using F' = J~ DT and a > ¢; /A, from (24), we attain

A<l (@) (qﬁ(“ ® (JA+ AT - chTD)> &(t)

+ 267 (1) (qﬁ(f) ® Jc) O (z(t),1). (26)

Using (2) and (3), we can derive the following relationships:
20,0z (1), )" (qﬁ“) ® In) &)

— 2 pe(t)” (qﬁ(” ® In) E(t) <0 27)
20,0(z (1), )" (qﬁ(t) ® In> O (z(t),t) — 2vse8(t)”

X (qﬁ(t) ® In> & (t) — 2vamé(t)”

x (<1>19<t> ® In) O (z(t),t) <0. (28)

Adding (26)-(28), it yields

A<éT() (<I>’9(t) ® (X — ﬁj)) é(t)+2e7 (1) ((I)W) ® X3>

% O(x(t) , t) — 200z (t) ,t)T(qﬁ(t) ® In) O(z(t) , ).

(29)
For Z = [&T(t) O(x(t),t)" ]T, (29) is arranged as
A<z” [‘pﬁ(zft%gf /) 72?:;)19%};? IJ Z. (30)
For 0 < /3 < f3, one attains
A< (ﬁ + B) & (1) (qﬁ(t) ® J) O
if (17) holds. Using (2) and (3) reveals that
203z (1) ,1)" (qﬁ“) ® In) &)
— 2uspé(t)T (@19“) ® In> et <0 (32)

200z (1) ,1)7 (qﬁ(t) ® In) Q(x(t),1) — 204ee(t)”
x (qﬁ(f) ® In) & (t) — 2uamé(t)”

X ((I)”(t) ® In) Q(x(t).t) <0. (33)

Applying Xg =M 1A+ ATM1 —coM'BBT M~ +
2u4el, + 2vspl,, X7 = M~ C+uvgnl,—v3l,, K = BT M1,
s > c2 /Ao, (32) and (33) into (25), we obtain

~9(t)

A < 2seT (1) (qﬂ%& ® M—lBBTM—l) & (t)

el (1) (q>“’<t>®x6) e(t) +2¢7 (t) (qﬁ@ ® X7> Q

x (2(t) 1) — 200 x Q(a(t) ,t)T(qﬂ%“ ® In) Qx(t) ).
(34)

Taking T = [e7 () Qx(£),1)" ], (34) leads to

UM @ X

') @ X
vt a
PV @ XT

—2040Y® @ I,
+2se” (¢) (cbﬂ(t)iﬁ(” ® M*lBBTM*) (). (35)

€
Under 0 < 7 < v, one can attain

A< 2se” (1) (270" 0 MU BBTM ) 2 (1)

— (A e (1) (@70 @ M) e (1) (36)

if any of (18)-(20) hold, which can be attained using the
congruence transformation of diag(M, I,), the Schur comple-
ment for v3p + v4e > 0, substituting v3p 4+ v4e = 0 and using
U= —2M7T(v3pl, + v4el, )M for vsp + vse < 0. Using (31)
and (36) into (23) leads to

V(t)<—BeT(¢) (qﬂ%f) ® J) &(t)—yel (1) (cpﬂ(f) ® M’l)e(t)

Loty | B © et Z™ @ MHBBTM |
] _ 5000 @ ML -
(37
To make | 50 ® T 158" 0Z" @ M1 BBT M

—APY® @ M1 ] =
0, we take the Schur complement and knowing that —3®7(") ®
M~1 < 0. As a result, we reach

*

- - T
5?0 @ g > L(sqﬁ(t)sam) ® M—lBBTM—l)

% (,?(I)ﬂ(t) ® M71)71 (S(I)ﬁ(t)iﬁ(t) ® MABBTMA) _
(38)

- T _
As (s0°WZ"" @ M1BBTMY) (5870 @ M)

(s0?®%"Y @ M~IBBTM-1) > 0and § ®°®) @] >0,
we obtain that all the eigenvalues of (3 V") @ J)~1 (sd?(*)
#2"Ve MTBBTM YT (3070 @ M) (s07® 2" g
M~1BBT M~1) are real and not less than zero. We can define

a parameter ¢ such that

S/ (20 1)

min
4 T
x <s<1>13< ®M’1BBTM*1)

x (50 @ M) (s0'& @ M BBTM )} (39)

According to (39), (38) holds and we attain

V()< —min{g,v}V(t).

For the interval (0,¢), the number of switching occurrences
can be given as Yy (4 (0, t) for a piecewise signal ¥)(t). Switching

(40)

Authorized licensed use limited to: Pusan National University Library. Downloaded on December 25,2022 at 04:19:40 UTC from IEEE Xplore. Restrictions apply.



1880

IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 9, NO. 4, DECEMBER 2022

instances are t=, = =1,...,Yy)(0,2). For = > 1, V() <

1,
/1})/’9(‘)(0’t)e’ min{37}Y7(0); using Definition 1, this leads to

V(t) <ee In(ro) o —(min{B,y}—(In(ro)/7a)) min{B, v}t/ (0).
(4D

We require min{/3, v} — (In(x,) /) > 0, which makes our
ADT constraint 7, > In(k,)/min{j3,v}. We choose ¢ at random
and (41) yields that consensus is achieved, i.e., e(t) — 0 as
t — oo. U

Remark 1: Consensus control of one-sided Lipschitz agents
using distributed algorithms has remained a topic of concern as
seen in [9] and [10]. An agreement between OSL systems for
dealing with switching topologies has been emphasized in [14].
An observer-based consensus of linear switching networked
systems has been considered in [18]. In this article, we tackle the
issue of observer-based consensus of more generic OSL systems
in a switching network, by application of less restrictive MLFs
methodology and provide design methods for finding parameters
for our control and observer protocols, based on the output
feedback.

Remark 2: In [19], an observer-based control protocol is
designed for systems that have Lipschitz nodes and switching
topologies using MLFs. The drawback of this method is that it
uses Lipschitz nonlinearity, while one-sided Lipschitz functions
cover a broader category of nonlinearities. In Theorem 1, we use
OSL and QIB constraints, both of which cover a more general
systems’ class than the traditional one. The OSL condition can
also be applied to provide less conservative controllers because
OSL constants can have a smaller magnitude than Lipschitz
constants.

Remark 3: In [14], the consensus of OSL MASs linked in a
switching network was explored. The drawback of this work is
that it used relative state feedback rather than an output feedback
scheme, which makes it difficult to implement due to sensor
constraints. Another issue with the work is that it does not use the
MLFs approach that would facilitate the establishment of less
conservative controllers. In addition, it provides a dwell time
that needs to be strictly followed. Realistically, it is difficult to
control the time of switching instances, so the ADT solution
is implemented in our study. In Theorem 1, we provide the
MLFs approach to solve the observer-based consensus of OSL
MASs and provide ADT that makes implementing the developed
protocol less conservative and more realistic.

Remark 4: The use of MLFs and ADT is an advanced
subject in the consensus control under switching graphs. For the
present scenario, MLFs theory has been employed by accounting
for both consensus and state estimations errors by taking the
matrix ®Y®). In the dynamics (14), both the consensus error
and estimation error are coupled. Furthermore, separation of in-
equalities for the observer and consensus controller is required to
estimate a tractable upper bound on the derivative of MLFs. The
other factors on OSL nonlinear dynamics and observer-based
consensus control also affect the upper bound on the MLFs.
Finally, the nonlinearity bounds in (27)—(28) have been shaped
to achieve the elimination of ®”(!), The ADT approach is based
on MLFs, which can be used to relax the switching of networks.

A variant of the proposed approach in Theorem 1 is provided
in Appendix A to deal with heterogeneous portions of agents.

B. Consensus Control Under Frequent DSTs

In this subsection, consensus control is designed for systems
where there is a break in the communication links between
agents, resulting in topologies frequently possessing a DST with
respect to the leader. To recover the failures of links between
agents, communication reinstatement protocols are applied. A
graph topology with a DST present is usually required for con-
sensus control, but it cannot be ensured due to communication
failures. Therefore, considering a graph with frequent DST
is more practical than always having a DST in the topology.
This results in a less conservative option that also includes the
permanent DST case.

Assumption 4: G°® is split into G € {G',...,G™} and
G e {gmTl ... g™}, where the former set has a DST and the
latter set lacks a DST, where m < m and m € N.

Let Ty, (t) and T, (t) denote the total time for which the

graph topology is from the sets § and §, respectively. The
following assumption has been affirmed for these times.
Assumption 5: T, (t) < poT4, (£) YVt > tg, po > 0,8, > 0.
Theorem 2: Under Assumptions 1, 2, 4, and 5 for
scalars v; > 0,v9 > 0,v3 > 0,v4 > 0,¢7 > 0,¢c0 > 0,8 > 0,
B2 >0, v1 >0, and 2 > 0 and the matrix inequalities are
given as M > 0,.J > 0, suppose that a solution to inequalities
(42) and any of scenarios i, ii, and iii with respect to different
cases of scalar vsp+vse exist for [[, = JA+ ATJ +
2(v1ply, +v2ely,) — a1 DTD + B1J, ([, =JA+ AT T +2
(v1ply, + veel,) — adoDTD — Bod, 1] =AM + MAT +
MM — c;BBT, ; =JC —uvil, +vonl,, [[,=AM+

MAT — oM — s2,BBT, [[s=C —v3M +vmM, and
H7 = v/ 21}3[)[71 + 2U4€InM
L 1IIs [ IIs
[ *  —2u9l, <0, x —2vol,, <0 (42)
1) If vgp + v4e > 0, then
II; IIs I I, IIs I
* =241, O <0, * —2u4l, O <0.
* * -1, * * -1,
(43)
2) If vsp + v4e = 0, then
s Il [l Ils
|: * *21}4]" S 0, * 721}4]” S 0. (44)
3) If vsp + v4e < 0, then
[I;-U Ils [L-U Tl
{ * —2u41,, <0, * —2u41, <0
where U = —2M" (v3pl,, + v4el,) M.
(45)
. i a1~ T
Wecandetermine)to:minhl,_.ﬁ/lmin(%u(@l) 1(5@) o)

o "i . ~ 7 T A .
and A, = min—z 1. mAmin( + (1) (E") 1), and &'
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can be computed by solving the following condition:

e i ~i\T
|, lfx+(y;) >0,

' = ‘
' otherwise,
. ~i .,,1; T . . .
g+ (5& ) NS 0,5 > 0N, S < Iy (46)
where the conservatism index for i=1,...,m is 0<¢&;

<1 and IT = (1/m) 3™, . Then, the protocol (8) ensures
that nonlinear agents (1) for K = BTM~' F = J'D” o >
c1 /;lo and s > ¢ /io achieve consensus with ADT given as
7A—aA > ln(/%o){min{ﬂhfyl} for A, = ma'Xi,je{l,...,m},i;&j{/lmax
{@°} Amin{®7}}, 1o < (min{B1, 11} — In(&o) /7a)/ (max{p2,
Y2} +1n(Ro)/7a).

Proof: Suppose that the communication between agents
of the graph § € §U § changes over time via the switch-
ing signal J(t) : [to, +00) = {1,...,7 + 1},where 9(t) €

{1,...,7m} € G are topologies with DST present and 9(t) =

m +1 € § represents graph topology with absent DST. Let
&M+l — 1T and constructing MLFs for ¢ > 0 as

V() =&T(t) (<I>19<t> ® J) &(t)+ee” (t) (@”(” ® M*l) e(t).

(47)

For a time interval (t=,t=11) such that t= > ¢,,Z € N. At

previous switching instant, if the switching signal is 19(155) €
{1,...,m}, the following inequality can be obtained:

V(1) < —B1éT (1) (qﬁ@) ® J) &(t)
—imel (t) (@5(” ® M_1> xe(t)+el (t)

3090 @ g 150?03 @ M1 BBRT M -
e .

(48)

x —9,07®) @ M~!

Using (48), we can derive (42)—(45), and the subsequent
inequality by following the condition similar to Theorem 1:

V (t) < em ™Ity (12) t € [tz tz41).  (49)
Under 15(t5) =m -+ 1, we have
Vity=e" )Ml J)e) +ie" (t)(IoM e(t).
(50)
Taking the derivative of (50), we have
Vt)=0+ixT. (51)

Using a similar analysis as in Theorem 1, (51) leads to

o<l (1) (H@ <H2 + BzJ)) &(t) +2¢" (t) (H® Hs)

x O (2 (1), 1) — 2020 (£),6)" (U@ L,) O (z () ,1).
(52)

Similarly, for [[g = M~ 1A + ATM 1 —si, M 1BBTM~!
+ 2u4el,, +2vspl,, and [[g = M'C + vynl, — v3l,, it at-
tains

T < 25¢7 (1) (Hiﬂ(t)

X (n ® ]_[8) e(t) +2¢7 (1) (H ® ]_[9) Qz (1), 0)"
—20,Q(z (1), )" (M@ L) Qx (1), )"

® M*lBBTMfl) &)+ (t)

(53)

By adding and subtracting (82 — Ba)eT (1) (I ® J)é(t), in
(52) such that 85 is much smaller than (5, and considering
inequalities (42) and (52), one obtains

O < (h-5)e ()Mo I)Ew), (54)
if (42) holds. Similarly, using (53), we attain (43) using
matrix manipulation, using the Schur complement, (44) by
substituting wvsp +v4e =0 and (45) by substituting U =
—2M 7T (v3pl,, + v4el, )M in the same way as in Theorem 1.
Let 7, be much smaller than 5, which leads to

T < 2se’ (1) (Hiﬁ(t)

© M'BBTM ') é (1)
—(e—F)e" () (MM ') e(t).

Substituting (54) and (55) into relation (51) reveals

(55)

V(t) < Boe” (1) (T @ J)E(t) + inee” (t) (T M) e(t)

9(t)

T
+e ) « Aol ML

B ®J sl ®MlBBTM1] o0).

(56)
Knowing that —i7,IT @ M~ < 0, we can derive that

Bll®J > z(snsiﬁ“) ® M—lBBTM‘l)T(%H oM )

x (sniﬁ(” ® M*lBBTMfl) (57)

Bl @ J ist1d”®
*

—1pRT -1
by assuring{ ® M~ BB"M } < 0.

— e M™?

Since (sﬂgﬁﬂ(t) ® M’IBBTM’l)T(’ng ® M1 (sII
P&l @ M 'BBTM~1) > 0and 3,11 ® J > 0, it follows that
(ol @ 1) (112" @ M1 BBT M) (3511 ® M~1)x (s
1z’ & M~*BBTM~1) > 0, selecting i from the following:

i< {(1 hmas) (BQH ® J) - (sngﬁﬂ(“ ® M*lBBTMfl)T
x (Gl M) (su2"" @ M BB M)} (58)

For a suitable selection of the parameter i, é7(t)
Bl J stz @ MBBT M
* —ipll @ M1
neglected. By applying relations (49), (56), V(t=y1) < R,

] é(t) in (56) can be
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lim V(¢) V2 € N, and Definition 1, it implies

t—t=41

([)Yo+((t—tk>/+a>]emax{wﬁz}ik (t)

—min{B1, 71} T, (t)V (tr)
for any given ¢ > t.. Using Assumption 5, 11, < (min{S1,v1} —

In(fo) /7a) (max{Ba, 72} + In(%,) /7a) and 7, > In(#,)/min
{B1,7}, we obtain

V() <

(59)

V(t) < Yool xTr®y (1)

< eYoIn(Ro) o= (x/1H10)(t=to) 1/ (to) (60)

where x > 0. The inequality (60) demonstrates that the consen-
sus of systems is achieved. U

Remark 5: Theorem 1 and the approach of [19] require
a permanent DST from the leader in a network topology for
observer-based agreement in OSL agents. In contrast, the ap-
proach in Theorem 2 can be applied to counteract the perfor-
mance degradation due to the loss of a DST for a time interval.
In real situations, communication links cannot be retained due
to packet losses and disturbances, leading to the violation of a
DST in the switching communications. Therefore, the approach
of Theorem 2 can be applied to a more practical situation of
communication between agents and can be used by following
the constraints on ADT and 1, for an agreement under a frequent
DST in switching topologies. To the best of our knowledge,
MLFs-oriented observer-based consensus of OSL agents using
output feedback under switching topologies that often accom-
modates a DST is developed here for the first time.

The observer (6) cannot be applied to estimate the leader’s
state because the leader does not receive any information
from its followers. The observer employs the term aZj\;O
a?j(t)(t)F((sj (t) — 6;(t)) to update the state Z,;(t). However,
this term is zero for the leader because the leader receives no
information from its followers. Note that this term is signifi-
cant as the observer updates its state using information from
neighboring agents. A different Luenberger-type observer for
the leader can be used to deal with this restriction and the leader
can transmit its estimated state rather than the actual state. The
leader agent acts as a reference signal generator and gets no
information from its followers. Practically, the leader’s state can
be unknown; however, our protocol requires the leader’s state to
track those of its followers. If the leader’s state is unavailable, a
Luenberger-type observer can be used to estimate it. Let Zq(t)
and o (¢) be the observer state and observer output of the leader
agent, respectively. Then, we have Luenberger-type observer as

Zo (t) = Ao () + C (w0 (1) 1) — L (o (t) — yo (1))
Yo (t) = Do (t)
where gain L can be selected as in [20] and [25].
Remark 6: We can experience data packet loss and com-
munication faults in practical applications, which result in the

absence of DST in the graph topology. In this scenario, our
control signal switches between unstable and stable behavior

of consensus error. We have employed two Lyapunov functions
in Theorem 2, see (47) and (50), such that the stable mode
of the system dominates the unstable mode. Provided that the
switching constraints (ADT 7, and the ratio of activation time
of non-DST to DST graphs 1,) hold, the overall consensus error
becomes stable.

Remark 7: The ADT of a switching system can be decreased
by increasing the value of {3, 31} and {7,71} depending on
Theorems 1-2. To obtain a higher ratio of the activation time for
non-DST graphs to DST graphs (a bigger x,,), we can decrease
the values of 5 and -5 in Theorems 2.

Using Algorithm 1 in [14] for Theorem 2, we can construct
a mesh of various values of the gains v3 and vy. The values
of vs and vy, taken from the mesh, can be used to verify the
sign of v3p 4 v4e (positive, negative, or zero). The conditions
(42)—(44) can be solved using the LMI techniques when the
relations v3p + v4e = 0 and vsp + v4e > 0 are satisfied. For
vgp + vae < 0, a feasible solution can be found using the op-
timization approach and cone complementarity linearization
(CCL) schema [14]. Using the CCL approach, the feasibility
solution of (45) for U = —2M ™ (v3pl,, + v4el,)M can be
attained via the following optimization problem:

Minimize Trace (0.50U +MM —U (M™ (vspl, +vsel,) M))

1 -U 1
L * 721}4[” S 0’
1L, -U 1l M I
* —2u41, <0, x M =0
U I, —2 (v3pl, +v4el,) M
_*U}ZO’{ . 7 l=0 (61)

where U and M are the inverses of U and M, respectively.
Howeyver, the results in Theorems 1-2 can become infeasible if
p and ¢ have higher values (for v3p + v4e > 0). In the future, a
more computationally complex linear (or nonlinear) parameter
varying method can be developed to improve the feasibility of
control methods. In the future, our work can be extended to
the event-triggered approach as presented in [4] and finite-time
consensus as in [24].

Remark 8: In contrast to our previous works [9], [10], and
[11], the present work deals with the consensus control of nonlin-
ear MASs for dealing with the switching topologies. In contrast
with state feedback methods [9], [10], [11], and [14], a relative-
output feedback consensus protocol has been investigated in the
present work. The proposed relative-output feedback method
has been developed by employing observers for state estimation,
and the estimated states are used for attaining the consensus of
MASs. The present problem of the output feedback approach for
the nonlinear agents becomes non-trivial owing to the estimation
of states, feedback of estimated states, and switching topologies
(for permanent and frequent DST via MLFs) over a network.
Note that the straightforward separation principle cannot be used
for the design of observer-based consensus protocol because of
OSL nonlinear dynamics of MASs and complex switching in
the network.
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IV. SIMULATION RESULTS

Example 1: The evolution of states [16] for moving particles
is
iy (1) =iy (8) = w2 (8) i () =z (8) () () +25 (1))
dig (1) = @i (£) @iz ()i (8) =2z (£) (a7, (8)+23; (1))
yi (1) =41

The OSL and QIB constants for the nonlinear function in the

above equations are calculated as p =0, € =0, and n = —40
[26]. We take the chatter-bound of the switching instant as Y, =
0 and the constants ¢c; = 1,co =landv; = 1,0 =1,...,4 are

accounted to design the consensus protocol. First, we consider
graphs G*, and G?, where we have a permanent occurrence of
DST in our graph topologies as shown in Fig. 1(a) and (b). The
conservatism indexes for these topologies in Fig. 1(a) and (b)
are chosen as €; = 0.2 and €3 = 0.3, respectively. Using the
eigenvalues of ®° (calculated by applying the information from
graphs) helps explore the constant x, = 1.9484. The solution
for matrices M and J using the inequalities of Theorem 1 are
revealed as

M_104[268 40] I 102 {31.03

4.35
40 239 4.35

13.64

with the controller gains and coupling weights as

K = [31.8260 36.4793] , F = [3.3730 —1.0750] ",
a=25791 > ¢1 /Ao, s = 2.5791 > co /Ay,

where A, = 0.3877. To validate the exponential stabilities of the
controller and observer scenarios, the constants are taken as 8 =
2 and v = 3, and the ADT constraint is formed as 7, > 0.3335.
For simulations, 7, = 0.5 is applied (the graphs G' and G*
are active for the time intervals [ — 1,7 — 0.5) and [l — 0.5,1),
respectively, where [ € N) and the efficiency of the proposed
consensus protocol for Theorem 1 is demonstrated in Figs. 2 and
3. The states of the nonlinear follower agents track the reference
of the leader states. Note that these simulation results have been
attained using output feedback for switching graphs in the case
of highly complex OSL nonlinear agents.

Now, we consider the more complicated frequent occurrence
of a DST in the graph topologies G, G2, and G as given in
Fig. 1(a)—(c), respectively. The conservative indices for graphs
G', and G? are taken as ¢; = 0.07 and e, = 0.25. For the
corresponding value of &, we find the constant &, = 9.9335.

Time (s)

Fig. 2. States x;1 for mobile agents with i = 0,1,2,3,4,5 for graph
owning a permanent DST.

25 ‘
2h == =%
_____ 12
XZZ
.......... » i
- _X42 /&"/ '(\\}
X, / N\
s 05F \ d /
’ \
oy \
\@ '
\ /
05} \‘ /
\. /
1 S
1.5 !
0 1 2 3 4 5 6 7 8 9 10
Time (s)

Fig. 3. States z;2 for mobile agents with ¢ = 0,1,2,3,4,5 for graph
owning a permanent DST.

The solution using Theorem 2 results in

211 14}J:104[1726 338]7

104
M =10 [14 190 338 621

with the corresponding controller and observer parameters
K = [44.0358 49.3486 ], F = [6.4859 —3.5320] ",
o =2.3456 > ¢1 /Ao, s = 2.3456 > ¢ /A,

where A, = 0.4263 and A, = 0.023. By taking S3; = 1.3,
B2 = .7,~v1 = 8, and 7o = 3 the constraints obtained on ADT is
T, > 1.7661. The value p, = 0.0367 is achieved when 7, = 2
and the results using the proposed consensus protocol of Theo-
rem 2 are established in Figs. 4 and 5.

Due to the consideration of G® , the overall communication
scheme does not possess a DST in the communication topology
and the resultant scenario becomes more complicated than the
previous simulation case. However, the protocol given in (8) can
be applied for the observer-based consensus of OSL systems
under switching topologies. The time taken for consensus is
t = 3s and ¢ = 6s. Our results for both cases are comparable
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Fig. 4. States z;; for mobile agents with ¢ =0, 1,2, 3,4,5 for graphs

owning frequent DST.

/ \ /
A4 \J/

Time (s)

Fig. 5. States x;2 for mobile agents with i = 0, 1,2, 3,4, 5 for graphs
owning frequent DST.

to [16], where consensus was achieved in time ¢ = 5s using the
relative-state feedback approach. The stated mobile agents attain
agreement by applying the proposed output feedback-oriented
consensus protocol, even in the violation of a DST.

Example 2: Consider six aircrafts F-18 [17] communicating
via the same graphs as in Fig. 1, where 6 is attack angle, w being
pitch rate, p represents position input, and v denotes the nozzle
position input. The system dynamics can be written as

0=—1.1750 + 0.9871w — 0.194p — 0.03593v — 0 (6% + w?)
t=—8.4580 + 0.8776w — 19.29p — 3.803v — w (6° + w?) .

With the value of 6 and w as output, we get D = [5. The
solution of matrices following Case 2 of Theorem 2 for 5; = 0.6,
B2 =0.3,v1 =1,and 5 = 0.4 are

-4 | 1798 —0.1463 -4 | 15614 648
M =10 [—1463 4683 ,J =10 648 1283
with the corresponding controller and observer parameters as
K— —46.3679 —55.6763 ja 0.6541  —0.3302

| —9.1241 —109711 |’ " | —0.3302  7.9612 |’

Fig. 6. States 6 for aircraft with : = 0,1,2,3,4,5 for graphs owning
frequent DST.

-1 ‘
0 1 2 3
Time (s)
Fig. 7. States w for aircraft with : = 0,1,2,3,4,5 for graphs owning
frequent DST.

a = 2.3456 > ¢1 /Ao, s = 2.3456 > o /A,

where A, = 0.4263 and 1, = 0.0219. The ADT constraint is
Ta > 3.8185. We select i, = 0.028 for 7, = 4. The states 6 and
w are plotted in Figs. 6 and 7, respectively, with our method. A
few other practical examples where we can apply our proposed
controller protocol (8) with observer (6) are YF-22 UAV [12], a
mechanical revolving model [21], and spacecraft [17].

V. CONCLUSION

This study considered the observer-based protocol design
with the help of MLFs for the consensus of OSL nonlinear sys-
tems over switching graphs. For switching networks, a relaxed
ADT constraint was considered that can relax the conventional
dwell time to be followed at every instant. By accounting for
the switching network always having a DST from the leader, a
given protocol was formed for selecting the parameters of the
observer, controller, coupling weights, and ADT. The proposed
scheme was stretched to a situation in which the topology has
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a frequent DST from the leader and a communication restora-
tion mechanism is applied for reestablishment from failures.
With respect to the previous works, we have considered MLFs
and observer-based protocols in the study for the consensus of
OSL systems under switching topologies. Simulations of mobile
systems were carried out, moving in the Cartesian coordinate,
to depict the efficiency of the developed consensus protocols
under different switching topology situations. Future work can
be considered for fully distributed protocols with adaptation laws
to deal with the global information of 1, on Laplacian matrices.
In this regard, the gains o and s can be adapted rather than
choosing « > ¢1 /A, and s > ca/A,.

APPENDIX A
EXTENSION TO HETEROGENEOUS AGENTS

Consider the heterogeneous agents as
y; (t) = Dz; (t),i=0,1,...,N

where 1; (z;(t),1) = 01/)(%( ), t) + @i(xi(t),1).
Assumption A.1: Let ||w;(z,(t),t)|| < @ for@ > 0.
[

( 18,07 - wn(an(@), 7]
o (2" 2 FD)] e
+Un®C)Y((@ ()*~ t),t) + (A2)
¢(t)= [(Iv @ 4)—s(2" @ BK)] e(t +$(%()Q§Bkj
é(t) +Un®C)Y ((z(t) — 2o (1)),

w=w(x;(t), ) yy1,i=1,...@We =0 — Iy ®wo(To(t), 1)

Theorem A.1: Under Assumptions 1-4 for constants v >
0,v2>0,¢1>0,v3>0,v4 >0,c5>0,8>0,7v>0 and matrices
M >0, J >0, suppose that both a solution to inequality (A.4)
and any of (A.5)-(A.7) with respect to different scenarios of a
scalar v3p 4 v4€ exists

z; (t) =
(A.1)

Under w = we have

é@:[m®A

t) + w. (A3)

Xi+J Xs
{ e 9w, ] <0 (A4)
Xo+M Xy Xs
i. If vgp + v4e > 0, * —2v41,, O <0. (A)D)
* * -1,
. _ Xo4+ M Xy
ii. If vsp 4+ v4e =0, [ . _2041.”} <0. (A.6)
Xo+M—-U X4
iii. If vgp +v4e <0, { . _21)4[”} <0. (A7)

Then, the protocol (8) ensures the uniformly ultimately
bounded consensus of nonlinear agents in (A.1) with K = B”
M=, F=J'DT, a>c /A, and s > cy/A, for 7, > 1In

(Ko)/min{B, v}, ko = ije{lmafz} i#j{/lmax{q)i}/’lmin{q)j}}-
Proof: The proof is omitted for brevity.
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